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1 2 5
x y 1

3 4 5
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5
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        Vietta 
(   t)    Vieta,   

     , 
   ''mathematica.gr''.  

    ,    

         
  /    .  

,      .   
  .       

  François Viète (1540–1603).  
        

Franciscus Vieta     Francisc  Vieta 
       .
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      « »    .   

           .     
   . 

 
4.     " 4u.gr", 
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 ( , 1908 – 1988)   
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 . . .        
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,  

   
 

    
 

  
7    

 
  

  x  =    –    2   
 1    –   2   

 
1.    :   

i.  x2 = 3            ii.  x3 = 4, 
    . 
 

:  
i.   < 0,  3 0 ,    

 ,    x2 < 0. 
 A    0,   3  0,  

 
2 3 3 3x   x     x –

 x   x –
 

ii.  

 
3 33 4 4 3

33 3 3

x x
  

   x = 
3

3

, 0

, 0
 

 

2.    : 

 x 4 2 x 12    x 5x 1114x
3 2 6

  

      
   x x.    -

    ; 
 

:  

 
x 4 2 x 12 x 8 4x 12

5x 20 x 4 1
 

x 5x 1114x
3 2 6

x 5x 1116 6 4x 6 6
3 2 6

2x 24x 15x 111
37x 111

111x x 3 2
37

 

  (1)  (2)    
3 x 4  

-3 0 4  
 

3.    :  
x x1
2 2

. 

:  

2

x x1 x 2 x
2 2

1 x 2
 

  > 1,  2x
1

 

   < 1,  2x
1

  

   = 1,   0 x > – 1,    
 x .  

 
4.      

     
(x + )2 + 2(x + ) = 15 

     5; 
 

:  
  5     ,   

   .   
x   5  :  

 (5 + )2 + 2(5 + ) = 15          
 25 + 10  + 2 + 10 + 2  = 15     
 2 + 12  + 20 = 0.  
     2   

    :  
         = 144 – 80 = 64,     

1,2
12 64 12 8

2 2
.  

  10    = – 2. 
 

5.  ,  ,      
  x2 + x +  = 0   

  .  
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   . 

 

: 
 ,  ,    0,   

  2     x. 
    < 0   – 4  > 0    

          2 – 4  > 0     > 0, 
      -

 . 
 

     :  
    x2 + x +  = 0   

  ,   ,  
 . 

       
. 
    x2 + x +  = 0  

   .  
  > 0   2 – 4  > 0  2 > 4 .  
     2  

 4 ,      
,    . 

 
:      , 

     
. . .   x2 – 10x + 9 = 0 

   = 64 > 0,   
   x1 = 9, x2 = 1  
  = 1,  = 9,   . 

 
6. i.         
     x2 + x +  = 0  (1), , , ,  
    0,   ,    

      
  . 

 ii.    :   
  2 2 26x + 5 x + = 0, , ,  
        -

   . 
 

: 
i.   "    "   

       
   . 

( )     (1)   .  
    0.  

    ,   = 0 = 02, 
   .  

    ,   > 0. 

 1 2  
 

 1 2,
2 2

   

 1 22 2    
2 2

1 22 2 .  

       
. 

( )       
  .  

  ,    
2 . 

 1,2 2 2 2
.  

 1, 2    ,   
 . 

 

ii.    2  .   

 
2 2 2

22 2

5 4 6

25 10 5
 

    (i)    
 ,     

    . 
 

7.     x1, x2   
   x2 + x +  = 0,  

2 2 2
1 2x x 2 . 

 

: 
   Vieta  

 x1+ x2 = 
1

 x1 x2 = 
1

. 

  2 2
1 2x x  = (x1 + x2)2 – 2x1 x2  

        = (– )2 – 2  = 2 – 2 . 
 

8.       
       

 2x 3x 0    2. 
 

: 
    2  ,   

         > 0. 
90 9 4 0
4
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  1 2,       

1
1 2

2

2 2 . 

     Vieta  
1 2 3   1 2    

 1 2 2 23 3 3 1, 
  1 2 . 

,        
1 2 2 1 2 ,  2 . 

 

 
9.      , ,  

  2x + 4 x + 3 = 12x + 6   
     0. 

 

: 
     

2x 4 3 x 3 6 0 , 1   
 2     x,   

   0,       
3 6 0 3 6  2  

  2      
2x 4 3 x 0

x x 4 3 0
 

x 0   x 4 3  

    1      
 x 0 ,      = 3. 

 

:     -
,    :  

   1     ,   
    = 0.   

 , : 
 20 16 3 0 3 

 
10.   :   

2x 2 x 1 0  
 i.        

    .  
 ii.  1x   2x      -

,    
2 2

1 2x x 1  
         

2 2
1 2x x   ;  

: 
i.    2     x 

   

 

2

2

2

2 4 1

4 4 4 4
8 0 .

  

         
 .  

ii. A  1 2x , x     ,   

 
1 2

1 2

2
S x x 2

1
1

P x x 1
1

 

 

22 2
1 2 1 2 1 2

2

2

2

2

x x x x 2x x

2 2 1

4 4 2 2
2 2

1 1 1,

 

   « »     = 1. 
   2 2

1 2x x  
  1.   

 
11.    x2 + x +  = 0  (1),  

  1   2 ,    
2      1 2   

2 2 . 
 

: 
       

 (1)  1 2

1 2

S
P

 

    S     P  
     

 

 

1 2

1 2

1 2

1 2 1 2

S 2 2
4 4

P 2 2

2 4 2 4

 

 

 ,      

 
2

2

x S x P 0
x 4 x 2 4 0
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12.    2x x 0, 1    
 , 0    > 0.   -
 2      -
     1 . 

 

: 
       

  (1)  
1 2

1 2

S

P
 

      
1 2

1 1,  

    : 
1 2

1 2 1 2

1 2 1 2

1 1 SS
P

1 1 1 1P
P

 

 ,      

 
2 2

2

x S x P 0 x x 0

x x 0
 

 
13. i.      

  22021x x 0, 1 ,    0  
     1 2, ,   

  : 
 2x x 2021 0     (2) 

       -
    (1). 

 ii.       
    ! 

, ,    
2021   -

  (    
  0),    

  .  
 

: 
i.    Vieta    

(1) : 

1 2 1 22021 2021
 

   1 2,  : 
1 2

1 1, . 

 1 2

1 2 1 2

1 1 2021

2021

  

 
1 2 1 2

1 1 1 1 2021

2021

.  

,     Vieta   

1 2

1 1,         

x2 + x + 2021 = 0   (2). 
 

ii.     2021   
 ,    0,   -

   . , 
,     -
    « »! 

 

:     
  .    

     
   . .    

2021  … 1821.    -
        

     
 

14.    2x + x + = 0  
      

     
 .        . 

 

: 
         

 2x x 0 ,  : 
22 2

2

2

2 2

20
1 00

2 , 1

2 2 1 0, 2

 

   2   :  

 0    1
2

   1 

   0    1    
0 .     
         

  . 
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   1
2

   1    

1
2

.       -

  . 
   1   1   

2 . ,    -
 1  2 .   

2  : 
 S   P     -
       -

  2x x 0 ,    -
  Vieta :  

S
1

   P
1

 

  2  (1)    1 0   (2) 
   (2)    

0    1. 
   0   (1)   

0 .     
         

  . 
   1   (1)  

2 . ,    -
 1  2 . 

 
15.    
 23x 2 +1 x + +1 = 0 ,  (1)   
 i.       ,  

      
. 

 ii.         
     

. 
 

: 
i.   (1)  2     

x    

 

2

2

2 1 4 3 1

4 1 12 1

4 1 1 3

4 1 2

  

   1  2   0 , 
   (1)     

(    ). 
  1 2   0 ,  
  (1)    . 

   1  2   0 , 
   (1)    

 . 
ii.     (1)   

      < –1   > 2   (2) 
         

1 2
1

3
 

     1 2,     
1 0 1    (3) 

  (2)  (3)     < –1. 
 
16.      26 

cm,      40 cm2. 
     . 

 

: 
  x  y  

  -
.   -

    
  = 2x + 2y,   

2x + 2y = 26  x + y = 13. 
      = x y,  x y = 

40. 

   : 
x y 13
x y 40

  
 

1  : 
 x, y       

2 – 13  + 40 = 0 
    :  

(x =  8  y = 5)    (x = 5  y = 8) 
 

2  : 
      

     Vieta. 
     

 
x y 13 (1)
x y 40 (2)

   

  Vieta. 
  (1)  x = – y + 13  

  (2) :  
x y = 40    (–y + 13) y = 40  
     –y2 + 13y – 40 = 0  (4). 

  (4)  2     
y    

 26 
: 40 

: cm
cm2
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 = 132 – 4( – 1)( – 40) = 169 – 160 = 9  
  (4)   :  

1,2
13 9 13 3y
2 ( 1) 2

 

  y1 = 8  y2 = 5. 
 y = 8    (1) : 

x = – 8 + 13 = 5,   y = 5   (1) 
: x = – 5 + 13 = 8.  
     

   (x, y) = (5, 8)  (8, 5). 
 
 

 :  
         To o    8 cm  5 cm 

   = 2(8 + 5) = 26 cm  
  = 5 8 = 40 cm2.  

              
     x   y  
    

  .   
   . 

  
17.   ,   

. 
 —     ;   
 —  . 
 —    ; 
 —    ,   

  . 
   .    

   ,   
     . 

 : «  ;». 
: «  ;».  
  ; 

 
: 

  x     (8 ), 
       0,5 
,     

 2x 0,5 x 8 0,5 4
8 x

, 

      x = 2.  
   2 . 
 
18.     -

   60 .  -
 10      
    1  . 
     -

  ; 

: 
    x .   

   60
x

 . 

   10  ,  

     60
x 10

 . 

      

 60 60 1
x x 2

  x > 0. 

2

2

1,2

60 60 1
x x 10

60 x 10 60x x 10x

x 10x 600 0

10 100 2400 10 50x
2 2

 

       x = 20.  
  20 . To   

  60 : 20 = 3 . 
 

      
    

    . ,  
“  ”, 1923. 

 
19.         

x2 + (2  – 1)x +  + 1 
     x ; 
 

: 
       0  

  2x ,     0.  
               

   x    < 0. 

        
  x2,     

,      > 0.  
        

:  

  
2

2 2

0
(2 1) 4 ( 1) 0

0
4 4 1 4 4 0

  

  
00 1
11 8 0 8
8
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20.    : 
 2 2x 7x + 6 < 0 x x +12 0   

         
 . 

 
: 

      
    . 

  2x 7x 6     
 1  6    1 0 , 

      
. 

 

x

x  - 7x+62

1 6
0 0+ +  

 
       

2x 7x 6 0     x   
   1 x 6  

   2x x 12    
  4   3     
1 0 ,     

  . 
 

x

-x  - x + 122

-4 3
0 0+  

 
       

2x x 12 0     x   
   x 4   x 3  

 
 

 -4 3 61  
 
       

x 1,3 ,      
      

   1,3 .  

 
 

 

     
 

 2x 2x 3 0  1 , 2x 10x 9 0  2  
 

 i.      , 
     

  1     -

  2 . 
 

 ii.       
 2      1 ; 

 

 :     
     2    

    1 .     
 

 iii.      
    :  

       
    . 

 
 :     

     
2S ,     

      -
 2S ,  S      -

      
  . 

 

      
      -

    2S  
     -

      
 .  

       
    ,  

  : 
 

   iv.      -
 :  

    2x Sx P 0   -
     1 2x , x   

   
  

1 2x x S   1 2x x P . 
 

        
     2

1x   2
2x , 

  2S . 
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   f (x) = x +  
 
 
1. i.       

 f  2 2

x x 1f x
x x x 1

. 

 ii.       

 f  ,  2x
x 1

 
 

:  
 

i.   f     
 x      

 x2 – x  0  x2 – 1  0     
 x(x – 1)  0    (x – 1)(x + 1)  0    
         (x  0    x  1    x  –1).  
      f  :  
  =  – {–1, 0, 1} 
ii.   x A   

 

2 2

x x 1f x
x x x 1

x x 1
x(x 1) (x 1)(x 1)

1 1 2
x 1 x 1 x 1

 

 

         H      :  
         B = –{–1},     

 .  
 

A: 
 i.  T       

      
   ,   
    ,  
     x = –1.  

ii.       f  
     ,    
    f  . 

 
2.       

      
   f; ; 

 . (3, 5)  (5, 6) (6, –2) 
 . (1, 3) (2, 3) (3, 3) 
 . (–2, 5) (0, 0) (2, –5) 
 . (1, 4) (3, –2) (1, 3) 
 . (1, 1) (2, 2) (3, 3) 

:   
   ( ).  
             

  f     
 M(x, y)   -

     y = f(x),   x  
      f.  

 

   ( ),  x = 1    
   f  y = 4  

  x = 1    -
  y = 3.    

      -
     «  x  -

    f -
    y». 

 
3. H    -

 f(x) = 10(x – 1)(x + 3)   
 x x     
   .     

   AB.  
 

:   
       x x 

   x,0 ,    
    f   
  x, f x . ,  -
      

  f    x x, (  
),      

f x 0 . ,   

 f x 0    10(x – 1)(x + 3) = 0   
     x = 1   x = –3.  
 ,     f 

  x x   A  B  
 (1, 0)  (–3,0).  

            1–(–3)  = 4. 
 
4.        

     
 : 

 i.   f(x) = x – 4       
 ii.  f(x) = (x – 2)(x – 3)   
 iii.  f x = x x + 2  
 

:   
i.   f(x) = x – 4   -

   . 
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       -
  f    x x  

 y = 0,     
 x x   0. 

 ,  y = 0     y = x – 4 
 x = 4.  

    x x   (4, 0).  
 

       y y 
   0, y ,   -

      f  
     y y,   
   0    -
 .  

  x = 0   y = x – 4 :  
 y = 0 – 4     y = –4,    y y 

  (0, –4). 

O x

y

y = x – 4

4

–4  
 
 

ii.   f(x) = (x – 2)(x – 3)  
    . 

  ,   x = 0  :   
y = (0 – 2)(0 – 3)    y = 6, 

      f   
  y y   (0, 6). 

 

  y = 0 :  
 (x – 2)(x – 3) = 0    x = 2    x = 3,  

      f   
  x x   (2, 0)    

(3, 0). 
 

O x

y

y = (x – 2)(x 3) – 
2 3

6

 
iii.   f(x) = 2x x 2    

     = [–2,+ ). 
  x = 0  y = 0,   

   f   

  (0, 0) (   ).  
  y = 0 :  

 2x x 2 = 0    x = 0    x = –2, 
      f  

  x x   (0, 0) (  
     )  

(–2, 0). 
 

O x

y

–2
y = 2x x+2

 
 

:      
 f      

. .,      
    . 

 
5.       

   -

 x + 2 8f x = g(x) =
x -1 x

  
 

:    
 

      -
  f   g     

     

: y = x 2
x 1

   y = 8
x

.  
 

 ,      
: x  0  x  1. 

 

     y   
    :  

 8 x 2
x x 1

      8x – 8 = x2 + 2x    

         x2 – 6x + 8 = 0,   
   = (–6)2 – 4 8 = 4  

    1,2

46 4 6 2x
22 2

 

  x = 4 y 2 ,   x = 2 
 y 4 ,    -

   f   g  -
   (2, 4)  (4, 2). 
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:     
  f   g     

 . .,    
    . 

 
 

6.     
 y = x +  

    
  

  -
, : 

 

  > 0        
  = 2           
  >           
  = 2           

 

:    
     y x   

    > 0. 
    y y   (0, 2), 

   = 2,    
      

2 = 0 +     = 2. 
   y x     

 (–1, 0)  (0,2),   
     

        2 1

2 1

y y 2 0 2
x x 0 1

.  

            >   
,      .  

 
 7.        

    -
μ   10 €.   -

    μ   
μ  (Km)   .  

     
(  €)      -

    μ -
   .  

 

  
 

 i.     ,   
      μ -

    ; 
 .  2004 

(     )  
 

 ii.        
    600 ; 

 

:    
i.       -

        
     A(0, 10)  

    (200, 70). 
  y = x +    .  

    
2 1

2 1

y y 70 10 3 0,3
x x 200 0 10

 

    ( )  
     y (  

 )     
 x ( ).     

   μ    
   0,3 € 

ii.       
(0, 10)   y y,    = 10, 

     y = 0,3x + 10. 
  x = 600  

 y = 0,3 600 + 10 = 180 + 10 = 190 €. 
 

8.      
    -

   ,    
    160   

.       
  . 

xO

y

-1

2
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160

320

1 9 1052 63 74 8
( )

 
 

480

640

800

960

1.120

1.280

1.440

1.600

1. 607

1. 092

 

 
 

 i.      -
       
  ;     

; 
 ii.       

     
,      -

.      
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 . 
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     :  
2

1 2 2:         
2 2

2 2:  

  1  : 2 2 2 2 2

  

2 2

  
 (5) 

   : 
 

2 2 2 2 22

  
 (6) 

(   
 

0    >0).     ( , , )  ,  

,         ,   2 2 2 2 2 21
4

    

       2 .    ( )   
·     ( ), ( ), ( ), ( )     (1)    
.      , ,  : 

1 1 1 1,  , ,   
2 2  2 2   

[   2 2 2 2 2 2 2 2

 

1 1 1 )
4 4 2

] 

  = – ,  2 2  : 22 2 21 1 1
2 2 2

 

     : 2 21 1 1 1, ( ),  ( ),
2 2 2 2

 (7) 

   =  + ,  2  : 2 2 2 21 1 1 1
2 2 2 2

 

    : 2 21 1 1 1, ( ), ( ),
2 2 2 2

 (8) 

1  :     (7)  (8)      : 
2 2, , ,   (9) 

2  :     ,     ,     ( , , )    

: 1 1 12 2 ,     2 2 2 ,     2 2 2 , 
2 2 2  

2 21 4 4 4
2

    

2 2 2 ,    2 ,   2 ,   2  (10) 

          ,  (  < )      
  (1)   :     .  

3  :    ( , , )      <      :                             
2 2,  ,   ,       

4  :   =  =      ,   : 2 2 2 2( , 2 , 2 , 3 ) ,  
4 4 4 2 24 4 (3 ) ,  . 

1  :   (  1) :  = 5   = 9,              *   (1) 
(          );      ; 

:        :       .      = 14        = 4.     
 (9)    1   2  : 

 2 2
1 ( , , , 45,1 26, 70,1 51  

 2 2 2 245 126 70 151   

 2 2
2 ( , , , 45, 36, 20, 61

 
  2 2 2 245 36 20 61  

2  :              ( , , – )=(4, 10, 6). 
:           : 2 2( ,  ,  , 

 
 : 40,60,24,76       : 20,30, 12,38  10,15,6,19     . 

: 2 2 2 210 15 6 19 ,  . 

 ( , , ) = (4,10,6)  ( )=
 

2 21
2

 1 16 40 100 38
2
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 Zsigmondy 
 

  -  ' , 2    
 

 Karl Zsigmondy (1826–1925)     , , 
  .        1894    1925. 

 1882     Zsigmondy: 
    ,b  n  2   > b  ( ,b) = 1 :  

 n–bn      p      k–bk   k<n. 
  : 

 26–16  
 n = 2  +b =   2 

 n+bn      p      k+bk   
k<n.  23+13.  

             
.           

. 
 
15         Zsigmondy 

 
1.      n=3n–2n   3       

 .   [  1994] 
 

  an       n n+2 = 2
n+1  n(3n+2–2n+2) = (3n+1–2n+1)2 

   Zsigmondy   p  : 

p | 3n+2–2n+2 (1)  p  3n+1–2n+1 p:

 p (3n+1–2n+1)2 = n(3n+2–2n+2) 
   (1).   n   3       

 .  
 
2.        ( ,b,p)   2 +pb = 19   p:                            

  [  2003] 
 

pb=19 –2  
  =1  p=17  b=1 

     2 Zsigmondy    q   q | 19 –2     q 191–21 = 17 

q | pb  q 17
p,q:

p=q    q  17  p 17 (1) 
 19  2(mod17)  19   2 (mod17)  19 –2 0(mod17) 

 pb  0(mod17) 
p:

 p=17    (1).  ( ,b,p)=(1,1,17) 
 
3.     *   : 5x–3y=z2  [B.M.O 2009] 

 

z2  0, 1(mod3)  5x–3y  5x 0, 1(mod3) 
3 5x

 5x 1(mod3)  x=2w  *w   
     : 52w–3y=z2  (5w+z)(5w–z)=3y 



 -------------------------------------------------------------------------------------------------------------------------------       …   ----------------------------------------------------------------------------------------------------------------------------  

  119 (2021) .3/57 

 3 | 5w+z  3 | 5w–z  3 | (5w+z)+(5w–z) = w2 5    
 5w–z | 3y  5w–z = 1  z=5w–1 

 5x–3y=z2  52w–3y = (5w–1)2 3y+1= w2 5   (1)  
  y=1  (1)   

  y=2 
1

 w=1  x=2  z=4  

  y  3
Zsigmondy

   p   p | 3y+1  p 32+1  p | w2 5 , p  2, p  5   
 (x,y,z) = (2,2,4) 

 
4.  p,q  2     q>p>2    2pq–1    
   3  . 

 
 2p 1(mod  2p–1)  2pq  1(mod 2p–1)  2pq–1  0(mod 2p–1)  2p–1 | 2pq–1  (1)  

  2q–1 | 2pq–1  (2) 
 q>p>2     Zsigmondy: 

  a:    |2p–1 
1

 |2pq–1 

  b:    b | 2q–1  b 2p–1 
2

 b | 2pq–1    b  
  c:    c | 2pq–1,  c 2p–1,  c 2q–1  c | 2pq–1    b  c    

  ,b,c  3     2pq–1    . 
 
5.        (x,r,p,n)    p     
     n,r>1  xr–1=pn 

 
)  x=2  pn+1=2r  

  n=3  p=2  r=3  
          Zsigmondy   q  

 q | pn+1  q p + 1  q | 2r  q p + 1  q=2   q p + 1  q=2  2 p + 1  2  pn+1 
  

)  r=2, x+1=2   x2–1=pn  2 (x–1)=pn  2|pn
p:

p=2 x+1=2 , x–1=2b   
 (x+1)–(x–1)=2 –2b  2=2 –2b  1= 2b–1(2 –b–1)  b–1=0  b=1  x=3  n=3  

)          Zsigmondy:  
 q:    q | xr–1    q x – 1  q | pn    q x–1  q=p    p x – 1  (1) 

 x–1 | pn
p:

p | x–1.    (1)   
(x,r,p,n)=(2,3,2,3) 

 
6.          px–yp=1            [  1996] 

 
    :  px=yp+1 

  y=2  p=3  x=2  

  p=2  y2+1=2x
Zsigmondy

 q:    q | y2+1=2x    q y + 1
p:

q=2    
2 y + 1  y  0(mod2)  y2  0(mod2)  2 y2 + 1 .  

         Zsigmondy   q  :  
q | yp + 1 = px   q y + 1  q = p    p y + 1  (1)  
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 y + 1 | yp + 1  p:   y+1 | px 
y 1 1

 p | y+1    (1) 
 (x,y,p)=(2,2,3) 

 
7.     ( ,n,p,q,r)       : 

n–1=( p–1)( q–1)( r–1) 
 

  =1     *n,p,q, r . 
  p>n   2  ( p–1)( q–1)( r–1)> n–1 .   q>n  r>n.  
  n=p,   2  q–1= r–1=1  ( ,n,p,q,r) = (2,n,n,1,1)    p,q,r.  
  =2, n=6  63=(2p–1)(2q–1)(2r–1). 

 2b–1  9  2b–1  21   *n .     : 
2p–1=3, 2q–1=3, 2r–1=7  ( ,n,p,q,r)=(2,6,2,2,3).    p,q,r.  
    2  n=2  2–1=( p–1)( q–1)( r–1).    :  

p=q=r=1  ( ,n,p,q,r)=(3,2,1,1,1).  
         Zsigmondy :  

  t   t | n–1  t p–1, t q–1, t r–1  
 t | n–1  t  ( p–1)( q–1)( r–1)  t: .        .  
 ( ,n,p,q,r)=(2,n,n,1,1),(1,n,p,q,r),(3,2,1,1,1),(2,6,2,2,3)  *n,p,q, r ,    p,q,r.  

 
8.        ( ,m,n)     m+1 | ( +1)n  
 [I.M.O. Shortlist 2000] 

 
  m=1    *,n   
  =1    *m,n   
   = 2, m = 3  9 | 3n     *n – {1}   
         Zsigmondy :  

 p:    p | m+1=( +1)n  p +1 
p:

 p | ( +1)n   p ( +1)n   
 ( ,m,n)=( 1,1,n1)(1,m1,n1)(2,3,n2)  *

1 1 1,m ,n   *
2n –{1} 

 
9.       x,y,z    : 2x+3y=z2 
 [British M.O.  1996] 

 
  x=0  1+3y = z2  3y = (z+1)(z–1)  

 3 | z+1  3 | z–1  3 | (z+1) – (z–1) = 2.  
yz 1|3
 z–1=1  z = 2  y = 1  

  y=0  2x+1=z2  2x = (z+1)(z–1)  z+1 = 2 , z–1 = 2b  (z+1)–(z–1) = 2 –2b 2 = 2 –2b   

 1=2b–1(2 –b+1) 
2 1

 b–1=0  b=1  z=3  x=3  
  z = 0      
  *x, y,z   2x+3y=z2  z  1(mod2)  (1)  

z2  0, 1(mod3)  2x+3y  2x 
x3 2

 2x  1(mod3)  x=2d  x  2  (2)  

z2  0,1(mod4)  2x+3y  
2

 3y 
y4 3

 3y  1(mod4)  y=2   
    : z2–32 =2x  (z–3 )(z+3 )=2x   
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 z+3 =2b  z–3 =2c  b>c  (z–3 )+(z+3 )=2b+2c  2z=2b+2c  z=2b–1+2c–1  b>c.   (1) 
:  

2b–1+2c–1  1(mod2)
b c 1

+2c–1  1(mod2)  c = 1  z = 3 +2  

  : 2x+3y = (3 +2)2  2x+32  = 32 + 4 3 +4  2x= 4 3 +4 
2

 2x–2 = 3 +1  
   = 1  y = 2  x = 4  (x,y,z)=(4,2,5)  

    2
Zsigmondy

  p   p | 3 +1  p 3+1  p | 2x–2  p 4  p: . 
  

 (x,y,z)=(0,1,2),(3,0,3),(4,2,5) 
 
10.  b,m,n , b>1, m  n   bm–1, bn–1      ,   

 b+1    2. [I.M.O. Shortlist 1997] 
 

   b=2  m=6    2n–1  26–1=63      .  
    n   m=6,    .  

   b+1     2          Zsigmondy 
 p    p | bm–1  p bn–1.   bm–1  bn–1      

.  
 b+1=2  (  (b,m,n)=(7,2,1))   

 
11.  ,  ,       : x2009+y2009=7z 

 

  (x,y)=1
Zsigmondy

  p   p | x2009+y2009=7z  p x+y.  

 p = 7  7 x+y 
x y 1

x+y  7z  x+y x2009+y2009   2009: .  

  (x,y)=k    1
x x
k

, 1
y y
k

 k  2  (x1,y1)=1  : 

x2009+y2009=7z  k2009(x1
2009+y1

2009) = 7z  k2009 | 7z  k=7   72009a(x1
2009+y1

2009)=7z  
1z 2009 z

 x1
2009+y1

2009= 1z7   (x1,y1)=1.   . 
 
12.     ,b  c  2 : b+1=( +1)c 

 
  b=1  +1=( +1)c  c=1<2   
  =2, b=3  c=2  
         Zsigmondy  p    

p | b + 1 (1)  p +1 
p:

 p ( +1)c  p b+1    (1)   
( ,b,c)=(2,3,2) 

 
13.    *m,n   : 3m–5n=x2 

 

x2  0,1(mod4)  3m–5n  3m–1  3m 1,2(mod4) 
m2 3

 3m  1(mod4)  m=2k  *k  
    : 

32k–5n=x2  5n=(3k–x)(3k+x)  
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 5 | 3k–x  5 | 3k+x  5 | (3k+x) + (3k–x) = k2 3    
k n3 x|5

3k–x = 1  x = 3k+1 
    : 32k–5n = (3k+1)2  5n+1 = k2 3  

  n 2
Zsigmondy

 p:    p | 5n+1  p 5+1=6  p | k2 3  p  2, p  3 
. 

  n=1  k = 1  (m,n)=(2,1)         .  
 
14.     m,n,l,k  l>1 : (mn+1)l = mk+1 

 
m>0, l>1  mn+1 < (mn+1)l=mk+1  mn+1<mk+1  n<k (1)  

  m = 1  2l = 2.   l>1  

  m = 2, k=3  9 = (2n+1)l 
l 1

 (m,n,l,k)=(2,1,2,3)  
       Zsigmondy    (1):   p 

  p | 1+mk  p 1+mn
p:

p | (mk+1)l  p mn+1.  
 (m,n,l,k)=(2,1,2,3) 

 
15.     : p –1=2n(p–1) 

 
)  p=2   *,n . 
)  p  3    3    Zsigmondy   q   q | p –1  q p–1.  

q=2  2 | p –1  2 p–1. . 

 q  2 (1).  q | p –1, q p–1
p 1|p 1 p 1q |

p 1
  q | 2n 

1

 .  

)   = 1  p–1 = 2n(p–1)  2n=1 . 
)   =2  p2–1=2n(p–1)  p=2n–1 
  n=km  *k,m –{1} (n: )  2k  1(mod 2k–1)  2km  1(mod 2k–1)  

 2km–1  0(mod 2k–1)  2n–1  0(mod 2k–1)  k  2.  2n – 1  0(mod 2m–1)  2n–1 
.  

  2n–1=p    n: .  
  n:    p    Mersenne  

( ,n,p)=(2,n1,p1)  n1: ,    1n
1p 2 1    Mersenne  

 
:  Mersenne       2p–1,    

  Marin Mersenne.     51  Mersenne.  51    
282589933 -1 (   GIMPS,  2021      2018  24.862.048 

). 
 

: 
1. Andy Loo Zsigmondy's Theorem, Mathematical Excalibur, Volume 16, Number 4,  2012 
2. Bart Michels, Zsigmondy's  Theorem, https://pommetatin.be/files/zsigmondy_en.pdf, 2014 
3. Pisolve, The Zsigmondy Theorem, https://www.scribd.com/document/367670824/Zsigmondy–

Theorem–pdf,  2011 
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    Fibonacci 
 

  -  
 

  /    Fibonacci    Fibonacci,    :  

 

/   Fibonacci 1 2 3 4 5 6 7 8 9 …n 
 Fibonacci 1 1 2 3 5 8 13 21 34 … nF  

 

   Fibonacci    : 

n 1 n n 1F  F F   (1) 

n 1
n n 1 n 1 F ²  F · F 1   (2) 

  n 1 F , n F   n 1 F    .  

    n    n–1    n (2) 
:  

n n 1 n 1 F ²  F · F 1   (3) 

   n    n–1    n (2) :  

n n 1 n 1 F ²  F · F 1   (4) 

  (3)  (4)    

n n 1 n 1 F ²  F · F 1   (5) 

    :  

n 1 n F x, F y       n 1 F z   

   (1)  (5) :  

z = y + x   (6) 

y² = xz ± 1    (7) 

  (6)  (7)    : 

y² = x (x+y) +1   (8)   n   

y² = x (x+y) –1   (9)  n   

 
 (8)  (9)     n y F   

  n 1 x F      

  :  

y² – xy – (x² + 1) = 0 (10)   n  

y² – xy – (x² – 1) = 0 (11)   n  

FIBONACCI,    12   
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!   (10) 
   (10) :  

 = x² + 4 (x² + 1) = 5x² + 4   (12) 

 n       x    n – 1   n 1 x  F . 

   (10) : 1,2
x  y  

2
  (13) 

  n 1 x  F , n y F , n 1 z  F ,        (13)   

,       .      
 
1  :    /  

n 1 x  F    Fibonacci   

   n – 1,   n    
,   : 5x² + 4 = ²  (14) 
       
   :    x 

   (14)   n 1 x  F , 
  n 1 F       Fibonacci    n – 1      n 

     .  
   n y F   ,      (13)  .  

 
!   (11) 

       
2    

  n  ,   n – 1  ,     /  n 1 x  F   

 Fibonacci   : 5x² – 4 = ² (15) 
     .  

        (11),   n y F  

 
!   . .  
.1.   (10): y² – xy – (x² + 1) = 0 

 

n n 1 x  F    (10)  y , y   (10) 
3 1 y² – y – 2 = 0 2, – 1 
5 3 y² – 3y – 10 = 0 5, – 2 
7 8 y² – 8y – 65 = 0 13, – 5 
9 21 y² – 21y – 442 = 0 34, – 13 
15 377 y² – 377y – 142.130 = 0 610, – 233 
19 2584 y² – 2584y – 6.677.057 = 0 4181, – 1597 
21 6765 y² – 6754y – 45.765.226 = 0 10.946, – 4181 
29 317211 y² – 317811y – 101.003.831.722 = 0 514.229, – 196.418 
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.2.   (11) : y² – xy – (x² – 1) = 0 
 

n n 1 x  F    (11)  y , y   (11) 
2 1 y² – y = 0 1, 0 
4 2 y² – 2y – 3 = 0 3, – 1 
6 5 y² – 5y – 24 = 0 8, – 3 
8 13 y² – 13y – 168 = 0 21, – 8 
14 233 y² – 233y – 54.288 = 0 377, – 144 
18 1597 y² – 1597y – 2.550.408 = 0 2584, – 987 
20 4181 y² – 4181 – 17.480.760 = 0 6765, – 2524 
28 196.418 y² – 196.418y – 38.580.030.723 = 0 317.811, – 121.393 

 

     ,   y  + y  = x,  n 1 x  F , 1 n y  F   

2 n 2 y  F .   n  n 2 n 1 F  F  F    n  n 1 n 2 F  F  F . 

 

!    Fibonacci         
      x,     ,      

 Fibonacci,   : 
    5x² + 4    5x² – 4   .  

             x    
Fibonacci.  

          ,    x    
Fibonacci n 1 x  F . 

 
:  

)       5x² + 4  
    x   :  

y² – xy – (x² + 1) = 0   (10) 

     y   y    y > 0, y < 0 
 y  + y  = x   (10) 

   : n 1 x  F , 1 n y  F   2 n 2 y  F  

  n   .  
    : n n 1 n 2  F  F  F      Fibonacci 

       n 1 x  F . 

)       5x² – 4      x   
 y² – xy – (x² – 1) = 0   (11) 

      ( ).  
  ( )  n  n 1 F , n  F   n 2 F    . 
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:  .  –  .   

 349  (  115)  

.    1 2... , 3   
2

1 5 1 2 1 10 1 12( ) .    -
 . 

.    1 2 3 4 5 6 7  -
     R.    

     1  -
  2 3 4 R  

  –  
 (   ) 

.   x
 

 : 

1 2 1 5 1 102R x, 2R 4x, 2R 9x
 1 12A A 2R 11x . 

   : 
2 4x x 9x x 11x  

1 8x 8x 10x 10x 12x
12x 2 8x 1 0  

  4x t ,  t (0, 1)    -
      

3 24t 3t 2(2t 1) 1 0  
     2(t 1)(4t 3) 0   

      (0, 1)   

3t
2

. , : 

3 44x 2 ,
2 6

 

24(12 1) 24
12 1

 

      0   
  3 ,  24 . 

.   1 2 1 3,   1 4   
   1 2R . ,  

1 2 1 3 1 4
2 3ˆ ˆ ˆA KA , A KA , A KA

7 7 7
 

                  2 3 4  
2 32R( )

7 7 7
 

1 2 32R
7 14 7 14 7 14

14  
1 3 5 3 7 5R

14 12 14 14 14 14
14

1 7R
14 14

14

 

1R R
14 2

14

 

   . 

 
  ,    

 –      

.  

 350  (  115)  

     -
  , ,      -
  ,   

2 2 2
2 2 2 5  

  –  
 (   ) 

  x, y, z   

: 

(x 1)(y 1)(z 1)  

O ΕυκλείδηςO Ευκλείδης

προτείνει ...προτείνει ...
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xyz  

: xy x y 1 z 1 xyz  
xy xz yz x y z 0

x y z xy xz yz 1  

 
 : 

2 2 2
2 2 2  

2 2 2(x 1) (y 1) (z 1)  
2 2 2x y z 2(x y z) 3  

2 2 2x y z 2(xy yz zx) 2 3  
2x y z 5 5  

 
 :  

     
       -

.       
  .  -

 ,   ,    -
       

     .  
 PROBLEMS FROM THE BOOK  An-

dreescu – Despinescu    
 . ,  : 

   1    
     

x y z, ,
y z x

 

   xyz x y z 2   x, y,z 0  
    

1 1 1 1
1 x 1 y 1 z

 

    
1 1 1, ,

1 x 1 y 1 z
 

    

x , y , z  

     . 
   xy yz zx 2xyz 1  

     
1 1 1 1 2

xyz x y z
 

       
  x, y, z. ,   -

     

x , y , z  

 
 x, y, z       

xy yz zx 2xyz 1 
  : 

1 1 1 4(x y z)
x y z

 

 
      

x , y , z  

   

4  

        -
  . 
,        

 ,   -
     . 
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     x 0,
2

  

2

22x
3x x

 

    
 

 1  (  .   ) 

   2

2f (x)
3x x

  

g(x) 2x   x 0,
2

. : 

2 2

2(2x 3)f (x)
(3x x )

  
2

3 3

12(x 3x 3)f (x) 0
x (3 x)

 

  x 0,
2

.   f  .  

,    x    -
:  

g (x) 2 2x   g (x) 4 2x 0  
  g  . 

      gC   
     fC ,   

  ( )  fC   ox 1   

   1 3( ) : y x
2 2
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x 0,
2

  1 3x 2x
2 2

 (1) 

 1 3h(x) x 2x, x 0,
2 2 2

.  

   (1) , h(x) 0   

x 0,
2

. : 1h (x) 2 2x
2

,  

1h (x) 0 2x 2x
4

,  

1 1 2
4 2 3

,    -

      

,
2

  2,
2 3

,  

,
2 4 3

  , 

h (x) 0 2x x x ,
2 2 3

   

h (x) 0 x ,
4 2

. ,  h  -

   ,
4 2

    

 ,
2 3

,   

3min h(x) h
2 4 2

 

     3 0
4 2

, 

  6 4 . :  

2 1 150 1 1
16 4

, 

      
26 15, (2)
3

,  2
3

 

 

, 2 2 3,15 2,1
3 3

   

2 15 6
3

,    (2) 

: 
    (2)  ,  

    (1)   
   ( )  gC   -

 ox 0,
2

   ( )   -

   .  
  o o o( ) : y g(x ) g (x )(x x ) , 

   

o o o

( ) / /( )
1 1 1g (x ) 2 2x 2x
2 2 4

( ) ( )

0 02x x
2

  2
2 3

,  ,
2 4 3

  

15
4

.  

o o
1 1 1 15( ) : y x x 2x ( ): y x
2 2 2 4 4

      
1 3 1 15x x
2 2 2 4 4

 

  x 0,
4

, 

26 15, 6 15 (2)
3

,  2
3

 

 
 2   (   –  ) 
     x (0, 1)

2

2

2 x 3x 2 (x 1)(x 2)f (x) 1 1 0
3x x x(3 x) x(3 x)

 f (x) 1 2x g(x)   x (0, 1)  
     f (x) g(x)   

 x 1,
2

.      

h(x) f (x) g(x), x 1,
2

, 

     h(x) 0    
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