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MEPOX IIPQRTON

ZTOIXEIA MAOHMATIKHZ AOFIKHE KAl OEQPIAX TYNOAQN

KE®PAAAION I
ZTOIXEIA EK TOY MPOTAXIAKOY AOTIEMQY #

§ I. Mpéracig (amMj, kamyopixiy) §j SHAwoig. — ‘H Evvoia Tiis
GmAfis TpoT&aews 7 SnAdaEws, drpiBéoTepov Tiis «loyixiis mpoTdoewsy, Bewpei-
Tal 65 picx TpWTapX KN EVwoid, ws Evvole ur Em&eyouévn opioudv. Elis 16 ouvtaxTi-
Koy, Ay, f) (&TAR) TpdTaots SpileTon das «Adyos owvtopdratos (mpopopds 7)
veantis ) ué dvredds dmloty mepieyduevoyy.

Eis T& Modnparmixd kad yevixéds eis Ty Aoyikiv (KAaooIkNY Aoyikiv) Si1& Tol
Spou «npbracig f) SNAwEIGH EvwooUuey ulav Ekppacity ut vénua, dxpiféoTtepov
Eooiiuey 16 meoleyduevov, T Smoioy Expodloper dud puds mpotdoews ué Ty -
Yoy voi guvraxtixod xal 0wt T6 Gmoiov duvdueba xavd dxgifds Eva todmov va
&Rﬂrpavﬁd';pav, dv elvar alnléc 7j wevdés, amoxdelovree dAiny meolnrmwow., OlTw,
X N Exppaals :

«o dobuds 10 ebvar dotiog »,
elvon pig Aoyikn mpéTaots, kaBooov 8,11 altn éxppdder elvan dinbés.
‘Opoics 1 Exppaois :
«o dpluds 4 elvar mpirTog »,
elvan pig Aoyikny mpéTacts, kaBdoov 8,11 alTn Ekppader elvar pevdic.

To mepieyduevov Aormdv Wds TpoTHOECS (hoyikiis TpoTdoews) EmByeTal
&va YKaoTik&s Eva Kal povov Eva Téiv XOPOKTNPIOUGY « Ghn0Eg», «yev-
d&c»® oUBémoTe Sucos elvan kad dAngEs kai Weulls (doyh) T dvtipdoeng ).

Té&s mpotdoes, s yvopilowsy kai ik TV nabnpdTwy Tiis mponyoupévns
Taews, Tég TAPICTAVOUEY GUMPBOAIKES PE KA YPEUMATA TOU AQTIviKOU &-
PpaPriTou, kord TpOTIUNGW KE P, q, 1,. . .

"Edw pia TPOTaos p elven SANGNs, TOTE, Kal povov TéTE, Adyouev ST1 alitn Exer
«TpNY dhnBeiag a» kal ypdgopey T(p) = a, & Bt alrn elven yeudig, ToTE, Kal
HOVOV TéTe, Afyouev &T1 Exel « Ty @hnBeiag wr kad ypdgpousy T(p) = y. ‘Etro-
MEVeos, & mpdraots ebped| Exovoa ouyxpovas kal Tas BUo Tipds dAnBeicas o
kel W, TéTE TolTo drroTehel dvTipaoiv.

* Oeushicwohg s Aoyikfis T@v mpoTéoewy Umiipfev & oTwikds piAdoopos Xpisunnog
(281-208 r.X.).
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Mepadeiypata: lov: ‘H Ekppoois p «0 243 = (2,3) elvar uya-
duxdg aolpdgn elvan pia TpdTawIs (hoyikn TPOTCGIS), koBboov TO TEPIEYOME-
vov a¥tiis elvoa &Ands, fitor T(p) = o

20v : *H ikppaois q : «°0 V2 elvar gnrog dobudsy elvon e Aoy poTo-
o, keddoov TO TEpIEXOHEVOY TS elvan weubts, fiTol T(q) =Y. )

3ov : ‘H ikgpaois « 6 deucs @ elvar peyaiitegos 100 10» 8tv elven TpoTa-
otc, H19T1 Btv dmBéyeTan Eva TGV YOPAKTNPICPEY « Ginlijs », « pevdijs .

Elg iy SiamUTreaty TGV TROTITEWY KOl YEVIKOTEPOV TGV Exppdoewy, 18iws
8t eis & MabnpoTikd, ouvavT@uey Spous kel oUpPola, 6mws T.x. s T& SUo
et TapaBeiypaTa: « pryodikde apbpdgy, « prog aprbpog», «2+3in, « V2»
o TTARBos AR Tropdpols, Té dtroia Exouv pio rallwoiocuévy xal udvipoy onpa-
olay eig Sl v dudoxewar Tijs Eneteoyaoias évds Bépatos. Eis v mepimToooiy ad-
1 kehoUpey Tous Spous kal T& oUpPoia otabepds. *AvTiBéToos €5 TO TTapdderypx
3 10 cuuPolov x Bv Exel povadikiy onuaciov, duvoral AX. T X v elven €l
cloobnoTe QUaIKdS &piBuos ) dkopn els olooBnToTe TEoyHaTikds dpiBuds. To
oird oupPaiver gls THy Ekppaoty 2x = 6. ‘Opoleas eig THY Exgpooy x24 V2 > y3
Té oUpPora x xal y (&px kad T& X% kai ¥3) Eyxouv AxofdproTov Kal uf) pdvipov
onpaoiay, karéxouv 88 Thy o 8Uo olcwvdnroTe, &TTo piav eiBIKNV kAT YOopiay,
dvTikelpéveoy, Ax. To X elvon els olooBfTroTe QUOIKOS kol 10 y €ls oloodnmoTe
mporypaTikds GpiBuds. Ta Tolalra oUuPoha dvopcdouey petapintds. Goavepdv
elvon TAtov 871 BkgpdoEls TrepiEoUoat MeTaPANTAS BtV efvon TrpoTéoels.

§ 2. Mpotaciakdg TémoOG i avoikri) npéractg. — 'EAxOn dvetépe
&1 pla Erppaois TepiEXoUoa HeTaPANTAS Bt Exel vénua TpoTdoews, kabdoov Etv
yveopifouev &v TO TrepiexOpevoy TS flven dAnOs 7 weudts, Mia TolaUtn #x-
ppaots yiveton TpéTaos, STav ai &v Adye petaPanTal dvTikaTaoTaBoly pt oTo-
Bepds doplopévns karnyopias. OUTws 1 EKgpaois

«6 x elvar peyodUTepos Tou 10»:
B ylvy wpdTagts, &v ) peTaPANTH X dvTikaraoTadij pE fva olovdnmoTe Tparypo-
Tikdy &piBudy. "Eqv AX. SVTIKATOOTAOWHEY TO X Bi& Tou 12, 8& Trpokiyr f
mrpdTaois : «b 12 elven peycAUTepos Tou 10» pt mipny &Anlelas o Edv mrén
duTiKoTaoTHoWHEY TO X Bi&k ToU 7, B& mpokiyn | mpoTaas : «d 7 elvan peye
\repos ToU 10» p Ty dAnBeios . ‘Opofws f Exppaais :
«6 uolkds &piBuds x Biaipel TOV Quoikdy ApIBpov ¥

yiveton mpdTaots, v &vtikaraoTofoly Y. TO x =5 kal y=35 pé T
chmBetas o, xados kol Bicx x—=1, y=233 pt gty &Anbeics . Taparnpou
Lev 868 &T1 Umdpyouv Gelyn TIMGY TGV peTaPAnTV X Kal y &md Buo xabopt
Cbpevar oUvola, Ev TRoKEIpEVE GO 6 oUvoAov TGV UKV kol &md Td olvolo
T8V TpayuaTikédy &pifudsy, Bik T& omrolar f EKppaois yiveTal dAnbhs wpdTao
kel @G elyn TGy TGV X Kai y, Sid T Smoia ot yivetal Weubhs wpdTaols

Al ixppéoels : «d x elvan peyauTepos ToU 10», «© guoikos GpiBuds x Biop

Wnionoi|Bnke ammoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



-

TOV TpatyparTikdY dpifudy y» Kk.& kahoUvTal Tpotaciakol tHmol 1) dvorktai TP~
TAGELG, FAAWS TPOTEGIOKUL CUVAPTHOELS WIS, avTioToiyews BUo peTaPAnTSv.

Tevikéss : Tipotaswokdg tomog (f) dvorktiy mpétasig) pulic fi meprocotépay
petaflntdv xeheiton pie Exppaoig, 1 dmoie mepiéyer piav i TepLocotépag peta-
Prntég, wai 4 ornoia xabictater mpdracig t6te, Kai pévov téte, Gv al dv Aévo
petafinral gvnikatasralobv Gnd ctovyele évdg | meprocotépey suvéhav.

OUtws al tfiodoes kad of dviodhees slvat TPOTaTIaKOL TUTIOL.

X&pw ouvTouias ouuPoliZouev Tols TPOTACIOKOUS TUTTOUS pé uiav peTa-
PANTHY . Ty x B1& T8V : p(x), q(x), (X)), ..., bt BUo peToPAnTds Y.
TS X, y Bick Té@v 1 p(x, ¥), (X, ¥)- . ., kel yevixdds Bi& v ueTaBAnTSS : p(xy, X,

-+ Xy ) Kod évvooUpev 671 : 1) uetaflnty) o draroéyer & ovvodow avtuxetpbvoy, qr-
TiaTolywg 70 Ledyog T@w petafintay (x, ¥} & avvodov Levydw dvrixeyuévan, dvii-
oTolyws & givoloy v—ddwy dvrizeiutvaw, els té dmoia avagégetar 1) Expoadis p,...
To olvodoy oird kohoUuey GOVOhov Gvugopiic ToU TpoTATIOKOU TUTTOU.

TS olvorov T@V TIMGY THiS MeTaPAnTiis 7 &V HeTOPANTSY, B1& Tds dTrois
© TpoTaGIaKSs TUTOS KaBioTarTan S&Anns TpdTaoIs, KaAeiTal Ghvorov @AY ari-
Beiag ol TEOTATIAKOU TUTTOU.

Elvor pavepdv &1 els’ Thy TrepiTaaoiv mpoTasiakel TUTou TrepioooTép
TS W85 peToPANTEY TO oUvoRov dAndeias Tou elvau, év yéve,, Bv olvolov Bic
TETAY DEvcoy Leuyddv T YEVIKWTEPOV v-&Boov &vTikEIéveoy. OUtws els TOV TP
Taolakoy Timwov p(X, ¥): «3x-y=8», ¢ olvorov avagopds Suvduedo
Becopriocopey 1o ouvorov R x R, BnA. 16 otvolov fevy@v Trporypamikey ¢
BudSv. Téte 1o oUvolov dAnBeias Tou elven 16 otvohov (8hoov) TéV Biomet
YHéveoy Geuydv (x,y), T& omoia émadnfelouv Ty iodTnTar 3x +y=8, A

T& Lelyn (1,5), (2,2), ( -,3) K.&.

 Enuciocig: Moogavéds ol ouuPohiouol p(x) kal py) voolvrat ds Tautdanos, fj- o
TO Ypdpua, T dmrolov oupPoAiler THY peTaBANTHY Stv uetaPaAAer TO eldos Tol TpoTaTIcKoT T
e Kor& aquvémeiaw, dhAay?) 700 dyviotou els plav tflowow fi dvicwow, 5ider looduvay
Elowow § dvicoow.

Wl w

] § 3. MNoogodeixTal—"Eotw p(x) &ls wpoTaoiokds TUTTOS Kad Q TS GUVOAGY
AVaQop&s Tou, TéTe TO ouvorov Q ywpileTa eis Suo oUvola, fjtol els TO advo) -
Qu , Bi& Ty gTolyelor ToU OTroiov & TrpoTaGiaKds TUTos p(x) Yivetan Aoy Trpo-
T?‘Gls HE Tipfy d:?\n@eicks a kad 1O alvodov Q, , B T& oTolygia ToU omolou & p ()
YWETal Aoyiki) TPATAOIS WE TIUNY &AnBeics w,
ToANGiis Bix vex BraTuTeowEY TPOTAoEls, of émoict ypnoipomTolelyTo
els T MaBnparicd, mpoTdoooper Tols kaAoupévous nocodsiktag.
Oi TooodeikTa, Gmes yvwpilousy kol & Tis Tponyoundvng T&Eecos, elva
8uo, fitor :
] 1). 0 KkathoUuevos DnapErakos mocodsiktng, oupBohidpevos i «q», &oTi;
QVAYTYVaoKETON « Srdoye TodAdyoToy Ey... » EiTe kol EAAWS « drd HEQURA... .
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2). ‘O koholUpevos kofolikdg mocodeiktng, UPPONIOUEVOS WE « F», SOTIS
dvaryryvidokeTal « dua xdfe...» eite kal GAAWS « & GAa Td...».

Oi TooodEiKTal TTPOTEOTOVTAl TPOTATICKEY TUTTWY oUTw :

1). «3 xp(x)» dvayryvaokeTan : «UTEpyel & TOUAGYKIOTOV X, GOTE va ioyun
p(x)», €iTe kal 0UTw «B1& pepIkd X, loyUer p(x)».

2). «3t xp(x)» QUaryyveOoKeTal: «B1d ke x loyver p(x)» eite kad olTw «BY
Sha T& x foxUer p(x)».

Tapatnpolpey Todpa T& £€fis : "Av p(x) elvan €lg TPOTATIOKOS TUTTOS, A.X.
«& x elvon TpdyTos dp1Budsy xad Q elvon T oUvoiov &vagopds, els TO TapdBerypd
pos, A.x. TO auvorov N Tév puatkév &p1Bpddv, TOTE :

1). “H &ppaats «3 xp(x)» elvan pia Aoyikd) TpdTagis, keBdaov alTn AcuBd-
ver THY TIUMY & TOTE, kol pévov TéTE, &v TO oUVoAoV 0, 8tv elven kevov (BnAadn)
6 odvohov Q, elvar yvnoiov Umootvolov ToU Q) xad THY TPV Y TOTE, kel po-
vov T6TE, &v TO atvohov Qu elvan kevov (firor TO 0y —=9).

2). *H Eppaois « 5/ xp(x)» elvon pia Aoyixf) TPOTOOIS, kaBdoov alTn AcpPd-
Vel THY TRV o TOTE, Kol povov TOTE, & Q.= Q (5nAadn 1O Qy elven foov pé
& kevdv) Kal Ty TOTE, Kol pévov TOTE, &v Q, elvan yvfiolov UTrooUvoioy Tou
Q (5nAadh T Qy Eelvon Sidgopov TOU KEVOU).

Tpotdoes T&V popedy 1) koi 2) kodolvron tmagfaxal, &vTioTolyes
nocotiwal TpoTdoes. “Ex TéV dveoTepw ouvéryopev Tapa 6Ti: Mia orapElaxt
dvriotoiymg pie mocoTikl mpoTaAcis Eivar mavrote pic doyuch] mpdTaOIS

&

Hapadeciypata: lov: Eqv p(x) elven 6 TPOTACIAKDS  TUTIOS :
«x 5= 13» p& ovvolov dvagopds 16 cUvohov N Té&v quotkew &pifuddv, ToTe
f) TpdTaots ¢ « N Xp(X)», ErTevds f: €3 x, xeN pe x 45 = 13», elvan Weudns,
161 10 Qo ={8,9,10,.. .} elvan yvijoiov UtrogUvohov Tou N, gvéd 1) TTPOTaOIS !
«J xp(x)», trrevids 7 : «3 x, xeN pt x4+ 5= 13», elveu &Anors, 5161 TO olvo-
Aov TGV dAndeias Qo= {8, 9,...} elvar Biapopov TOU KeVOU.

20v: ’Eav p(x) elvan & TpOTaOIOKOS TUTIOS : & (x+1)2=x2+42x+1»
uE oUvohov &vogopds TO oUVOAOY R T6v TporyparTikEdY &p1ucov, TOTE T) TTPOTA-
o15: «NAxp(x)» AcpPAvel THY TIMTV &, s51om Q. = R.

*Emrions f: «3 xp(x)» Aappdver Thy Tt o, B16T1 TO Q, elvan ioov pE T Ke-
vov oUvoAov,

3ov: 'Eaw p(x): «x®+x+1<0» pé gUvohov dvagopds TO auvolov R Té
TpaypaTIKGY Ap1fudy, TOTE 7| TPOTACIS :

«NExp(x)» ExTevdds 1 aNEx, xeR @ x24Hx+1< 0» elven yeubns, B1oT
Q. elvan TO kevdw guvohov kad guvetrés £, yviiagiov Ytroouvohov Tou R.

*Emrions 1) wpéTaois

«Axp(x)» dkrevids Ay : «3 x, XER : x4 x4+ 1< 0» happavel THy TiHHY Y
iom Q.= &.

8
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Ol mooobeikTon TpoTdoToVTal Kol TpoTaciokdY TUTwv BUo 1| TEpiaoo-
TépLov METEPANTEY oUTw :
a0ty px,y), BnAadn 81d kéde x kai k&Be y loxuer p(x, y).
dx3y p(x,y), dnAadn Umdpyet (ToUAdyxioTov) Ev x Kol Ev y, ddaTe va loyin
P(X, ¥).
¥ x3y p(x,y), dnhadh Bk kée x Umépyel v y, doTe v ioxim p(x, ¥).
3 X3y p(x,y), Snhady bmdpxe x, doTe Bidk kébe y v& loyun p(x, y).

Ai dvwTépw TpoTdoes elvan Aoyikal TpoTdoes.

ﬂupcx*mpofjusv 671 els T BUO TTpwTOS TEPITTTCOELS EMITpETeTOn PETEBETIS
VaMy ked Ix3Ty, ATol loyxve

VMY PEY= Ny W x p(y)
Ix3y p(xy) =3qydx p(xy).

Tolto &ty gmiTpémeTan els Tas o TeAeuTalas wepiTrTdoEs, G Betkvier TO kaTab

Mapaderypa : “Eotwo p(x, y) & TpoTaciakds TUTos : «'O x elvan pikpdTepos
TOU y» pé olvoov duagopds TO ovodo R TGV mparypoTikédy &pibuddv, ToTe 1
TPOTaOIS :

xTy px,y) AowPavel Ty TRy o, & T TPdTAOIS
Ty A x p(x,y) Aoppaver Thy Tiphv .

H mpdoTn tkgpdde 1 «Bid kdBe TporypaTikoy &p1Budy Uttdpyel els peyau
TEPO?»r &vé 1) Seutépa Exppdder @ «Utrdpyel €l dpiBuds, doTe kée dAAos v glva
IilKPOTEpc)g»_

§4. T0vOeTor mpoTaoelg. — As Bewpriowpey THY TpdTAOW :
«6 4 elvan &pTiog &p1Opds ».

‘A':.'JTT] elvon pia GAT} Aoyikf) TpdTacts, kaBdoov els alThV GUTIGTOIXE 1
TN «dAnOnes. AUTn ékepdlel plav iBi16TnTY, TNv Otolav Eyel &v GuTikeipevo
(WPaYuO:), BnA. 6 &piBpos 4, fitol THY iBidTnTa:

D) «... elvan &pTios &p1Bpdey.

. Tpogavess # 18165 alTn dvapépetar kod els AR GvTikelpeva (&p1Bpovs).
Olras, ¢ay eig ThHv Béov ToU 4 ypdyewuev 1o 7, TéTE 1) TpdTAOIS
«6 7 elvan &pTiog &p1Buds »,
lvat emriong Aoyixn mpoTaots, kaBdoov el aUTHY GvTioToIyEl 7 Tiuf «yeudTs
Thv 8161100 (1) kcholUuev &v «katnydprper.

Al TtpoTdoeg: «6 4 elvan dpTios &pi@udsy, «6 7 elven &pTios &p1fudsy, Biv BU
vt?cUT?u V& wpioBolv els SUo f) TeplagoTépas AAas TpoTdoets, Stv oupPaivel G
TO alTO Kol pg THY TPOTACIY :

@) «Oi dpiBpoi 10 kai 12 elvan &pTiow,

AUTY elvon plar Aoyixn) TpdTaOIS W Ty dAnBelos o, GANK XwpifeTan elg
B0 &MAas mpoTégets, #Tot :

2 «6 &p1Buds 10 elven &pTios» kad «d &p1Buds 12 elvar &pTiosy.
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EB& & olvBeopos «rai» Tallel Evar pohov oynHoTIoNOU [IES VEXS TIPOTAOEWS,

+#5 (1) & Té&Y Blo &AL mpoTdoewy (2). THy s &ve TpdTaoty (1) kohoUuev
Ov@etov mpoTacLV.

Tevikdds : Mia npotactg kakeltol sovieTog ToTe, Kol povov TotE, GV suvicTaTol
LL Gnh@v mpotdoEwy cUVBESEREVOVY HETOED TOY HE duagpopa cvvdetikd, 1a Onola
co)oUpEY hoYLKeDS GLVOEGHOVG.

Fevikéds el THY AoyIkny TGV TPOTACEWV BecopolvTal G5 Aoyikol guvdesol
ol ExppaoEls @ «Kai, CEITEW, «EAV.rr, TOTE,..0, «TOTE, KO novov téte, dvn, Erions
Exppoats «OyLr, Srav TibeTon TR0 WIAS TPOTACEWS.

*Ex TV &uoeoTEpe AOYIKEV GUVBETIGLY & pév «&y 1 elvat povopelfc oUvBesos,
B146TI TTPOTAOCETON MiGS TpoTdoews, o Yréhortol Guws slven dupedelg, S10T ouv-
Stouv BUO TTPOTATEIS.

Topodeiynote covBitay TPOTATEMV.

o). «'O Gpiduds 3 &ite O &p1Buds 4 elvan TrepITTOS.

B). «Eav 6 4 ivan &pTics, 1018 & V2 elven &ppnTos».

y). «O quoikos apiéuos 16 elven &pTios T6tE, Kai povov Tote, dv SroapfiTen
Grpifdys B ToU 2».

8). <Oy 6 3 lven &pTiogy = «6 3 8&v elvon &pTiosy.

EvxoAws Suvapeba va &ropavidpey 611 ai &vowTépw ouvbeTol TpoTATELS
given Aoy kel TIpOTAOEIS Pé Tiufy &Anbeias o. Kora tov YOPOKTTPITHOV TEY &veo-
Tépeo ouvbETCOV TTPOTHOEWY EUKOAGS SiaarioToUTar &1 Ay Tiun dAndelas Twy Eap-
<ETon Bk TEW Tiu@y GAndelas TGOV &rTA&V TpOTAoEWY, EE GOV aUTal ouvioTavTal.

Eic Ty ACYIKNV TEV TPOTATEWY Beydueba yevikds STl Ek SUo AoYIKGY TrpO-
T+doewy ouvioTaTan Bid cuvbtoes cUTGV pE Eva Ex TEOV Aoy 1Koy CUVBET WV
«kaiy, «eiTen, «BQV. . ., TOTE. .., «1dTE, Kol podvov TOTE, dvy pla via AoYIKT) TTpo-
oo, “Emions &k was TTPOTAOEWS (hoyixis) S TpoTaEews TS &pVTOEWS «EY1»,
TrpokUTITEL piat AOYIKT) TIPSTOTIS.

Al TTpOTAOEIS Becopolipevan EiTE PEPOVOIUEVLS, EITE gvTds hoyikou cuUVBUAGOU
petT’ EAAWV TTPOTEOEWY, Buws €5 &V oUVOAOY, drroTeAoUY GUTIKEILEVOY PEAETTS
ToU pépous ékeivou TAS Mabmuemixiis Aoyikis, TO Strotov koheiTar Ilpotaciakog
Aoyropoc.

§5. "AhyeBpa (Aoytopdg) TRV TTPOTATEWY. — Aeybueba &1 Umrapye!
£y gUvohov GTTAGY AOYIKGV TPOTAOEWY, 16 &moiov cuppoiifoney pé T 1 oTol-
yeia, £€ v 1O TT ouvioTaTan, BnA. T&s TPOTATES, oupPohifopey, ds EréxOn Kod
glg TH § 1, pE T& ypuuaTa P, G, T S - Aeyopeba Emi AoV OTL £l§ EKGOTNV
mpdTaciy p ék ToU T duTioTOoIKE &xpipdds els ik TGV Blo K OPAKTNPICHEV
«&hnbhsr (o), «yeudng (W), fro1 Beyopeda 6T UploTaTan pla povooTHaVTOS
Smreikoviats ToU guvdhou TT s TO Biuehes oUvorov [ o, W} Fpagopey Bt :

T T—{a, g} i xoi GAACS Mp—T()e{o v}
A THS HOVOOTIHAVTOU TQUTTS &mrelkovicews T EkdoTn TROTATIS P AopPaver GKpt
Bé3s piaw Ty T(p) gv{a, y}, THY kehoupévny Tyl ainleiog TS TPOTRTEWS P
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o

Qewpolpsy Thpa ToUs k&Twd AoyikoUs auvbeapous, Tj Bonbelgy Tév dmoiwy
Epodiddopev TO aUvorov TT TGV &mAdY TPOT&TEWY WE «loyixds moakecy :

1). ‘O oUvSeopos «kaix, 6oTis oupPorileTal pé « A» ko BioPadeTon wadieo-
152, ) «xab», XpnoloTolEiTal S1& TOV OXNUOTIoNSY THs Aoyixijs mpdecos The
suledtenmg,

2). ‘O oUvSeopos «gite» 1) «ijpy, & dmoiog ouuPolifeTon pt « Vo kol Slafdle-
Tal «dedlevfign, XpNOILOTIOIETTOL BI& TOV oxnUATIGUOY THs hoyikfis pdecos tijg
(Eyrderoticiic) SraledEems.

3). ‘H Ekppaois «&av. . ., 1016, .. », fj Omrola oVPPoAileTan pé «=>» kol Sio-
BédeTon «émeTary, «ovvemdystaiy, XPnoluoTolsiTal S1& Tov OXNUATIONOY TS
Aoy Ikfls TrpdEecos THs svverayoyic.

4). *H Ekpaals «TdTE, KAl pdvov ToTE, five, fi Smola OUUPOAIETOL Pt C<=p»
ked BiaPéleTon «fmerar xal drtioTodpmey fy «ovvemdyerar xal AVTLOTRAP @S H,
XPNooToEi Tl B1dt TOV oXNUATIONOY Tiis Aoyikfis mpdews THs (Aoyukiic) ico-
duvapiac,

e Aoyikos oUuBeauos «Bywr, 0oTis cupPolileTal Pt « ~ » Kol SaPddeTor
(jc’a’;y» | «dévy, ypnoipomoieital S1& TV oXnuaTIouoV Tis Aoyixfs mpdlees T
apviioenmg,

Aeydpueho Topa T& &5 a). "Edv els Tév TECTGPLV TTPWTWY ouvdéoucoy
Te0T) neTafy Buo olwushToTe STAGY mpoTaaEoV p kel q &k ol TT, Téte Tpory-
TTEl pia oUvBeTos TpodTACIS, N OToia KaAeiTan oOvlstog npdractg npoTng Pulpi-
80G. "Hro1 §1& xdfe Celryos GmAGY TpoTdoewy p kai q ék Tod TT o TPOTAOEIS :
PAG, pVq, p=> q, p <= q elvar olvBeTtol rpoTdaEls RS Baduibos. da-
VEPOV elven 811 of Gpo1 ToU Levyous p kad g émiTpémeTan vk oupTTiTTTOUY, fiTO! Al

pVp, PAP, P=>D, p=<=yp,
v Emriong cuvleTor TTPOTEGEIS TRATNS Poduibos Bick kéBe TpodTAGIV p 2K TOU TT.
! B). ’E&wv & mréprmrtos Aoyikds oUvBesuos Tebf] Tpd TuxoUoms TrpoTTEL:
K TOU TT, Tére TrpokUTrTel pla odvBeTos TpdTaos, kohouudun émions mpdO g
Bﬂﬂuiﬁng, fiTol ~p elvan oUVBETOS TPOTATIS TRWTNS BoBpisos.

\ § 6. Mpageig perall Aoyikdv mpotaoewv. — Ar’ ikdotny oUvbeTou
TPOTaGI TpcyTng Padpios dpileTan drpiPéds pia Tipd év Lo, W} T PonBeia Téw
KATWTépeo rvdkeov. “H Tipd s ouvdéTou TrpoTéoecs év {o, w}, 1) dmoia koAei-
TOl Kai sy alnlelas tijs cvvlétov mpotdoews, Spiletat TANPWS &K TRV TIuésw
3AnBeiog EKAoTNS TGV &TAGY TpoTdoewy ik T&Y drofeov ouvisToara kad Tol RS-
r,ro\‘,' OUVBtoecos aTéav Tpds oXNUGTIONOV Tiis auvéTou TTpoT&aEws, oyl Suos
XTMO TO Tepieydpevoy cTédv.

, 0f Biapopor TPOTTO1 OUYEETEWS CTTAGY TIPOTOEWY TIRGS OYXTUATIONOY Guy-
JéTou TolTrs, &moTehoUv Tas «hoyikds mpaleigy ueTal Téhw TpoT&OEWY.

Al BepeicoBers Aoyikal Tpddeis elvan af EETs :

L EZotevEr g: Ta Eoydpeva Tiis Aoyikiis mwpdews Tis ouleu€ees A
TOPEXOVTAL OXNUOTIKES, 8Trws yvwplfopey kol & Tév podnudmany T Tpon-
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Youpéuns TéEews, Bi& Tou kéTwhi Trivaros kohouptvou mivakos Tpdv dAndetag
: THs ouLebEewos p A q.

P | q PAq Auvéper ToU Evovt Trivexos, ) T T(p A qQ)
o N a | Tis mpotdoews p Aq Spiletan fon ut o BnAad)
) & " ¥ T(pAQ) =a ToTE, ki pévov TéTE, &v T (p) =
" a ¥ TEq): a - s mioaw &AW TrepiTTRG ) TR
¥ " | it Tis pAq elvar Ton ut g, fitor T(p A q) = .
“Qote: “H odlevtig §bo npotdoswv elvar d-

A0 tote, Kai povov tote, v apgiotepar of npotdoelg elvar dinbeis.
Mapaderypa: "Eorwoav ol TPOTATEIS :
2
p: «'0 = elvar prtog apBpdg» kai q: «'O 5 glvar dpvnrikds apOpocy.
o 3 e a2 )
1oTe Ny oUleubis alTédv pAq: «O = elven prytds dpiBuds kal & 5 elvor &pymTikds &piBuds »
van pla eUvleTos TpdTATIS, 7 drola elven weudtys (Siaerl )

2. ’Eykherotikn Sralevkic ¢
Auvéuer ToU kéTwb mivakos, f Tinh T(p Y q) Tfis mpoTéoeews p Y q OpileTen
fon pé g, fitor T(pV q) = y TOTE, Kal pdvov Té-
pvq e, &v T(p) = 7(q) =y €ls T&oV EAANY Trepi-
TTWoW 1) T Tis pV q elven fon pé o
‘Qote: “H (byideioTikn) SalevEig 3o npo-
taocov elvar GAn0ig téte, wai povev tote, v
l pia tobldyiotov t@v (Gnhév) mpotdcsev sivan
arnOic.
Mapaderype: Elvm andig i elvar wevdig A npotacg :
«'O amBpog 17 elvan téherov tetpaywvoy eite & V2 slven Gppnrog»;
"Andvineis : ‘H oUvBetos altn mpdTacs elvan dAndis, §16m, dv mopaoThowlEr Bik P
v mpoTaow 1 «'O &piBpds 17 elvan Téheiov TeTpéywvovs kal Bik q THY TpéTaaw : «‘O V2 -
1 GppnTosy, Exopey T(p) = y kel T(q) = . "OBev, oupgdvews Tpds TOV dvaTEpe Trivaka @)
avleTos TpodTAOIS ;
PV : «b dpiBpos 17 elvan Téhetov Tetpdycovov eite & V2 elvan &ppnTos»
ot GAnOns.

|

€ ao€n0 o

€€an|s

3. Zuvenayoyq :

Awvduer Tol kérwbh mivakos, f) T T(p = q) Tis TPOTEOEWS p = q
piCeTan fom u¢ @ TOTE, Kad pdvov TETE, v T(p)=a Kad T(q) =Y els mEoay
&AAnv mepiTrTeoow 1) Tipd Tis p == q elvan foq

P q |P=-q| ptqg, fitor:
= - = 5 T(p = @)=«
3) 3 ¥ ¥ “Qote: ‘H ovvenaywyn p == ¢ &lvar yev-
" % = 8¢ to1E, Kai povov tote, dv i p elvar dAnbig kai
H ¥ - 1 q elvar yevdic. Eig maoas tag dhhag mep-
ntheoeg elvar aindig.

TIds palvetan 811 1) ouvemrarywy?) Stv elvan dvripeTaleTikd Aoyid mp&gis ;
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Mepdderypa: Elvm ddndig if wevdig 1 wpdtacig : « (3 =4) == (7= 2)»;

"Anavinos : ‘H mpdraois elvar dAndiis, 81611, &v TapaoTiowpey Bi p Tv: «3 =4y
kad B1& q TV 1 «7 > 2», TapoTnpolpey &1 7 p elven weudis () kad 1y q elven &And1s (a). Suve-
TES, gupgdvws Tpds ToV Trivaka (3), | olvleTos TpdTOOIS :

P=>q: «fv 3=4, 161 7>2»

elvar &Anbrs.

Mapatqpnorg: "ANdol TpdTror SiaTumdaoecos THis ouvETTaywyfis p == q
elvan kad of £E7js
«p elvar ikavi) oovOiKn dta »
«q glvor dvaykeio cuvOikn d1a p»
«bndleorg : p, copnépaopa @ ¢»
«p, 60cv q»
«p, Gpo @»
. «q ovvayetar £k tob pr.

Mapaderypa: "Eotw f) ouvemaywyd : « Koy Td Tplywva ABI, A'B'T'
elvan foa, TdTe af yoovion T elvan foc pior Tpos picws.

‘H Umébeos p: «té Tplycwova ABT, ABT' elvan foas elvan ikavi) cuvBiky
81& 16 gupTépaopa T lodTnTOS TAV QVTIOTOIK WY Yeovidi.

TS oupmépacua q: «ai yoviar 6V Tprydvey svon foo pie Tpods picwn
ET\‘Jm avaykaio ouvdixn S1& THY iodTnTa TGV TPYy vy SnAadh &tv Suvavton
Ta Tplycove vé elvan Toar yopls of yavien Tev vé elven oo pla pos plav.

W OO T

(o)

4) Aoy ioodvvapia.
Auvéper ToU k&Twb mivakes, § Tiud T(p <= q) Tis TpoTdoews p<=>q
. Opietan fon pé o, TOTE, kad pdvov TOTE, &v

_p_kr a |p ﬁf‘l T(p)=7(q)" 80ev f) T T(p <= q) elvar fon
4 - i a pé y, &v, kai pévov Gv T(p) # 1(q).
) a | ¢ ¥ “Qote: H (loywk) iooduvapia sivar an-
] a ‘ ¢ O tote, kel povov 6z, Gv ai Soo mpotacei £i-
Pl et var suyypbves dindeic i ovyypovas yevdsic.
!

‘H Aoyikn iooduvauia efven dvTipeTofeTIN
Aoyikh) mp&gis ; N& oxnuaTiodij & oxeTikos mivag dhnbeiag.
Mapaderypa: EBivar anbic i slvor ywevdig 0 wPOTAGS 1 «(2 = 5) <= (4 >TD»;
"Andvinoig: ‘H Sofeioa looBuvapia elven &Anbrs, 16T, &y TAPACTHTWHEY Bix p :
€2 = 5» xal B1&x q: «4 > T», Exopev T(p) = y xal T(q) = y. ‘Erroptves, TUHQQIVWS TTpos TOV
Tvaka (4), § oUvletos TpOTAOTS
p q: «'02=35 7o, kal pdvov 1éTe, &v 4> 7 »
elvon &ndrs.
1‘[ epatmpiioeic: a). Ex 1ol dpiouol Tiis (Aoyixfis) locBuvapias tvvool-
Hev OT1 foylouv oi £€fis 1810 TES :
1 p<+p
2. (p++ @ <> (9> )
3 (p*:r-q/\q@b-r):(p*:»r).
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B). "AAhor TpodTol AekTikfis SiaTutrddosws THs iooduvaplios «p <= q» elvon
kai of &fjs :

1. «p &av, xai povov £av, q».

2. «p eivar ikovi) kai Gvaykaio oovBikn Sud g ».

3. «p npéner kai apkel g ».

4. «p xai q sivar hoykddg iooddvapow T GAGS «icodbvapory.
5 «p = ( xoi GVTIeTPOQOG ».

Enpeiooig: 'Eav Béhwpey vi dnidowpey 671 1 loobuvapia P <= q 8o mpord-
oewov UpiaTaTan i Spiopol, TOTE XpMOIHOTIOI0UHEY TO CUPPOAOY s , fiTOL YPEPOUEY P <=3 (.
opo opo
5) "Apvrnoerg: Kot v Aoyikiy adthy mp&fiv Bid kdbe TpéTacy p
Bexouela piow pdTaov THs Hopgfis «OX1 p», cuMBoAIZopiv « ~ Py, 1) Sroia elvan
&Andns TOTE, Ko povow TéTE, &v ) p elvan Weudis, weung 8¢ &v #) p elvan AN O1s.
Olros & mivag Tinédv dinbeias Tis &punioews « ~ p» elvan & k&t :

. Avvéue ToU EvavT Tivakos, f| T T(~p) Tiis Tpo-
P H P Téoews ~p OpileTan wdvToTe Bidpopos (dvTifeTos) g
(5) -a ifq’,' Tfs T(p) THS wpoTdoews p.
v ! . ‘Obev, tav T(p)=a, TéTe T(~p)=y Kai &k
i T(p)=vy, T6TE T(~p)= Q.

“Qore : Al tipai dindeiag tédv p kel ~ p elvar navrots dvriberor.

Mapaderypae: 'Eav p: «b V2 elvar pntog apbuog» va sdpedii 1 mp) T(~p) Tiig
MPOTACEWG  ~ .

Avorg: "Exousv T(p) = y, &pa T(~p) = «, fvha:

~pio«dyt & V2 elven prrds dpiBuds » = « & V2 8tv elvea onTos &p1budsy.

Maepatipnorg: 'Extos Tév dvwtépw Aoyikédv ouvdéouwy XPNoipo-
TolEiTan dvioTe s ouvBeopos kal f) Ekppacis «ij pévov . .. §j pévov .. .», 1 dmoia
oupPolileTan pt «v» fi «v». T Ponbeix ToU dvwtépe ouvsiopou oxnuarTileto
7 Aeyouévn dnoxderotikt Siateviig. Olteos, 1 drokAeloTikn S1&geu€is SUo TpoTd-
oewv p, q ouuPolifeTan pé: p vV q i pV q kai dvayryvdioketar «f) pévov P 1) ué-
vov g». ‘H olvleTos mpdTagis p V q, kaTatacooptvn kai olTn el THY TPWTNV
Pobuida elvar, &rreos yvoopigopey &k Tiis TpoTyoupévns TaEews, GANONS TOTE, kol po-
vov ToTE, &v ai Tipal dAndelas Tév p kel g efven Sidpopot, weudhs 8¢, Stav oi Tipad
dAndelas Tév p kol q elven foal.
pvq ‘Ofev Exouev TOV EvavTti Trivake TiudY &-

Anbeias Tfis &mokAeioTikfs SiadeU€ecos pvq.:

Auvdper ToU Trivakos ToUTou, ) Tiwd T(p v q)

. Tfs TpoTaoEws p V q SpileTon fon pé o, TéTE, Kad
wovov ToTe, &v T(p) # T(q) xad T(pV @)=y,
TOTE, Kol povov TéTe, &v T(p) = T(q).

P
0) 3‘
v
v

€ a0 |0

‘Qove: “H aroxhewotikn Sraleviig 8bo tpotassamv elvor aAn0ig tote, kai povov
tote, dv 1 pie elvar dhnbig kai § GhAn yeudic.
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Mapdaderypa lov: Eig te Mabnpankd ) Exopacic : «d o iva peyaidtepog 4 toocg
T0b B» dpilerar dg £EiG :
a=p<=>ea>p § a=§.
opa

Katomv tod dvatépm opopod moio 1 tpdy dhnbeiag tii¢ npotacewg : «4 = 3n,

'Amavinorg: Auvdpe ToU s Gve Spiopol 1 GUWTEpW TPOTATIS Elvan icodivapos
BE TV : «4 >3 f 4 = 3, AlTn Speos elvan &ANdis, S16T1, Gv TAPACTHTWHEY bE P THY TpdTa-
OW: «4 = 3» kol pd q TAV: «4 = 3», Eyopev : T(p) = axal T(q) = . Eml whéov 5t 0UbkmoTe Bvas
&pbpds elven kal ueyctAUTepos Kol Toog évos dAhou &pibuol. ‘Emoptves 1} ouvleTos TpdTaos :

«4 >3 fj 4=3» dmoTeAel plav &moKAEIOTIKAY Si&euEv, ouverdss, CUHPUWVWS TTPoS TOV
Tivake (6), Exouev: T(pV Q) = o

Znpeiocig. 'Ex Tol dveTépmw mapadeliyuartos ouumepaivopey 411 glvon
OBV vt ypdgoouey : «3 = 3» kal yevikds«x = x» . xeR (1ot ;).

: Mapaderypa 20v: Katomy o dpiojod, 1ov dnoloy tdmoapey &ig v §1 fa Ty
AoMKRY nporacty §i SHhooy, ti slver W Exppaoic: «H Shhoowg elvar pia dinbing il wev-
oM npbracicy.

’ Anavenorg: ‘H dveripe ikppaos elvar dmoxAaioTikd Sidlevtis, 16T ). (Aoyikd)
TPoTaes ) Bfikaots elvar § pévov dAnBis (kal Sy weudns), fi uévov weudhg (ked &y &Andis).
Anhad ) Ehwos oUBémors elven kal dANORS Ko weudns.

Mapaderypa 3ov: "Koto pie oikoyévera pé 860 tékva, duodtepa ayopua. "Eote p
N wpdtaoig : «To peyakotepov téxvov sivan ayop» xai q ﬂ'ﬂpémﬂlf; : «To mxpotepov téxvoy
elvay @yopin. Na anodoonte Aextide v cbvletov npoTUcY PV Q xai va elpnre TV Ty
@inlsiog tabng.
’Andvineig: ‘H olvleros mpéraos pVvq onuaive :
PVqQ: «"H pévov 16 peyahiTepov Tékvev elven &ydpr R pévov To WIKpSTEPOY ».

AUTn elvan foodUvapos pé TV :
«'H olkoytveia £yl éva dydpr kal Eva xopitol »,
' Mpogevdss ) T dAnBeias 117is TpoTdoews TauTns elvan Y(= WeG8os). Els o alred oup-
Tepaoua katahfyyousy kol &k Tou Trivaxos 6, &v Anglf) U’ Syw ST T(p) = o T(q) = a.
"Qoe T(PVa) =y

‘Avaxcgaeleioorg Oi &€ GUTEPW THVOKES TIMGY dAnbelas T
Aoyikddy mpdecov Tiis ouledEecds, EykheioTikiis Brageuews, dmokAeoTikis Sia-
CelEecs, ouvemraywyfis, looBuvapias kol &pvfioews BUo poTdoEwy p, q cuvo-
YigovTon eis ToV kéTwd Tiveke

} | ZulevEig ]‘Evtl. Auic.l 'Am. Awal. [Evvemayoyn ‘luu&uvm n

| | . . vnaig
P S RS

o LY | pva { Pva |[p=>q|Pesq| .p ~q

| [ | I B
ot ol dug [ g B - LT AR
o ‘ ) I W i o o v W ‘ W o
k4 ; a ! W | = - Wy | « W
L6 e o sl it
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§ 7. Tauroloyiat kai alToavTipaoceig.

1). Tavtohoyiat Mia ouvletos TpéTacts A, el v omoilav  Eugavi-
LovTon af &TAGT TTPOTACEIS Py, Poy- - -4 P Kk ToU ouvdiou TT, koheital pla T e u T 0-
Aoy o TdTe, Kai pévov ToTE, &v N Tiph dAnbeias a¥Tfis elvan ) a (= dAndaa),
51 k&Be «ouvBuaopdyy Tiudv dAnbelas TGOV &TAGY TPOTEOEWY Py, Pyy- - -y P -
Ai TauToroyiar oupPoiifovron pg pdTadv ToU cuppdiou -, fiTot :

-

A onuaiver: 1 medrasis A elvar pia tavtoloyia.
*ASidhoyor TauTohoylan elvan ol £Efs
1). Nduog 7ijg Tawrdtnros : b p == p.
2). Nouog dumdijc Gowjoews @ = p 4= ~ (~p).
3). Nduog dmoxleloews Toitov : = pV (~p).
4).  Néuos dvrupdoens : F ~[pA(~p)l.

To &11 elvon TawTohoyian, paiveTal oapdds ik TEY k&Twhi TIVaKWY :

T

p]~p ~(~p)]p/\(~p) p =D }H:v-~(~p)\ PY~p | ~[PA(~P)]

| y L e | o | o ‘ o

o
v ’ y o o E > o
I |

o v
o4

Hapatnpioerg: 1). ‘Qpopévar Tautchoyial, Adye Tiis yevikiis ioxos
Toov, KohoUVTen Gpyai #j vopor. TTapodelypoTa ToloUTwy TauToACyI®Y elval o
dvwTépw TauTtohoylfar (1), (3), (4), oi omoion elvon Tpes ék TGV TECTGpwY
vouwv T Aoyikils ToU "ApioToTéAOUS e

Oi vépol Tfis Aoyixiis ToU *ApioToTedous efvan of kaTwbi TECOOPES :

a'). ‘O vduog Tijs TaWTOTHTOS

B'). 0 vduos Tijc @TipdoEws

¥ ). ‘0 véuog voi amoyedvros Adyov kol
8 ). ‘0 vduog Tijc Tob TolTov dmoxdeivews.

2). ‘H Tautohoyia (3), katd Thy émoiav ék BUo dvTiQaTIKGY TPOTAOEWY P
kad ~p f pla elvon dAnbis kal ) &AM weudis, péon kaTdoToos BEV Ywpel, ko-
AelTan kad dpyh) Tfis ToU péoou ) TpiTou dokAeioes.

Hopaderypa : Na dex0fj 61t 1] k@twb ioodvvepie :
~(@AQ <> ~pV~q (Noépos tod De Morgan)

glvar tavtoloyio.
* BepehicoThs THs Aoyikiis, yevikéds &5 EmoTAUNS TV vopwY Tiis okéwews, UTiipfev 6 K
Trayelpov Tis Makebovias pbyas grhdoogpos *Aprototéing (384 - 321 w.X.).
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Aborg: Zynuatifouey Tév dxdAoubov Trivexa TGV &Anbelas Tfs Bo-
Belons {ooduvapias :

! I 1 T

B g i %P |~ PAq [ ~ (PAQ) ! ~PV~d | ~ (pAQ) <> ~pV~q
‘ 1 \ 1

cxfo:‘ W [ v a | % e | g

o \p|‘ Wy | Lo N f o o ‘ a

W cx‘ o \y' v @ a ‘ o4

Y iy, « ‘ a | '

B8 LY ey g

' "Ex Tol dveotépe mivakos mopatneolusy 1 ) Tiuf dAnbelas THs Sobeions
looduvapias efvon révToTe o, Bick k&b SUVBUAoUOY TIpGY GAnBsics TV p kol q.
"Apa ) Bobeloa icoduvauia elvat TauTtoAoyia.
"Qoe F~(pAQ = ~ PiNir.q.
Enpeioorg: Kord tov adrtov TpéTov &ToBekvleTon Kol & éTepos vdpos Tou De Morgan.
~(PVA) <= ~pA~q.

2. Abtoavrigaosic. Mia ouvletos TpoTacls B, el Thv &moiav

é ! o | - s -~
u'q)awqowm al darhad TPOTATES Py, Pas- - - Pr » KOASITA & U To v T | paCIg
TOTE, xad povov ToTe, &v A Tipn dAndelas alTs elven Y (= yeUBos), Bidx kdde
] o~ 3 rs -~ '3 ~ i k
OUVBUaoudY TIPSV GAnbelas TGV &TAGY TTpoTdoEwWY Py Pa Px | OUVTONE-
ougel

Tepav, Stav f) &pynais adTiis efvan pio TautoAoyia.
Mia aUToavTigaots cupPorileTcn pé TPdTAEY ToU GUuBOAoU ~ |-,

Hopaderypa : Na de1y07 61 7y npotacis : (P=>q) <= (p A ~g) =B %
elvay aﬁto(l\'l'i(p(lo’!,g, (I A q) —= (P, q)

A b og: ZynuaTifopey ToOV Tivake TIRGY &AnBeias Tfis TpoT&oEws B (p, Q).

[ T T T T
p J q | ~4 | p=4d | PA~q | B(.q | ~B p, 9
- ; —
o4 x ] e W W fes
(o4 q,,' X q} (& q,) o
] a W o W W @
b J v a a Ay Y o
| | |

Ex ol dvTépe Trivaxos TaparTnpoluey 8T 7 Tium dAnBeiag THS TpoTdoEws
F (p, @) elvon mévroTe Y, Bia k&be ouvBuoouoy TIpGY dAnBeioag TGy p Kal
Errions &k i TedeuTalas oTHANS TOU dveTépe Trivakos PAémropey &t : ~ B(p (?)
elva TauToAoyia. "Apa: ~ - B (p, q). ’
~r EVIKT mapatfpnors T& dvomtuybévra HEXPL ToUBE Trepi Aoyi-
OHoV TGV TpoTdoewy toylouv kal &v els Tous dvaTépeo Trivakes T oUppoix p

* "Evtaifa TO oUpPodov « = » onpaivel @ ouvTd {
= 1 oWTOPWS oy v & ] ;
Taow pé, .. s oviPoRiZouey Thy GploTEPQ TTPO-

2
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kol g dvTikatoaoTaBolv pE mpoTaoiaxoUs TUToUs (dvoikTds TpoTdoeic), Tév
Smroleov Spes TO dMnbis ) weubts B¢ &vagépnTan Els TO CUVOAOY TINGV TR peTo-
PANTHs f| TGV peTAPANTEY THV &v Adyw TROTEOIAKEY TUTTWY.

AZKHZIEIZ

1. *Eotwoav of dvokral mpotdoeis :
P «'O X even pntds &piBuosy, g : «'O x elvon puoikds &p1Budsn.
). Na ypapolv Umd oupBorury popetiv al kérwbt Exppdoers :
L. «'O x Biv slvar pnTos &p1Bpdsy,

2. «'O x Biv elven Quoixds &piBuden,
el

3. «'0 x elven pTds kai Ex1 puaikds &piBudey.
P). Né& Siorumawbouy i AéEers ol kérwbi (Aoyikol) Thmor :

Va4 PAG ~PA~T PA~G PVad G=>D, ~P<>~q.
2. Ti onuaivel tkdoTn &Y kéTwd Aoyikdy TpoTdoEwy ;

@) (3<NDHAT S, P) ~ (x=B),

Y) x<0OvE=0)V(x>0).

3. "Exouv vénua ocuvbétou mpotéotws al Ekppdoss ;

) «oyfjpe V TUTTOSH. B) «7 <=> 3». Y) €AvaTtoAny V Auoig».

(CArdvinog : dxp (Srari ;).
4. Ne& eUpeBolv ol Tipad dAnelas TGV K&Twd ouvbéTwy TPoTdTEWY

) (4:132_) V(3 =8), P) (3%<5)=>-(2=2)-
Y) (1=443)=>(2>5), 8) @=3)+=(5=1),
€) (27 =3 . 8) v (5 = 25), oT) (2> 5) == (3=28).

5. Awaopoynoare Siarl 1) mpdTaots @ «'Eav o TlepikAfis fito moTapds, TéTE & Hapbevioy
sUploxeTal el Tas "Abrvasy elvar dAndns.
6. Aei€are 1 tkdan TV Emopéveov ouvlétwy TpoT&oewy elvor TauToAoyla.

a) ~ (pAQ) <= (p = ~ ), B) PAG == pVaq,

Y) pPA(PVI) <= p: 8) pV(PAD <= p,

e) (p = O <= (~PIVa, oT) (pV ~pIA[@YV~ a)

O [pAp = q)] = q. N Pp=DA(P=>~D]=> ~p,

8) [(p=> DN =1)] = (p =>1), D (VDAL <= (PARV (GAT).
7. Aei€are T EkdoTn TV Emopévoy cuvBiTwy TpoTdoew elvan abToavTigasrs.

@) (PADA(~ PV ~ ), B) (PY DA~ PA~ D
Y) ~(PAQD <= ~(~PV ~0, B8) ~pA~g<=pVa
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KE®AAAION II

ZTOIXEIA EK THEZ OEQPIAT TON ZYNOAQN

§ 8. "H vvola 1ol cuvéhou.— ‘H fwvora ol ouvodov, s kai 1) Evvoia TR
Aoyixfis TrpoTdoecos, Becopeitan dx TPLTAPXIKY Evvold, dos Evola ph EmiBeyopéun
Splopdy, s Bvvola ur duvapévn v’ &vay 0 els dAANV Evvolaw.

Eis T& Mabnporica Bexopeba 811 émiTpémeTon TOAA dvTikelpeve COPads Ka-
Bawpiopéva kai Biakexpipévor HETOEU Tewv v BecopnBolv s 8V vEo v &uTike |-
HEvov, 16 émolov koAoUusy 14 aivolior Ty Oewpovuévay dvTexe v,

T& duTikeipever cupPoliZovrar ouvnBas p pikpd ypdupaTa Tol &hpoPriTov,
TX- % B, ¥,...."Ev abvodov dvtikeipéveoy ouuPorifeTan ué &v Kepahaiov Ypduua
TolU dApaprTou, Y. 2, A, X, Ywpis BeBalws TouTo v elval UToy pecoTixéy, Y.
&l Ty yecoperplay ouuBaivel ouxva T dvTioTpopov. Ta duTikelpeva (B e
T& dTroia Spidouv v alvorov, A.x. TS 2, k&xAoUvTan efs THY «yAdooav TGV ouvs-
Acovy, oToryeia TOU auvdAou Z, ToAAGKIS ¢ kol onueia Tod ovvdlov .

AV & Tuydy oTolyelov x kal Bi” By TUXoV olvodov Z Seydpeda &1 loylel pla
Hévov drrd TaS oyfoels

1) xeZ (5nhadh 16 x dvijker e 16 3 7 7O x efvan oToiyeiov ToU 3).

2) x€Z (BnA. O x Btv dvikel els T6 S 7 TO x Biv elvon oToIEIOV TOT 23,

‘H #wola o0 ouvdrou elval ouvBeBepévn pé THY Evvolav pidg «ayéoewe
odtyrogy GPITREVNS peTaly TEV oTolyelwy Tou, Paoer s dmolas Becopoipey
TaUTa, v & ouvStovtor Sik THS oxéoews =, dx Blaerpipéver peTafy Teov,
’AKplﬁéc’rEpov ¢ deyduela dru wdbe obvolor X arowyelwy a, By e L
ey épwbiouivoy ué pla ayéow iodtyrog, fitor 8Ti: duk xdle Ledyog otouyelon
LY & tod X elvar Béfawoy wai xatd fva dxpifds Todmoy (i:",uorom;;uivnug),
dy 14 otolyela Taita elvar ioca, omdre yodgouey x =y, i dudgpooa, Sndre yod-
Fouer x #y. ‘H oyéolg ol TANPOl Tas EEfs XAPOKTNPIOTIKGS  {816TTag
(= &iopata) THs iodTnTos ;

o)X= YV x€eZ (atromabng idiiryg)

B) & x=y, TéTe y=x (ovppetoua) idideyg)

Y) & x=y kal y=1z Tére x=7g {nerafari) idedTng ).

T &5 dveo lodtnTa, N oToix Spiler To (Brokpiver T OTOIXElA Tov) Ka-
\olipey «Baoikny iodTnTon Tpds Sidkpioty &rd kébe &AMV clodtnTan Spigopévny
v 3,

poosébare! To clpPorov = aupuPoriger Ty Pacikny iodTnTo Kol Siv
Tpémrel v OUYYENTa P 16 =, ToU Strofou | onuocic Exel 78 EEnynoq.
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Iopadciypata ocvvorov.

1. Té oUvohov TGV guotk®dy ambudv: 1, 2, 3, . . ., v,. . . ToUTo oupPo-
AleTon pé 1O ypappa : N.
2. T oUvorov T&V dkepaiov apbpdv : 0, +1, -1, +2, -2, ..., +v, —v,...

ToUto oupPoliletan pe T ypdupa : Z.

3. To oUvohov TG pndv amBpdyv, dmep cupPohilopey pé: ().

4. To olvohov TédV mpaypotik®dv apbpdv, Sep culPolilopey pE TO ypdupa
R, tv®d pé T& oUpPora R*, R oupPohifouev Tous BeTikoUs TparyaTikoUs dpt-
Ouous, dvTioTolyws Tous wfy &pvnTikoUs TpaypaTikous &pifuols.

5. Té ouvolov 6V pryadik@v apbpdv, Strep cupPolilopey pe 10 ypdppa C.
00T, Suvdper TéV dveTépw oupPoliouddv, B& Exwuey :

1N, —%GN, V2¢Q, V2eR", —-;— ¢€Q*, —2€Z, 3+5ieC.

§ 9. NMapaoracig ouvdlou.— Zuviifels TpGTOl TAPACTATEWS EVO§ TUVS-
Aou sivan ol k&Towb BUo :

a). AV avaypogilg t@v eroryeiov tov. Eis v mepimTwow alTiv fkacTov
aUvohov Opilevan Bid BnAdoews (dvarypagfis) GAwv TGV oToryelwy TGV dvniov-
Twv es aitd. 00T, T.X., TO gUvohov pE oToiyeia auToU Tous &pifiuous 1, 2,
3, 4 & cupPolifwuey ypdgovTes T& oTolyela Tou peTaly dykioTpoov, fiTor:

I 2na A
Kotd Tov oupPohiopov ToUtov Btv Exel onuaciav ) oelpd pé Thy omolav ypd-
popev T& oToIYEIX TOU oUvdAou PETAgY TV &ykioTpev. "OBev ta: {1, 2, 3, 4},
{1,3,4,2}, {2,3,41} xth ouupodifow T6 aitd ouvohov. [evikds :
{c, B, Y, ..} ouuPohilel &v olvohov, TG dTrolov OpileTon &md T& oTOIKEIA &, B, ¥
ko EAAa dkbun, T Omoia ik ToU TpdTou dnAwoews TV o, B, ¥ évwoolvTa kai
— yépw cuvtopias — TapodeiTovTal.
Ot TO cUvolov TGV QUOIKEDY &piBpddy oupPoiifeTan ds kétwb @
— NS e )

P). Awe meprypagiis @V otoryeiov tov. ‘O dvwTiépw TPOTIOS TAPATTRIEWS
fvds ouvdhou 81’ dvarypagfis TGV oToiysiwy Tou Stv Buvaral va épappoadi]
TrpoTiKGs (ToUAdy1oTov) s THY TEpiTTWoIY ouvdAou Ui peydhov &pifiuoy otol-
yelwv, A.x. els THy mepiTToW TOU cuvdAou T@V SvopdTwv dAwV TV KaToikwy
Tiis Edpdommns kad BewpnTinéds els Thv mepimTwov ouvorou pé dmelpov TATBOS
oToryeiov A.y. ToU ouvdhou @ T@v pnTév dpiBuddv. Eis Tas TepiTTRoEls alTds
T& oUvoda dpifovton 81’ iBloTTwv &vagepopéveov els Ta oToryeia abTév. "Oho
T& duTikelpeva wids dpiopévns 1816TnTOS BewpoUpey s Ev oUvohov. "Au f iB16TnS
oupBoAilnTen wé @ p( ), TéTE p(x) oupPohiler THv (dvoikTnv) TROTAOIV 1) EAAWS
ThHY ouvBrkny : «TO &vTikelpevov x Exel T iBoTnTa P ).

* To oUpPorov = (foov) onpaivel, 6Tou cuvavTaTal, «TO auTd Buvirpel Opiopou (el
oupPoriopol) pé».
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Mé {x : p(x)} oupPohiCopey ToTe TO cUvodoy TGV SVTIKEINEVEOV pé TV (516-

™Ta p( ). Obres, & Ax. p( ) ouuPoAiln Thy iB16TnTa

«. .. elvan &pTios dpiBuds »,
TOTE p(x) oupPohiler Thy (dvoikThv) TPOTAoW 1« x elvar pTiog ap10ude».
AUTN kabioTaTar Aoy TpdTaoS, &V GUTIKATAOTACWHEY To X i fve &p1Budy
6 dmolos udhioTa, &y oupBi) vé elvon &pTios kaBioTd Th TpdTacty SANGT. ToTe
TO {x : p(x)} ouuPohilel T& oUvooy (Bhcov) T@V dpTicov dpibucy,

TTpds drmoguy v TapepunVEIGY kel duTivomGy Bexoneba &T1 pia 1818Tng p()

QvagépeTan el dvTikelpeva, T dmroia aurikouv eis Ev dpioutvor olvotoy Q. ’Ecw
Tpa v duTikelpevoy aEQ Tedi) ev p( ), fiTol &v ypdyeopsy p(a), T6Te TO p(a)
ouuPoiilel plav Aoy TpdTacty, Sid THv dmolav Suvduebo v’ &ropavBdpey
KaTd éva kol udvov TpdTOoV, &v alTn elvan &AnoNs 1) weudns. ToTe S1& 10U oUp-
BoAov : {xeQ:p(x)} eite &MAws {x€Q|p(x)}
Opiferan fv Umooivorov A Tou Q, Tol Smolou T& oTolyEla Kol pdvov ot elvon
OAx Exeiva T& x €Q, Bk T& dmrola fl p(x), ds Aoyixny mpdTaos, AopBdver Ty
TN «ddnijor. "QoTe SexOueda 8T1: A xdle advoioy 2 xal plav ididtyra ()
SoileTar S 106 avpfolov {x€Q : p(x)} mdvrore & atvolor, o0 Smolov oror-
xela elvar Gla éxeiva 1a xE€Q, did Td roia 1| modTaois p(x) elvar adndilc.

Yo T s dvw onpaoiav 6 Becopduey s T gmopeva TO oUuPoloy
(xeQ: p(x)}. ‘Emopévex, v A={xeQ: p(x)}, TOTE elven :

X, XEA <= p(x) dinéns.

[MMapaderypa: "Eotw & mpoTaciakds Timos P(x): ¢x2—3x4 2= 03
ME oUvohov avagopds T ouvorov R Tédv TPAYHATIKGY  &piBuddv. Af Tipad Tfis
HETaBANTHS x, ai dmolan kadioToly ToV p(x) &ANGH TpoTaow elvan : 1, 2,

‘Emopévers 16 { xeR: x2—3x+2=0} elven 1o Binehes olvodrov { 1, 2 ).

Mapatipneorg: To obuBorov «:» 7 «|» &vaytyvaokeTa «To10UTOV, GoTen, TO Bi

RO ToU s dvw oupBdiou ypdpua Snpioupyel TO TUvolov cuugdves TPOS THY peT& ToUTo
SUVBfiknu,

§ 10. Té kevov oOvohov.— Aeydpeda T Umrap8iv Evds ouvéhou, Td dtrotov
KehoUuey «té xevdy ovvolovy kol oupPorilopev ToUTo pé { } 1 &eos pi .
ToiUro eiven tv oUvotov, els T dtroiov oUdty OTOIXEIOV dvrikel, fiTol ik ké&Be duTi-
Keluevov x foyvel x € @. Ot 16 oUvohoy : {xeR:x2+1=0 } elven 1O kevdv,
‘Ouoimg, &v Bewprowpey T6 {xeR:x #=x)=K, SiamioTdvopey &uéows &
ToUTo Btv Buvortan v &xn oToiyeia, fitor YA x€R foyte x ¢ K.

§ Il. "Ymogtvohov &AAou cuvérou. “YrepotGvodov. "loéng 860
SuvoAwv.

“Eotwoav A kai B 800 pf kevd oUvola.

o). ©& Mycwpev : «To odvotor A ehra roatvolov o By eite &MAeos «1o A
Teoéyetar (—= EyrdeleTar) el 16 By xal O avpforllwuey roiro ué: «A<S By
T6te, wal povoy Tdte, dv Oud xdfe x€A Enerar B
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‘0 dueoTpw OpIoKOS pe xpfigiv TGV oupBoiwv TS Aoy ks SlaTUTTOUTOl
CUVTOPS OUTW :

ACB <« (xeA = x€B)

opo

). O Aeyoouey  « TS gitwodov A elvar dregoivoioy 00 By nai Oa ovufoii-
Cwpey TOUTO pé «AD By téte, xai povor tdte, dv 70 B eivar $nooivotov tov .
*Hror : AD B = BC A

opo
T cupporov « =2 » Quory Y VOO KETAL «::ﬁgw';.;sr zo» 1) MRS «dyxleict TN,

v). ©O& Abywpey «Ts A elvar ywjaioy Srogbvolor 100 By xai 0d eopfoli-
Caypey TODTO pé A C B zdte, nai pévov rére, av 10 A S B xal Smdoyet &v (T00-
AdyioTov) yEB pé ye A

“Hror: ACB == (& xeA — xeB)Y A (3 yeB:yeA).

opo
5). O& Aéyouev «To A elvar loov pé ©0 By wal 0 oupfolisopey T00T0
ué A= B tite, xai udvov vdre, v io yvovy cuyyodves: A S B xai BC A.
SUvTOHS & Oplouos oUToS §iBeTon dos kaTwWHL ¢

A—B <« (ACBABCA)

opo

‘0 bpiopds 0UTOS clval iooBUvapos P :
(A=B) < (W x: xeA=xeB)A(y: yEB =>yEA) (xeA<+=x¢B).
Equ T oUvoha A, B 8tv elvan foat ypgouev: A # B (A S1&gpopov ToU B).

“QoTe A # B <= ~ (A=B).

Korrdmriv TouTou & Opiolos ToU yvnoiou UTrooUvSAoU SIxTUTTOUTOL CUVTORGS
oUTw :

ACB+«— ACB ki A # B.

opa

loyouv i k&Tw 1810TNTES ¢

-1). ACA, Bi&k kdde olvorov A (adromalis)

2). E&3vAC B xal B C A= A=B (drmovppuetova)

3). ’Eav A S B kol BClI=ACT (pevapati)).
Enpeiooig: Mix aytais, AT clvan avromalis, ArTIGUpHETOLE] kol perafarian Kohel-

a1 oyiolg dratatemg. “H = elven 68ev ayéois Brat&Eews.

Mapatnphoerg: 1) "Exaotov ghvohov elvan UTTOTUVOAOY TOU EauToU
Tou.
2). “ExacTov olvohov Gev elven yviioiov UmoovoAov TOU tquToU Tou (Biati;)

3). To kevov ouvohov Becopeitan E§ Spiopol 65 YrrooUvoiov kéfe cuvoAou.
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4). AV EaoTov olvodov i v oToryEicov Umrdpyouv 2¥ Ummootvora. TS otvo-
Aov OAwV TEV Yrocuvdicoy &vls ouvdhcu T xeheiton duvaposivorov Tol ouyd-
Aou Z kel cupPoirileron pé : P(Z).

5). Tptmar v& ylveton B1EKPIOIS UeTaly TS CUMBGAWY «£», Td &moioy Kow
AeTTOn oUpBoiov Tol «&unkel €ls. . .y kad « £, 1O omoiov kodeitan oUuBoiov
ToU «TepiyETOny, BI6TI TO wiv «Ex CUoXeTiZer oTolyelov g ouvolov, TO Bi
«S» oUvolov mpds oUvohov, eis && TV Bewpiav 6V ouvdicoy oToryeiov kad
cUvohov Tradfouy S1aQopeTIKOUS pdAcUS, TotoutoTpdirass eEnyeiten Sioeri -
ToTE ioxlel {a} 7 o Tlpds TANPECTéPQY KaTavdno Tou TeAeuTaiov BiSouey To
EEfis YapaxTnploTiKdY mopderypa: Mia kaoerive, 7 Tola mepiéyer v SiaPr)-
TNV kai TiroTe dAo Stv elven TO ot Tp&yua pE oV SiaBiTny,

§ 2. Baowkév glivorov fj oGvoroy avadopdc. — 'Edv xer THY dvdt-
U dvos «lnThuaTosy Bewpdiuey T UtrooUvora Evde YEVIKWTEpOU ouvdiou
Q, Té1e 15 Q kedeiTen Baoikdv chvorov #i civolov avagopii, (érerdn) eis cvrd —
KaTa THY EEéTaov Tol EnThiuaTos — dvopépovTar SAc Tor EAc oUvora). Mevikéds
eis k&de «fATNHa TOU dpopd OUVOAQ, £mBAAAETON v kaBopilnTan TedTa TO
Baowdv olvodrov, Tol émrolou UTrooUvoioy Soefder v elven kdBe dAho oUvoioy,
TS Omoiov fupavifeton kot TV GvdmrtuEv Tol o Sy EnTruoos. "AAAcos
Urrdipyer kivBuves v TEPITIECWUEY glg cvTipdoets (dvTvopics). OGre T.X. €lg
év TpOPAnue émimeSopetpias Bagikoy olvohov f clvoloy qvagopds O elven To
clvodov Tdv onueicv Tol EmimiSoy. "Emriong els &v mpépAnua ShyéBpas af pera-
PAnTad Tou 6& TapovTIaaloly es Tovs &V'nc*roi)(ous TPOTaTIaKOUS TUTroUS fick
cvapépovTan s & yevikdy clvoov Ax. els 16 olvorov R 6w TPLYPATIKGY Spi-
Budv. TolTo 6& &lven T Baokov atvorov §i° Ao T Utroolvoda, T dTrola 8
Tapovsicotioly els 1O TREBAN e,

To Baoixdv ouvohov Bicgéper dmo TPORAN UG efg TPOBAN e kol udhioTe: o~
Adxis TapeieimeTon 6 dipiPr kedopiouds Tou, B16m1 dme To TEPIEYOUEVOY TOU
TrpoPAfuaTos kabopiZeTan kol To 15i0u.

Mpageg HeTall ouvoAwy.

"As Becopficeopey fv Baoikdv cuvoron Q, un Kevov kai TeAelws dpiopévov
(Ax. Q=R ), ToU &mroiou T& UTrootvora &s oupPohicwpey ué KeoAaTa ypdpuaTa
Tiis dAgapriTou A, B, ... 5, X, Y- téTe Suvdueba v Spiocopey &y ouvodov, TO
&moiov oupBoAilopey it PAQ), kai ToU drroioy oToiyeiat efvon GAa T& YrooUvo-
Aat QU Q. Tolro Spifetan kai 1B1oTnTar dxg &€ ;

P)=({X: XCOQ}={X: @v xeX — XeQ ).

Meta€U oroiysicov ol auvéhou P(R) Buvduedo TWpa v Oplowpey mpagels
s £ :
“EoTtwoay AEP(Q) kai BeP(Q) tée dpileren :
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§ 13. Topq 500 cuvoAwv.— KodelTan Top 10U A pt T B kal oupPohile-
Tan pt A M B TO ké&Twb cuvohov

ANB={xe: XeEA A xeBLl

OtTess, v A={0,1,3,4} kai B= [1:2::3, 50, meve Al B={1, 3}
"Ex ToU dvwTépou dpiopol guvkyeTal 6T
ANGg=@ NA=@ xda ANQ=0nNA=A bk ke AcQ.
"Edw 1) Tout) Vo ouvdhav even 16 Kevdy gUVOAOY TOTE, Kal pdvov TOTE, T& oUVOAX

kahouvtan Efva petofld Tov.

§ 14. "H Topf ouvéAwv kai 1) o0LevElg. —EoTwoaw Blo oUvora A, B
opifopeva B TEpLy pagiis kad p(x), q(x) dvmioToiXws ol TwpoTaglakol TUTIO!
PETCPATTHS X ué ovvohov duagopds To Q, fiTol toTwoav :

A={xeQ: p(x)} xai ={xeQ: qx)})

*As oynHaTicuey TO cuvohov T={xeQ: p(x)Aq(x)}, BnAadn TO oUv-
ohov (BAwv) TV TGV Tfis ueTaPAnTs x, ol ool kafioToUv Uy X povws
&Pl TpoTéatls ToUS TPOTATIAKOUS TUTTOUS p(x), q(x). Tpogavéds TOTE TO =
glvan %) Toph) TE&Y oUVEAWY A, B. "QoTe:

ANB={xeQ: px)} N {xeQ: q(x) }={xeQ: p(x) A qx)}-
Mapaderypae: “Eotwoow T& oUvOAQ :
AE{XGRZXE—5X+6=U}, ={xeR:x*—-9=0}.

‘O TpoTATIaKYS TUTOS | « X% —5x + 6 = 0» kobioTaTal &Anbis TpdTaois ik X = 2 i x=3,
EE &\hou O TPOTATIOKOS Tomos: «xt—9=0» yiverar &Andns TPOTROIS Bid x =3 @
% — — 3. Topf) Tédv cuvéhwv A kol B lvan TO POVOREREG 7| HOVOOTOLLELGKOY ogUvodov {3 }-
GUUPOAIKES YPAPOUEY !

(xeR:x*-5x+6=0} N{xeR:x-9=0}=({x eR: (x2—5x+6=0)/\(x2f9=0) y=(3}).

§ 15. "Evwotg ouvoAwv. — Koeiton Eveaots Tou A pé o B xai oUlPoliZe-
Ton pi AUB TO kdTwf oUvohov

AUB={xeQ: xcA V xeB}

Otras, 2w A={0,1,2,3}, B=1{23,4) tote AUB={0,1,2,3,4}
*Ex ToU GuewTépw dpiouol ouvayeTal &Ti :
AUZ = GUA=A xal AUQ=QUA=Q Bi& x&be ACQ,

kaBoas kad
\/x: x€A == xe(AUB) xai \y: yeB == ye(AUB),
fitol : ACAUB xai BESAUB & xafe A, BEP(Q).

§ 16. "H Evwoig ouvoAwy Kal f (EyxAeroTiki) SratevEig. — “EoTeo-
SEATa oivoNes A={ xefl: p(x)]) xal B= { xeQ: q(x)}. Oecwpoluev kol TO
ouvohov == {x€Q: p(x)Vq(x)}, fitor 16 cuvohov, TO &molov dpileTon &
Shas TS TIRAS THS METAPANTAS X, of &Troion KaBIoTOUY TOV TTPOTACICKOY TUTTOV
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P(x) €ie OV q(x) dANOT TpdTao Kal pdvoy ards. Tpopavds 16 T 8tv elvon
TiToTe &Mo Topd ) Eveoats TE BYo auvdhey A kol B. "Qoe:
AUB={x€eQ: p(x)} U {xeQ: ¢x) J={xeQ: pxvqx).

NDapaderypa:

*EoTw : A=yxeR: Q< =7) B={xeR: 5=x=12)
Téte: AUB={xeR: (2<x§?)\/(5§x§12)}:{xel{: 2= 120,

§ 17. Awadeopa 560 cuvdhwy (ouvoloBewpnTiki) Siadopa). — Qs
(ouvohobecopnTiknv) Slapopdy ToU cuvéiou A TNV TO B, oupBoAifoubvn pi
A —B, &pifopev 16 k&Twd cUvooy :

A-B={xeQ: xecA A x¢B)

Olrws, éav A ={c,B,y,5}, B = {oB, 8, ¢mn), TéTe A—B= {y]. ‘Opoiws, v
A =R (= olvodov TGV TparyparTikGy apifuddv), B =Q (= ouvohov tév prrédv
Gp1Bpév), Té1e R — Q elvar T ouvodoy v SppriTeov (douppéTpeov) &piBudsy.
ZxnuaTikés T A — B Trapi-
OTATAl YE TO ETKIGTUEVOY HEPOS TOU 5 Q
> . . . -~
A &l TO TrapamAsUpeos Sy parpua
ToU Venn (oy. 1).
Eqv 1& A «ai B épideovran
Bick meptypagiis (§ 9, B), for, dw
A={xeQ:p(x)) «koi
ey RN B
B={xeQ:q(x)}, 1ote:

A—B—{xeQ:p)A~q)}*.

el

§ 18. AaZeuxTikov &0potopa fj ouppeTpiki) Stadopa 560 cuvéAwy.
Qs BradeuxTixov &bpoiopa 1) CUPHETPIKT Y Srapopdy, ouvTducs OCURPETPOSLAPOPaY,
8Uo ouvéAwv A kal B, THy Smroiav TapIoT@NEY 8i1& ToU oupPdrou: A +B kal
dlaPddopev :  «A adv By N« xdvroa aiv By, Spilouev 16 k&Twh olvorov :

ATB ={xeQ: (XEAAXEB)V (xeB A xgA)}

Elvan guverréss : (o)
AtB=(A—B)U(B—A). =
Els 10 rapoamietpws Sidy pop- .

pa ToU Venn moploTtarar 1 ovp-

perpeny Swagopa A + B &md To i “~

EoKIaOUévoy pépos TG Guvdiwy A A B

ki B (oy. 2). S

* Tod oUpPoroy: — onualvel, dou ouvavTaTon 66, «loov £ Spiopol ».
opo
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§ 19. To Sualeuxmikov EBpotopa kai i amoxAetoTikh Sialeviis.
*Eorewoay T& oUvora: A ={x€eQ:p(x)} xad B ={xeQ: q(x) 1 ToTE €lven ¢

A+B={xeQ: (p()A ~a()) V(4@ A ~p(9)}-

Oewpolpev kai To olvoroy 2 = {(x€Q: p(x) V q(x)}, fito1 T clvodov, TO
dmrolov SpifeTon &mmd &has TS Tids THS peToePAnTiis x, of omoix kafioTolv fi
ubvov ToV TpoTaTlakY TUTTOV p(X) &AnOR TrpdTao EiTE T poVoV TOV q(x) &An-
6] TpdTacv. Tpogawds To X elval T CUMLETPIKT Biapopd T&V Buo ouvdhwy A, B.

“Qore: ATB={xeQ:pXx)}  [xe: gx)}={xeQ:p() V ¢(x) .

Inp. Edv A N B= @, 6nhadn Ta oUvolx A, B elvan Etvar petobU Twv, TOTE:
A+ B =AUB.

§ 20. TupmAnpwpaTikdéV oluvolov. — *Eote  TO Pagikdy gUvolov kai
A & Srocuvolov airtol. T olvodov TéV aToryeov ToU Q, T& bmola Bev -
xouv gl TO A, kodeiTal copmhnpopatikdy cdvoiov tol A, GANWS GURTAT PO,
70D A g mpdg td (Umrepovvohov) @ kad ounPohiZeTod ué: AC, i A, A A, A CaA.

“Qoe : A“ﬁ{xEQ:xﬁA}'zﬂ—A. J

Eic 16 k&twb oyfjua To dployddviov pé THY TEpiLETPOY ToU TEPIOTE T Pat-
gixOY gUvohov 2, 6 xUkhos TO Utroguvolov A, TO Bt « &rouévov » &mod TO
toxicopévoy 1épos ToU oy. 3 TapIoTE TO oUl-
TAMpope Tou A,

"loyuouv Trpopavdds o EEfis ooTnTES ¢
CaQ=0t=g kad Cog=2°=Q

liapaderypa @
By 0={1,2,3,45]) xal A={2,4}
TOTE: AE— A, 305 3
EZnp. Mg TO CUMTTAN PWUCTIKOY TUVOAOV toyuouv al cuveTTaywyal :
x, xeA == x€A° kad WX xeA® => x € A

§ 21. To oupmApwpa Kai 1) dpvnaic. —EoTw p(x) els TpoTATIOKSS TU-
Tros uE oUvohov dvagpopds € kel oUvohov dAnBelas o A, fitor: A={x€Q: p(x) 1
TOTE : Mx, XEA == p(x) &Andns TPOTATLS,

&pat ) &pvnofs Tns elvan Weudrs, fiTol ~ p(x) yeudts. *Emi mAgov :
MX, XEA === p(x) yeudns, Gpx ~ p(x) &Anghs TpdTaols.

OUrew T oUvohov: {X€Q: ~ p(x)}, TO dmroiov bpifeTan &md SAas TAS
TIpds THs ueTaPANTs x, o oToiat kad1oToUY TS : ~ p(x) GAn6f TpoTaCY, glvat
TO oupTrAnpwpa A® ToU A.

‘Qote: "Eav A ={xeQ: p(x)}, tote A° ={xeQ:~pE)}-
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Mapadevype : Eqv Q = N xad p(x) : «'O x elven &pTIos PUTIKSS PIBUSS»,
TOTE TO CUUTTATIpwUE ToU ouvdiou A = {XeN: p(x)} elvar 16 olvorov T&Y Tre-

PITTRV QUTIKGY &p1Bucy, fiTol T6 @ Ae ={xeN: ~p®x)}

§ 22. "1816TnTEG TGOV mpatewv Tév cuvewv.—

Béoer tév mponyou-
HEveov Sp1opddy dmroSeikviovTean eUKOAWS al ké&Twh i816TnTeE

S TGV Trpdecov
A). Ths topijs.

@) ANQ=A, fitor 10 Baokdy olvohov vl oUBtTepov oToryelo Tfis
Tp&fews M.

o) ANB= BNA, fitor 1y wpaEkis N elven petallsTi.
@) ANBNI) = (ANB)AT, fitor § wp&is M elven TPOTETWOTTIXI],
a;) ANA=A, fitor 1 mp&&is N elven addvauoc.

o) ANBc A, ANBcB.
%) ‘loyUet A € B <> ANB = A,

B). Tiic ‘Evieconc. i

B1) AUB = BUA, fitol f) mpd€ls U elven petabetia),

P2) AUBUI) = (AUB)UT, fito1 4 mpakis U elven TOOCETAPLOTIRT,
Bs) AUA= A, fitol ) mp&lis U elven adtrauos.

Ps) A AUB, BcAUB.
Bs) ‘loyuei: A € B <= AUB=B.
“loyxUouy émmi mhtov of kb Suo Empepiotinal 1816 TES ;

AN(BUN = (ANB) U (ANI)
AU(BNI) = (AUB) N (AUI).

I). Tiic dwepopic.

Y1) A—B=AnNBe¢.

Ys) A—(A—B)= ANB.

Ys) AN(B—T)= (ANB) — (AN).

Ys) (A—B)YUB= AUB, fitol | &vwois 8tv elvay ETIPEPITTIKY S TPOS THY
Srapopdv.

Ys) loxter: ACB-<=A—B =g,

A). Tod Sralevktikol @dpoioparoc.

§) AtB=B+A.

8) At (B+N=(A+B)+T.

G) AT@=A, AtQ=A®, A+A=g@, A+A—=0Q
8,) AN(B *+ M= (ANB) + (ANT).

8;) ActBe=A +B.

52 AUB=A+ B+ ANB.
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E). Tod cupninpodpatos.

&) (A=A Bi& k&b AC Q.

g) ANA* =g, AUA®=Q.

gy) ‘loyter: ACB <+= BtCA°,

§ 23. N6por Toll De Morgan.— loxuouv of k&Twd Blo TUTIOL

1. (ANB)t=A°c U B¢ 2, (AUB)t=A% B

*Anodartig tod tomov 1.

a) M x: x€(ANB)® = x¢(ANB) = x¢A V x€B: ToUTo BnAol OTi:

x€eAc \ xeBe, fror xe(AcUBe). "Apx (ANB)X cAcUB® (la)

B) My: ye(A*UBe) = (yeAc) V (yeB¢) Tolto &nhoi:

(yEA) V (y€B), 86ev yg(ANB) —= ye(ANB)°.

"Apa: Ac U Be c (A0B)°. (1.p)

"Ex 1év (1.) kad (1.B) EmeTon &uéows & TUos 1.

‘O Timos 2 &rodeikvieTan 81 evkdAws (s ;)-

Zqpeioec : ‘H &modeagis 6& Aduvaro va yivy ko dos £Efjs ¢

“Eorw A={x: p(x)} kai B ={x: q(x)}, Té1e xar& 75 §§ 14, 21 &
Youev &vmioToixws ANB = {x: p(x) A q(x)} xai

(ANBY =[x: ~(p(x)Aq()) } .

A ~(PIAGE) ) <>~ PV ~ q(x) (§ 7, mopB. 1).

‘ETropéves :

(ANB) ={x: ~(p)AqX))}={x: ~p()V ~ q(x)} =
={x: ~pE)JU{x: ~q(x) }=AcUBe.

§ 24. Awaypappara Tod Venn kal Aoytopdg t@v mporacewv.—"E-
otwoav Yo ouvora A ={ xeQ: p(x)} xai B={xeQ: q(x)}, T& OTroia Tra-
pioTovTon Si1 KUKAGV €ls TO oY 4, UTrooUvoAa TOU Pacikol guvoAou Q. & In-
THowpey v& dplowpey To ¢

Fr={xeQ: p(x) = q(x)},
fitol TO oUvohov TéV TPV THS METAPANTHS X, of émroion kafioTOUV THY guUVE-
maywyhy p(x) == q(x) &AnBfi mpdTaow. Qs yvwoTtov 1 CUVETTOY WY T
p(x) = q(x) elvor dAnBhs mpdTaos els Tas EETiS TpeTs TEEPITITWOEI

1) ’Edv p xai q elvan ouyypovws GAnbels mpotdoeis.

2) "Edw p peubhs kai q &Andiys kai 3) "Edv dugdTepan elvat yeudels.

Auvdpel ToU #vavTl o)NUATOS & TpoTa-
A B oloakds TUTos p(x) kabioTartal dAnfhs wpoTa-
S ° = o5 B1& Tipds TRs peTaPANTis el TAs «mepio-

x&s» 1, 11, & 8t q(x) Bi& Twds TGV Tepioy iV
I, 1. "0 p(x) kodioTarTon weudhs kai & q(x)
&Andis TpoTacts Six Tuds Tiis meploxfis I
Téhos KkobioTavTan &ueoTepol \Weubels Bic Ti-
Ty. 4 pds Tiis peToPAnTHs x es TNV mepoynv 1V,
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OUtw 16 otvoroy [ ={x€Q: p(x) — q(x) } Eyer eikéva, els 1o gy 4,

T& onusia TGy meeprox v 1L 1L IV, AN ai meptoyad I, 1l kai IV ey Srp1Péss
1) elkeov Tol cuvohou At (U B,
"Apa N={xeQ: p(x)=~—>~q(x)}:=A°UB.

§ 25. Kapreoiavoy Yivopevoy CUVOAWYV. — "Ag Bewpricwper Suo un
KEV& oUvoda A kad B, Umostvoda fvig Baoikol auvédou Q. ‘ATS Td SUo auTa
oUvora oxXNHaTICeTen (pigeTen) &v véoy gUvodov, T& &rroioy KOAEI T xaprecia-
vov ywduevoy g TODTOY TAVAYOVTA TG A ) devtegoy 10 B kal oupBoAiZeTan
Hé A x B 16 véoy ToUTO GUvohov OpileTan ws £Efis

To oToiyelov (o,B) €A x B KehsTTan &y datetayuévor Ledpog Bey 1o AxB
OpifeTon 5 1O oUvolov TEVTWY Ty SiaTeTory péveoy Ceuydv (a,B), ut aeA

Ta oroiyeia o kai B ToU Zelyous xahoGuran &vTioTolycog modTy Kol
devtéoa ovvterayuévy (A mgofols)) 1oy Levyous.
‘H Baoikr iodTng SpileTan dv A w B ws EEfs
(@B)= (',") «= o= a kal p=p
‘Edv A= B, 147 16 A X A OUMBoAZeTon ui A2
To olvodov A Téwv Cevy oy (@) ut a€A Koderron daydvios Tou A2,
TMpogawcss A < A2,
‘Ewv A=g § B=g, TOTE Spilopey AX P =g xB=g x J=g.
Mapaderypa: Eaw A— {1,2,3) ki B= (B}, Té1e:
AxB= { (L), (Lp), (2,0), (2,8, (3,2), GPp) e
BxA= {(a,1), (2), (a,3), (B.1), (B,2), (B.3)}.
Mapernpotpey 71 : AXB 3 B xA,

AxBx F={(apy): a€A, PeB ko yery,
EnAadn 1O alvorov TV «darerayuévay Toddory (aBy) W a€EA, BeB
kai yel,
f:‘,l“u:imcl;: Oecopolipey T olUvodoy R t&v TPXYROTIKGY &p1Oucdv *) kai OXNHaTiGopey
T KapTETIaUdY YWopevo :
RxR={ (®y): MW xeR kal % yeR},
fiTo1 & olvodov 1w SrareTarypéveoy Cevyov TRPAYHATIKGY &piBudiv.

* To olvorov R Tév TPAYUATIKGY &p1Bucsy kodeiTan ouxva: Ebleia tév TPaypaTIKGY
appdy eite &AAws Edileideiog x@pog Slaotﬁuswq 1:
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Té R X R = R? xaheltan, Edv BAwpev vé Ekppaodiduey ué Thv yAdooav Ths Mewpetpias,
Ebk\eiderov Eningdov i Ebkheiderog x@pog Srastdocme 0o,

AZKHZEIZ

8. N& dpiofolv xal &1 dvaypagfis Tév oToiyelwv Twy T& k&Twbh olveda:
1) AE{xEN:x’<50}, 2) B={x€Z: x Sioapétns ToU 24 },
3) F={x€EN: 5=x=29 tfs noppfis v*+ 1 ut vEN }, 4) A={xEN: 5 <x <6}
9. N& 6piofolv kal Bi& meprypagfis ExaoTov TGV dkoAolBuwy ouvdAwy :
yAa={1,2345}, 2B={149}, 3r={24¢2810},
H A={e gy ou 0l HE={11,13,1517,19}, 0) T={ &1, £2, £3, +4, 46, +12}.
10. AfSovtar T& oUvola:
A={xEN: 3<x=7} «xad B=({56,74) Nabeydijén: B=A.
11. Eev A={x€R: 3x =21} xed y=1 ¢l y=A;
12. 'E&v B={ x€R: x1—95=0} Kad F=415) o FEB;
13. Afseron 16 atvorov: A={ B, ¥ ). TMola & Tév k&Twh oytoswv elvar &AndAs kal
mofat 81 ; Aikanoroynoate Ty &wavInoIv.

D{«ler 2 acA H{ylcA D{aplefapy] 5{F Al{aup}]ca
14, Eav A= (1, 2, 3, 4}, v& dvarypagoiv 8ha T& oroiyeia Tol Buvapoauvdhou F(A).
15. Td Suvapoguvolov évos ouvdou Exer 32 oToryeia. TTéoa oToryeia Exet TO aUvodov ;
16. ’Edv A, elvan T oGvolov Tév duxepaiwv Sicupetév Tou 18 ki Ay TO oUvolov Tév
BiopeTddy Tou dpiBpol 42, dploaTe T& oUvoha Ay M Ay kad Ay U Ay,
17. ’Edv A, B, T Umoouvora tvds Paoikou ouvodou Q, Seifare 611 ¢
DANAUB =A kal AUMANB)=A, 2) (A—B)NB=&,
HA+B=(ANBIYUBMNA") 4 A-BUA-B®)= A,
5)'Elv FMA=BMNA kat TUA=BUA==B=T,
6) A-(BUN=A-BNA-N, 7) (AUB)+(ANB)=ATB,
8 A—(BNN=A-BUML-IN, 9 A-B-A)=A, 10) At (A+B)=B.
18. AfSeran s Paoixdy obvohov 16 Q=1{1, 2, 3,4, 5 |. N& 6pigfoiv T& UTooUvoA& Tou
A, B, T (8¢’ dpopproyfis Té@v vépwv Tou De Morgan), yvwoToU évres OT1:
AMB={24} AlB=f234.5) ArT="{23) AUF={123 4},
' AkohoUBus vér dpiofolv kad T&: A M (AU B), M (AU B).
19. AlSovran Tk otwora: A={1,2,5}, B={2 4} Na&épiotolv T4:
1) AxB, 2)BxA, 3)A, 4)B, 5 Ax(ANB).
20. 'E&v o, B, v, & elven Tuxdvra dvmikelpeve, v Bey8ij T
(o )} ={ 8 M}) = @=vAB=5).
21. AfSovran Bitx meprypagiis T& oUvoAa :
A=(x€R: x*—5x*+6x=0} «ai B={x€R: x*-3x=x}
MapaoTrioaTe T& k&t oUvoda Sid Teprypagiis kol dverypagiis TGV oToKelwY Tewv
1) ALY B; 2) AU B, 3) A-B, 4) B—A, 5) A+B.
22, v A={x€Q: p(x)} xal B={x€Q: q(x)}, Selfore 61115 cUvohov Tipéw
&nbeias Tiis loobuvapfas p(x) <= q(x) eveatéd: (AN B) U (A MB®), #ror:
[x€Q: p) <= q(x)} = (ANB)U (A° N B°).
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MAOHMATIKH # TEAEIA ENMATQrH

§ 26. Eiocaywyf. — Ag TrapaKkohoudniowpey Tig EKPLOVTOEIS TEWY KATWTEPE
TPOTTEWY ;
1). Ava %dfe poowedy doudy v ioyie 1 lodTyg ¢
7

1+2+3,._ —‘ry:-—é—!'(‘l’*f—.l)

2B @t — 1, BelEare: dey ioydec: (1 4 a) = 14va, Sk xdbe PUTLoY
dptluoy v,
3). T6 ndifos taw drayavioy molvydroy Exovrog v ®ogupds loodrar ué :

v(v—=3)
——
) i o 3 = L) ~ e { 3 v P
£). i vEN pé v=4 4 Setyf &ze - \z >v4 1.
9). delbave dr : NAveN § dpibuss 7+ 16y — 1 Siaugeiran dudk voi 64,

"Ex Tésw QveoTéps Ekpuvicecy TopATNEOUNEY 6T Umrépyouv pabinuoriked
TPOT&TE, EfapTdpevar drrd &va puokdy &p18udY v, 16 Stroicy T dARBetoy
Oéhopev v Seifaopev S1dx k&Oe v EN 1) S1& ke PuUTIKOV dpiBudy HeyoAUTEpOY 1) ioov
&vos SobévTos uaikol &p1Bucy v,

L& Ty EméBei€v TolovTeoy TPOT&TEwY Epapudlousy elBikiy drmoBetkTiky
uEBoSor YVQOOTNY €5 «Mu&nuumcﬁ | tedeia Enay@yip.

"Qoe : Maﬂuuarmﬁ i tehein Enayoyi keisita pio yevard nédodoc aro-
dzifeame, 1 oroig Lpappoleta TpokEipEvoy v’ anodery0fj st uia Tporacig, glg v
datinmory ¢ Omoiug dvagipstay Puotkds apipoc v, aAneier S kade vEN ij
did wale puorkoy aplpoy v = VoEN.

Kareotépeo 8 i5copey els molav kard Pdaiv dpyxny oTnpileTan 1 fv Adye
&TTodelkTiK uEboBos.

§ 27. OcpeMbdderg iBioTree TGOV duoikGv apBpGv (aivpara
TRV PuoIKGV api1Budiy Kara Peano *).

To olvodov N 16w PUTIKEY Sp1Budsy Spiletan T PonBeic TGV kéreadt
a1copdTeoy ;

‘Afiwpa l. ‘O 1 dvan PUOIKOS dip1Buds, fror 1 eN.

"AZiwpa 1. Ak kébe PUTIKOY &piBudy Umdipyer els, ke pdvov £ls, «émduevosy
PuUOIKOS piBuds, fTor VY VEN = v ] eN.

Agiwpa 1L Ay UTTEPYEL QUOIKDS &p1Buds T Tov 1, ftor
v+13£1 (SxpiBéoTepoy v 1 ~ 1) S veN.

"AZiwpa 1Y. Avo Puotkol &piBuot, of Smroior Eyouy 1oy aUTOV Emrdpevoy ef-
vai fgot, fitor N veN kai M HEN Wt v+ 1= Bl = =y,

* G. Peano (1858 - 1932), ‘lTehds HabnuaTikes kai P1Adoogos,
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’Agiwpu V. Kdfe olvohov guoikidv &piBudiv, els 6 dmroiov dvnket 6 1 kai
RalU ug olovBnTroTe PUaIKOY &pPIBOY v GVTKEL Els QTS Kol & ETuEVSs Tou v + 1,
CUMTTITITEL pE TS oUvorov N Téu puokddy apifuddv, fitol, &v év Uocuvorov S
ToU ouvdiou N mAnpol Tds £6fs SUo 1816 Tas |

(a) 1€8
() V veS = v 1e§

To TedeuTaio &fiwpa yopaxTnpileTan kod s «doyn Tijs palnuareds 7 e-

Aelag (akjoovs) énaywyicr TH Ponbeiq Tis dmolas dmoSeikulieTan 6 K&l :

—> § = N.

§ 28. ©@cwpnpa (tiig TeAeiag Emaywyfig).—Eav did piav tporacry p(v),
&g MV duwrrimwety tijg droiag dvagépetur & puotkog apipdg v, sivar yveotov bt e

1) "H npbracig ainbede S v =1, fjror p(l) aindig ko il mwhdoy

2) pé v Omobeory Gt GAnOeveL St v =k, arodeikvietar 1 atitn arndeis
kai o1 v =k + 1, ijror p(k 4 1) akn0vg, v p(k) ain0ns kel todro dud kil keN,
totE 1 npdtacig p(v) Ghndedet dua kabe puotkdy apOpoy v.

To dvatépw Beddpnua pé ¥pfiow TéV ouuPéicoy T Aoyikfis SiaTumroUTat
oUVTOPWS oUTw :

{p() A [ p(k) @inbig = p(k + 1]} ahnbiyg —> p(v) an0ng V veN

'An6derErg: "Eotw 5 1 oUvorov (Shwv) TéV QUOIKGY Gp1BpdY, Bid

Tous &moious 1) p(v) elvar dAndrs, fitor EoTew
S={veN: p)}

TO ouvolov ToUTo Btv elvon kevdv, B16TI TO 1¢S €@’ Goov p(l) &Anérs. Emri
mhtov, &v k€S, TéTe kol k1 €S, &16m, dv keS, TéTe p(k) &Anbrs, 80ev
(Umd0. 2) kad p(k+ 1) &Andns, ouvemdss k+ 1 €S. "Qore 16 S EXEl TGS iB16Tn-
Tos (a) kai (b) ToU &Sikparos V, ouutimrer 86ev pt 16 olvorov N. Kord ouve-
meiaw ) (Aoyikn) mpodTacts p(v) &inbelel Si1& kdde QUTTKOV SpIBUOY V.

Mapatfpnerg: ZupPaive moANGkis pia TpdTaots p(v) vé éxn vénua
816 TIpas ToU v peyoduTépas 1) foas dplouévou QuoikoU &p1fuol v,. Eis i Trepi-
TTwow Uty 1O Oecdpnuar Tijs TeAeias Emrarywyfis ioyvel (Trpopavids) Umd ™y
£6fis Spcos SrorUmrewotv pé ypfiow TV ouuPoiwy THs Aoyikfis :

{pvy) A [p(k) ddndig — p(k + 1)]} @inOig = p(v) @rn0iigV veN: v= vy

fiTor: "Eav pia modraois p(v) alnbedy O v = vy xai dmobétovres dve ainbedes
dud Tva Ty 108 guoxod Gplpod v, Fatw v=k > v, drodelapey Gt alnhede;
xal Ok v TRy v=k+ 1, téte 1 modracic p(v) alnleder dua wdle puody
dpilpoy v = .

Inpeioeg. Eis 1o dvertépan Becopnua otnpifeTan 1) dmoBeikTikn péodos THg
Maobnpoarikiis # TeAelog emarywyfis. Kar’ oty Si1& va dmobeifwopey Thy dAd-
Beicv wds mwpotdoews p(v) Epyalduedar d EEfis
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a). "AmoBeikvlopey THy dAeiay THs TpoTdoEws ik v 1, (o’ boov Bik
v=1 Exel vénua). 'Edv 81& v= 1 f mpdTaois Biv Exn vénue, THy érahnOedopey
B1& TOV EN&y10TOV QUOIKOY &p1BudY v, Bid TOV dmrofov Exel vénua.

B). “YmobéTovTes &1 ) pdTaTIs dAnBevel Bix v =k, keN, &nA. p(k) An-
frys, drmoBecvopey Tij Ponbeiq T dAnBefas Tis p(k) mboavidss Bt kai Tou p(D)
TV dAffecv s p(k - 1).

Y)- Zuumepaivopey, ouppwvews Tpos TO Bepnua Ts Teheias Emaywyis
(§ 28), 611 f) pdTacts dAnbeler Si1d kdde vEN.

E®APMOTI AL
In: Awi k@Be guatkov apiBpov v ioyder 1 icotng :
1 .
l+2—|~3—|-~-v+v:Tv-(v+l). (i)

'An6derErg: "As cupPolicwpey 81 ToU S TO cUvohov TEW v €N, bid T&
omola f) (i) dAnleler. Téte 1 €8S, B16m ) (i) dAnBeder Sid v =1, ko’ 671 :

T I ey
“YrrobBéowpey Toopa &1 & p1Buds k dvker els O S. Tode 1) (1) &AnBeler &1 avrov
TOV (Quoikdy) &pifpov ke fTor elvon ¢

1+2+3+...+k=%k. (k+1).

"Eqwv rpoobéowuey T k1 els dupdTepar T pédn, ActuPdvopey :
42434 kb (kb 1= (1424 + k) + (ko 1)=
— g kG D+ e )= KEADF2EAD Ly ey
Zuverrds, &v ) (i) &Anfelm Si1&d v=k, Té1e § (i) dAndeverl ki E1& v— k-1,
8fev &v k€S, Téte k4 1€8. "Apa kard THY dpxhv Tiis pabnuaTikiis Emerycyfs
gxouev S = N. "Emeid) 82 70 S elvon 16 oUvodov Tév veN Sik T& dmroia f ()
&AnBeel, oupmrepadvopey 81y (i) dAnBeer Sick kéde QUOIKOV &p1Bpdy v.
20: "Av a > —1 xai veN, vi deybij 6 :
(A+a)=14va (anoérng tod Bernoulli). (ii)
‘Amoderfuig: a). Ak v=1 loyle o iodrng, &meidn) :
Ateit=l4+a=1+41.aq
B). *Eorw &1 81& v=k (keN) &uiodTns dAnedel, SnAadh EoTw &T1 :
(14 a)k=14 ke, €)
"Ex Tiis dAnBelas riis (p) 8& dmoBeifeopev 8 4 dvigdtns (i) foylel kad Bic

v=k+1, #ror:
A+t l4 (k4 1) e, (@©

SnAadi) O dmroSei€eoper ThHy dAHBeIw THis ouveTroywyfis (p) = (q).
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Mpdrynar, TohhomAcoidbovtes dugdTepa Ta pépn Tiis (p) &l Tév GeTikdy
Gpibuoy (1 4 o) Exopev S1aBOYIKEDS :

(A+at=(l4+ka) (I+a)=1+ke?+ (k+1)a=1+4 (k+ 1) o,
ol : Q4+a)H=14+(k+ 1)
"Apa Stav GAnBeun 1 (p), &Anbeler kol ) (q), ouverréds 7 &modeikTéa dvicdTng
(il) &Anbever 51& kdBe Quoikov &piBpdy v.

3 : Awa kaBe Quotkov apBpdv v =4 va dery0ij Gru: (%) >v+4 L (iii)

'Anoderfrg: Aix v=vy,=4 7| dviodtns loyve, SioT:
3y 8

"Eotw 6T 81 v=k (keN pt k = 4) 1y dviodtng (iii) Toyle, fitor :

K
(%) > k41,
’E€ alrriis B¢ Seifcopev 61 1) dviodTns (iii) loyle xad Six v=k+ 1, fjtor &mi:
3 k41
(?) > (k4 1)+ 1.
FINER
MTpdyparti, Emerdn (7) > B (k+1)

&pkei v&x Beffwpev 611 :

S QDS G DEL A kD= G+ D> 1,

Bdnhod : k+1> 2
‘H redeurala Spws évigdrns foyter (516m k = 4). "Obev f| &mwodeiktéa dvigdTng
3 v
(1)

ioyUer Bicx kdBe puokdy &piBpdy v = 4.

Mapatnpioerg: ToAhdks, Si& va &mobel§wuey 6T pia TpdTagis p(v)
&Anbevel Bi1& k&le puaikdy &piBudy v, &modeikviouev THY AfBeiav aUTis 81 Eva
oNUavTIKOY &p1BpoY S1aBoyIKGY PUOIKGY TIPGY ToU v, Ay. Bixv=1, 2, .. v, kal
drohovbeos aupmepaivopey 8T1 aldrn 8& dAnbedn S1& k&Be veEN (dredis dmaywyr]).
“H pélodog atity ddnyel modddnis el 8o paduéya cvunepdopara xal dév mpé-
nee v Ty perayeipldueba. “Ev khaooikdv mapdBerypa TolouTns mwAdvns elvan
7] &§fis Weudns mpdraois ToU Euler :

«’Eav v guoikdg apBpdg, tote & appdg (v2 — v+ 41) elvor mpdrogy».

‘H mapbotaots vi—v+41 Six v =1, 2, 3,...,40 5i8a mwpidTous dpiBuols
() ExovTas &nA. &AAov Branpétny EkTds ToU EouToU Teov Kol Tiis povdBos), Spcos

Bi& v = 41 5i8ar;
4 v2—v4-41 =412 - 4] | 41 =418,

BnA. &piBpdv pn mpddTov.
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‘Opoicos ¢k ToU yeyovdTos &T1 1 ékppaois ¥ + 1 5i8er Six v=1, 2, 3, 4
TpWTOUS &plbpovs Biv Suvdpela v& oupTrepdveopey 6T 1) elpnuévn tkppoots 8idel
mpwTous &pifuols S1& dvTas Tols puaoikous dpifBuols, kad’ doov Sid v=75 7
&v Aoy Exgpaats 5ider oUvbeTov dpibudv.

"Errions 8tv dipkel 1) améBeifis Tiis dAndeias THs TpoTdotws 1o v — k 4 1,
e ThHy Umdleaw 6T altn dAnfeda Bix v — k. Tpéme dmewodhmoTe v &mobel-
Kuuwpey THY SAnbeiov auTiis Bia v=1 (f, &v Btv Exn vénua S1& v=1, &robel-
KvUopey ThHY &ABeiaw Biax v = vy, &vBa v, & EAdy10TOs UaIKdS &piBpcs, S1° dv Exel
vénua ) mpdTaois). Tlepl Toutou PePonotpebo &mrd Thv EEfs WweudH TPOTATY :

« A vEN ioyver: vie= v-L 17 »,

Tpdrypam, & mopodeiyopey v EoxpiPowpey kaTd ooy 1) AV TEPW
TPOTOoIs dAnBevel Six v= 1.

Ymobéowpey 611 alrn elven dAndns &1 v=k, fitor: k= k- 17, ToTe
€Y OHEY k+1=(k+17)4 1

ﬁ k1= (+ 1)417,

BnA. ) mpdTaois dAnee Bia v k1 e Thv OméBeaty ET1 dAndevel Bidx v = k.
"Ex Tév dueoTépw Aormov auvéyopev 61t givan dveykaiov brog kai ai §bo dro-
Otozig 1) kai 2) 1od Ozwpijparog tijg tedeiog Enayoyiic ninpodvtar, iva givar o
copnépaocpa aknbic.

§29. lNevikeboeig Tol Ozwpfparog Tig TeAeiag "Emaywyii. —
"ExTds Tfis popefis Tis (&mrAfis) Teheias émarycyds, THY &moiaw qveTUEapey
TPOT Y oUpEveds, UTrépyouy kal BUo &AAal poppai clTfis, of &moiat TapéyovTa
UTS TéY k&t SUo BewopnudTwv, T& dToia Gvagépopev &veu &mobeifews.

§ 30. ©@cwpnua I.—Eav p(v) sivar pia (hoyxkn)) mpotacis, £ig tiv Sratd-
nwolv tiig dnoiag avapiépetar O uatkog aplpog v, 1| bmoia mhnpol tag Eifig
bnobécerg: 1) «p(l) elvar ahnOijgn: 2) pé iy dnobeory 611 4 p(v) ain-
Ocogr 610 kale veN pi v < k, arodewkvietar dru 1y p(v) ahnleder xai dta v=k
Kai T00T0 S1a Toydv keN pi k> 1, tots: 4 p(v) ainbeder S kabe veN.

Egappoyf. Na day0f (ha tiic releioe inaymyfc) dn f avicomng :

2'% > 10% Gmosoe s1a kads vEN.

‘Anoderbrg: MG v= 11 dviocdtns &Anfele, fitor 210 > 109,

“EoTe 6T aln dAnbeler 81& kdfe v <k (kal TolTo S1& Tuxdvy keN pt k> 1), omédre
loyvouv al oytosis : 20> 108 kel 2'%K=D ~ p3tk-1)
¢k T&Y Omolwy 514 ToMamAaciaohol KaTd HEAn mpokutrrer: 2% > 103K, o M &v Aoy
dviooTns loxber kel S1& v = k' ouverrds loyver 2'% > 10% §i& k& v eN.

§31. @cwpnua ll. —YrnoBéoerg: 1) *Toyber: «i p(l) xoi p(2) sivan
aln0elcn, 2) pi v Onoleoty 611 @hnOedovy ai p(k —2) kei pk —1) Groder-
kvoetar dn 1 p(k) ainbsder kai tolito S toyov keN pt k > 2.

Zvpnmépaocpa: i p(v) dGinbeder fra kae veN.
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‘Epappoyf. Na ﬁalxﬁﬁ‘ o S kil Quorkov ambpov v iexoer :
Sv=(3 - VY5 + (3—V5) = nod. 2°.
Amoderirig: Aldv=1xkadv=2 Exopev dvTioTolyws :
Si=0B+ V) 4+ B3-V5)=6=3.7
S,=0@+ V5 + 3-V5r=28=7.2
"Apa fj Tpotacts loyle Hid v = 1 kad v = 2,
"Eotw & alrn loyver i v =k —2, k—1 (Bixtuxdv keN, k> 2), fjtor:
Sk2=C+ V5 24+ 3— V552 = mor . 282 ai
Sk-1= (3 4+ V5! + 3= V5)k! = mon . 2k-1,
O& Belfwuev TéTe &1 1) TpdTOTIS ol loylel kad Bk v = k.
Tpds ToUTo Beopolpey v Eicwow pi pifas x; = 3 + V5 kai x, = 3 — V5,
Abtn elvar ) x*—6x + 4= 0.
EUkdAws Twpa SiamoTouTar &1 :
B+ V5 + B-V5* =8k = 6 Sx_1 —4 Sk2
kol Emropévas :
Sk =6 moA 257! — 4 op 242 = mor . 2K
fitor 1) &v Adyw mpdTacis loyue kal Sk v = k.
"Apa ) mpéTaots, Buvaue ToU Gewphpatos I, loye Sik k&e puoikéy &piBpdy v

AZKHZEIZ

23. N& drrobeiybolv B Tjs ueddbou Tiis Mabnuorikiis *Emarywyfis al kérewd TPOTAOES
v(v 4 1) 2v 4 1)

1. 13422438 4 ... 40 = e ¥ veN
2013 B i =04+24+3+ .. 4 o yeN
Sl 3 IS e et (2y =il = ¥ veN
1 1 1 v
o 75t T T v veN
v+1) ("-i- 2) - ()
% T U e T e Y veN.

24. Mid xéBe guarkdy dpiBpdy v, va Berydi &t
1. O &piBuds T2 4 16u—1 BironpeiTan 51dt ToU 64

2, > 34v+2 + 26v+3 » » 7
» 2+l _gyey 3y_2 » » 54,
25. *Eav v Tuxcv guoikds &piBuds, v dmrobenyBolv Emaywyikds ol SVIETITES

. (l—e)v=1—va, &mrou l=a=1
1 a -
2 (l—q)V<mE, Smou 0<a=1
1 y\v 1 1 \~v 5
3, (1_-“7) =1-—, 4. (1+7_) ==y

5. VT‘<1+2+3+ +v<("H)'

26. 'Edv oy, o, . . ., av BeTikol &piBpol, Bidgopor Tol 1, v Bery i 811+
Ato)Q+o) - (+aw)>2 Yoo, . oy

3€
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27. 'Bawv o, oy, Oy, -y aveRY kal oy =g o+ - e+ ay, Belforre 611 :
L Qbedd eyl fa)slaon W veN,
2. (l—a) (=) - (l—av) =10y, omoudues 0< ay oy o < 1.
1
. 4o+ a) - (14 av)< T émov Spws oy < 1.
1 1
ot b)Y Mven

4@t ta) (o
a a,
28. Na& Sery8f) (Brex Tfjs peddbou Tijs podnuoTixds oy oy Tic) 611 1O mAfBos Tév Braywvicov
v(v—-3)
=
298. Na& SeryBolv (B1& Tfis pefdBou Tiis pebnpoTixis ey wyis) of k&rwd dviodTnTes

TOAUY@VOU ExovTos v—Kopupds Bifetan Umd Tol TUTrou

3 v
L 2% a0 &t w0, 2. Va0 Mu>3,

3. 27'<107, G kdBe poveN pw: pu> ?

\Jl

VI+V24+V34. Vo 2
4. it +V+ s V>TVV; W veN.
30. N& &moBerg®f &z 184 304 50 ... 4 (2 — [t — “ﬂ’;u:ﬁ W veN.

31. “Opoleos 19+ 38 + 53 4 ... 4 (2v =1 = (21 —1), veN.
32. N& &moSeiybfj 811 6 &pifuds 10¥ + 3.4V 12 | 5 SipeiTan B1& 9, v e N,
33. ’Edv 6 &p1Bpds BeTikds = 1, ve &moderx0ij 611 Sidk k&de veN loyver 1) dvniadrns
1468 004 ... 4 g2 1
el

046 4... 4 g™ v

34. "Edv o —Ply = moA - 4, Evba o, P, y € Z ¢ y = 0, Tée Seifare 611 S1x ke PUOIKSY
piBudy v foyler :

Sv=(a+PBVy) + (@—Pp Vy)’ = mor- 2" .
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MEPOX AEYTEPON

AATEBPA KAl ZTOIXEIA MAOHMATIKHE ANAAYZIEQY

KEPAAAION III
AIIOAYTOZ TIMH IIPATMATIKOY APIOMOY

I. OPIZMOI — IAIOTHTEZ.

§ 32. "Opiopdg. — *Andlotog tpt) £vog npaypoticod ambpod keheitar ab-
705 obtog 6 apBpdc, dav eivon Betikdg fj pndiv, 6 avtibetog tov, 2av & aplOpdc sivan
apvntikdc.

‘H &mohuTos Tiuh Evos TperyuaTikol dpifucl o oupBoAiZeTar pé @ |of ked
QuayryvawokeTan : «amdAvros Tyu) Tob a» *) . Qs &ueoov ouvémaiav ToU dvaatépe
Oplopol EXOuEY

la|=a, fav o=
kal |a|=—aqa, & o

Odmweier 120 =2, 0] =i0; 2

4
"Ex 100 dveoTépeo Spiopol pokUTrTEl 871 ¢
M aeR  glvor: |a|=0.

*AVoAUTIKGTEPOY EYOpEY
Ja| >0 <= a#0

Kol || =0 <= o =0.

“Ofev ) apdoTaois | o elvon piy dpyntikog dpiBpdc.
"Evrelfev &meton & 67 looBUvapos dpiopds THs &mroAyTou TS TPAY POTIKOU
&p1Bpou :

’Anélutog Tty () pétpov) Evig mpaypatikod apiBpod a kakeitar b 1 dpyntikdg
apOpdg, 6 dmofog opilerar olitm :

b

a, fav a=0
—u, v a<0

* To oUuBotov || s kal §) dvopacia Tou, ogefhovTan els Tov Meppavéy pabnparikéy Karl
Weierstrass (1815 - 1897).
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IAIOTHTEZ TQN AMTOAYTON TIMQN

§ 33. "I816Tng 1. — Oi avrifetor mpayparikoi apilpol Eyouv isog dmolo-
ToUg TINdC,

fiTol : M oeR = |—a|=|a]

‘AmoderEug: Aoxpivouey Tpels meprmTdoEs |

(i). 'Ew o >0, omoéTe —a <0, = |a|=a ko |—a|=— (—a) = a.
"Ofev : la|=|—al.
(i). ’Eav a=10, émoTe kel ~0=0, = |o|=0 «ai | —e|= 0.
“Ofev ; |a|=|—a|.
(iii). 'Eav @ < 0, o6moTE —a > 0, —» |at|=—a kol |—at]=—qa,
“Ofev kal el aUTHY T TepimTwoy : | a|=|—a|.
"Qoe ¥ eeR = |—a|=|a|.

Népiopa. —’Eav o, BeR —> |a —p|=|p—a].

§ 34. "I1616™Tg 1. — Edv « npaypatikog apllpds, tote :
—le|=Sa=|al.

'"Amoderbug: Alaxpivopey Svo TEPITTTCLOCELS :

(). Edv a=0 = |a| =« Kol Eropbvaos 1 — || = o = | e
‘Ofev ki :  — || = a=|af.

(ii). )Edv a <0 = |o|=—qa xai ETOPEVOS : — || = a < |al.
Obev kai:  — || =S aS|ql.

Ovdémote elvon : = | ouli=<er <=]lan)|
"QoTe: V' eeR = —|¢|Sa=|q|

Mopatipnorg: *Ex Tijs dvaTépw 1816TnTOoS EmeTon qptoes :
¥V xeR = [X|+x=0 kai |x|—-x=0.

§ 35. "1616Tng 11l.— T terpaywvoy tiic arokibtov nipfig £vdg npaypatikod
apr0pod icobrar mpog o tETphyvVOV TOD GO tovTov, fitol ioyvel

YV aeR = |e|2=q2

‘Anoderlig: Edv a=0 =+ || =« kol dpa |a|t=at
Eqv @ <0 = |o|= —a kai ouvemdds |a|2— (—a)?= a2
“Qoe ; M aeR = |af2= a2,
Lnovdaio napatipnors. 'Fav o ¢ B = jor|? = of,
Olrws, ¢v a€C, BnAadly a=— x+1y, (y #0) = |a|? £ o (Siord i

3%
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Kard tauta ) lodtns |« | = of guvemdyetan 16 TPCCYRATIKOY ToU o kad TO
Bidgopov |a|? 7 of ouvemrdysTon 8T1 & a elvan THs Hop@fis A+ pi, oupPohikéss
(AI “)a Smou Ar BER xad B 0.

Mépiopa lov. — Tevikdrtepov oxdovy 1é katwm :

| X |2v — XZ\‘
xH, dav x = ¢
—x2¥rL Ray x <0,

Zv_

Mépiopa 2ov. —'Eav ecR xei veN — Vo — [l

Y X€R, veN = |x|zv+::{

Katéd TaUta elvon :
X, Edv x' =0

Vx2=4{ —x, v x<0
0, &w x =0.

Eis 6Aas Tés mepiTadoes Suvépefa &fev v YP&pwpey : Y x2— Ix].

§ 36. "1816TnG 1V.— Aud ka0 Lebyog (g, X) mpaypanikdy apOpdv pi &0,

ioyber 1 Loyuai isoduvapia :
[X|=e <= —c=x=g,

'AndderErg: "Eotw 611 loyler: |x|Se — [x[2P=eg2 § KT THY 1516-
™Ta 1l : x2=e? ) x2—e2=0 1§ -8 (x4e)s0.

AU, kaTd T& yvwoTd, dAnbelel Sid: —g = x S ¢,

“Qoe : |1X | =€ = —ceSx=5¢

'Aviictpogwg: "Eoted Tdpa 6T ioyuer

—ESXSE = (X-|—E)E—"_O/\(x__s)=<_:_0'

Gpa (x+€) (x—€)S0 f x2—e2S0 | x?=¢2 1ore OULPDVWS Tpds T6
Tépiopa 2 TiiS TpoTyoupévns idioTnTOS, ETaIdhy kod e > 0, Eyopey x| =e.

"Qoe : —ESXSte = |x|=SE

"Apa Y &R XR: [xX|<Se — ¢

I
A

X £

Mapatipnorg: ‘Ouolws dmodekviovran of Aoyikal {ooduvapia :

1n. —E<X<E <= [X|<g fmow g ¢

2a. (x<-2 fi x> +=> |x|>¢ bmove> 0,
‘Egoppoyai. In: Na anodeydi i (hoyweny) icoduvapia ;

2=x=8 <= [x—-5|=<3.
Mpéyuary, & TéY 2Sx =8 <=~ —3=Sx-5=3 <> |x—5]| =<3,
20: Na aroderydfi i (oyiki) igoduvapia :
Ix—X | <& <= X)— € <=y g e

Mp&ypom : | XR=% | <e = —e<<x—x, < <> e L
X iy M
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"AmdAuTog Tiph GBpoioparog i Siadopdg
Tpaypanik®dv apibudv.

. § ?7. laléfr!g Y.—H andkorog tyuij 10 dpoisparog doo TPAYRATIKGY Gpt-
Opdv eivar pikpotépa i ion toi abpoiopatog 1dv drolitwmy TIHAY @V mpocsletimy

o : L|a+mém|+1m

Ao berEug: Tpdypar, & TG YVwoTéy oxéoewy (iSidTng II) :
—la|Sa=|af
: —|BI=p=|p]
Bi1& mpoabioews koTd péAn, AauBdvopev
—Ual+ B =a+B=(la«|+IBI)

Kal KQTa TNV TponyoupEvny iB16Tn T, Exopey :

la+BI=a|+|B]. G
Moapetipnerg: ‘H iodtns dhndeve TOTE, Kol povov TOTE, & : of =0
(Braeri ;).
"OBev piac oAU ypricipos TpéTaos elveat n &6 :
let+PBl=la|+|B| <> ap=0. (5.2)

: I'I6plo|.’u1 I“oy.—'l'[ ardivtog Tpd tijg dLapopic 500 mpaypaTIKOGY apOpdy
glvar pkpotépa ij ion tod @bpoioputog tdv arohitmy OV TV,

fiton : le—~Bl=|a|+ (B (5.3)

MpdrynaT, éqv eis v (5.1) Bégwuey &yt B 16 —B, 8 EXCOPEY :
la—Bl=|a|+|-B|=|af + 1B
To ioov loyvel TéTE, Kad pdvov TOTE, &u : ap =0 (Biati ;).
“OBev {oyvel f) hoyikn iooduvopic :
le—Pl=la|+ || > ap=0. (5.4)

Moépiopa 20v.—Edv ay, a,, . . ., 0, €R, 1612 510 K40 vEN pi v =2 ioyben :

|a1~|—112+'"+av|§|a11+iuzi’|'"”i'|uv|

‘H dméBais elkohos Bid Tis pabnuaTikis (TeReias) ETay WY fis, yvwoTou
Svtos 671 Bk v = 2 foyuer (§ 37).
7 —=ledpze.
Tpdoynoen, 8¢ Epappoyfis Tév (5.1) kai (5.3) Eyouev :

Eguppoyi: Eav la|<— xai |p|<

@ BIS|al+IP| < 5+ = =e.
"Apa : | L Pli<<e.
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§ 38. "1816Tng VI. —'H anéivrog tipn tije drugoplg 600 TpaypaTIKGY dpL-
Opdv sival peyakutépa i ion tije Stupopis TOY GrordTOY TIRGY T@V dpipdy kad'
otavénmote taluy,

fiTo1 : N n,BER..l = la—f|=|a|—|p| kai |a—BI=|P|—|a|

'AnodzrEig: Emadn a=at+p—p=p+ (a—P), Exomev katd v
iSiotnTa V-

laj=1p+ (@—B)I=|PI+|a—P], &€ o0: |a—P|=|x|=]|B|. (6.1)

‘Opoiws : B=RP+a—a=oa+ (p—a). "Apa
IBl=lat+@B-o)|S|a|l+|B—a|=la|+|a—PBl, & ob:
la—Pl=1Pl -] (6.2)

Mépiopa. — H andlutog tip) ol GOpoiopatog 600 TPAYHATIKOV Gpilpdy
givan peyaivtépa ij ton tiic Sragopis 1@V anolitov Tipdv OV aplpdv kad’ oiav-
onmnote taluv,

fiTon : Va,Belii==—1(1+|3i%ia|—|[i\xui|u—§—ﬂ!2!]ﬂ—\ﬂl 6.3)

Mpdrypatt, pkel els Tas (6.1) kai (6.2) v Tedff dvti P 10 —B-

§ 39. "18t6Tng VII. — A kG0: eiiyog npayponikdy apOpdv ioyier :

la|—|B||=|at Bl

'AndderErg 'Ex t@v (6.1), (6.2) kai (6.3) Exopev :
&’ Evos || —|B|= | + B (L)
ked &g’ Eripou: (Bl —|a|S|a kBl § —|akpIS|al=IBl.  (7.2)
"Ex 16w (7.1) xai (7.2) ouvdyopsy THv SITATY QvigoTnTd :
—la£ B =|a|=|pl=lat Pl
7 omoia, kotd Thv iBidTnTa IV, ypdoeta :
[lal—IBl|=|a+ Bl. (7.3)

Kat’ dxodoubiav, Bdoet kai Tfis i8i16TnTos V, 8 elven :

N o, BeR | —> |[a|—B||S|a £ pI=al Bl (7.4)
Napatipnore 'Ex tév idomiTey tédv dmodeyfelo®dy ¢is tas wpon-
YOUHEVQS TPy PAPOVS, HETA TGV QVUTIOTOIYWV TORIoUaTWY, TUVayouey &I :
M @, liel{j=> |a1—gﬁi;‘ jal—IBlS|ladbl=|a m ({@:5)
‘Acxknorc 'E&etdoate 'iTCT gls Tas oxtaeis (7.5) loxve 16 foov. i
42
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"AméAuTog TIpR yivopévou mpaypaTik@®v apidpdv.

§ 40. "1816Tng VIII. — ‘H énélvrog Tt tob yivopévov §bo mpaypatikédv
appdv icobtar mpdg o yivopevoy tdV amolitmy TILGY T@V nepayévrev.

“Hron la-Bl=|a|- B|
’AnoderEre Qs yvwortdw (§ 35, Toplopax 20v) foyve :
VF:IX].
"Apa:
laBl=V(eP)* = Vo' B* = Vo . VB2 =|al.|B|. ®8.1)

Mépiopa lov.—Eav a,, 0y, . . ., a, € R, tote 610 kG0 VEN pE v=2igyier:

[u1~a2-u3...u\,_1-av|:|ul|-|u2|-|r13|...|uv,,|-|av[ (8.2)

H &mddeibis elkohos Bick Tiis peddSou Tiis TeAeias Emarywyiis, yveoTtol Svros
611 B1a v = 2 ioyve (§ 40).

Mépiopa 20v. —Eav aeR kai veN ioybel navrots :

‘ le' | =]a}

Tpopavass, &pxel els TAv (8.2) ve Ted? : G=CU=0C= ... =Cy =0

"Am6Autog Tipf) TmAikou 8Go Tpayparikéiv aplopdv.

§41. "1616Tng IX. — ‘H andlvtog Tt} tob wnhikov 8o mpoypatik@y dpt-
Opdv ioodtar npdg 6 nnhikov 1@V Gnoritwy TipdY adtdv.

la]

a

1
B B’
'’Anéderic, Tpopawéds, éxouev: o= % B (UmoTiBeTor P £ 0)

*Hton : Evla B £ 0.

kol ETTopéveos kot T iS16TnTer VIII 0k elvan :

la]= %-ﬁ

%'-nm, ¢€ o0 —="

“Qoe Va,ﬁEI{,B;&Ol#!%
| |

Méptopa. — Ava kabe acR pi o = 0 xai keZ ioyoen :

lak] =|alk.

43

WneiomnoiBnke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Mapadeiypara épappoyiig Tév avwrépw iSiotiiTwy.

Mapadervypa lov: Eav o < b éeifate 611 f| napactacis :
A-Ella—x_r—f—]ﬁ—xﬂ
Sietnpel otabepav tpdv, Grov 16 x petafaidetan perald TV @ kai B, on-
hod a<x <.
'AndderEig: "Emadh o < x < P Exopev :
a—-x <0 ]c:—x]:.x_q
=—
p-x>0| ~ |p—x|=p-x|

8nA. 1) mapdoTaois A elvar dueEdpTnTos ToU x, ip” Soov PePodws o < x < B,

— A=|x—a+p—x|=|p-a|=p—q

Hapatqpnoig: To alto loyier kal &rov a=x =p. Ti ovuPaiver ik X<

fix>p;
Hapadzsrype 20v: 'Eav a, BeR, va anodarydij 1 icodvvapia :
[la]|=[B[|=(e+B| <> ap<o.
’AnéderEig : *Ex Tiis iodTnTos 'lcr|—-||3;!=|cx+ B| Acupdvopey Thy:
(llal=1B1)2=ClatB)®* & (Ja|-1p))? = (= +P)?
fi of—2|c||B|+PE=024 208+ P2 i |aP |=—op. "Apa: oP <0,
kafdgov, & fito af =0, O& fito, ¢€ dpiopol, |of |= op.
'Aviictpoéoog: B af <0 = |af|=—op fj |a]||B|=—ap
i —2[a||Pl=2ap @A o®—2|a||P|4P2=oc2+2aP+P?
A |aff=2]a]|B|+[B[= (x+B)* A (Ja|—|B])*= (a+P)2
“Oev : [la|—iBl]=]c +PB]|
Hapéderypa 3ov: ’Eav xeR pé: -2 =x =3, dcifore dur:
|x?4-4x — 2| = 23.
'’AndderErg: "Exopev (TMop. 20v, § 37).
jx2pdx -2 |S|xP+4 x|+ 2.

Topatk 16w —2=Sx=3 = 3=x=3 = |x|=3, &fs: x2=09,

ZUVETTEds @ |x244x -2 | =94 124 2= 23.

Mapaderypa dov: 'Eqv o, BeR kai o £ B2, deilete du:
lal—IB1 , llai—IBI] , lat+Bl -
[lal—IBI] loa—B| la|+ 1B

Aborg: Tpogavids, i of # P2 8ider: || # B, &Bevrad a3 p.
"Ex iis (7.5) § 39 #yopev :

lal=1BI=[lal=IRI], [lal—1BI|S|a=B| kad |a+BIS|a|+|B].
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ropev:  LI=IBL < [lal=1PI] e Lo fd
llai=1gl] = “Ta=Br =" Tal+IB]
kal 8§ abTédv, S 1& Tpoobioews kaTd uEAn, AapBdvopey :

la| =Bl , llal=IBIl | Ja+Bl _

IM
la
:_’,_
™
A

LH =il =l e

||a|—|m| la—P| la|+|P]

Mapadervypa Sov: ’Eav o, PeR, o o 2B) # 0, deikate 6 ai aviood-

TNTEG

20+ P | | @ | op +2a? |

i <1 P | <1

v | <" |7 of + 26 |
elvar hoyikdg iocoddvapor, dnradn 1j ahiboio tiig pilc ovvendyetar thv. dhfBerav
tdv Onoloitwy.

'’Andder§urg: i) "Eorw &t dAnbele 1) rpedTn. ToTe Exopev :

F
‘ ioijzg |<1 A 4o 4P+ P2 < o+ 4P+ 4P% A 302 < 3P f of < B2,
g€ o0 |a| < |B| kol émardn |B| > 0, EmeTan —!p—l < - f '%‘< 1, 7o,

loyuoUons Tfs TpwTrs, foyler kai 1 Seutépa,

"Hbn, & Té&v BUo TpddTwy, Bi& TOAAGTTAGCINTHCU KarTd PéAT), AauPdvopey :
2«4+ Bl la| | 2e2+aB |
la+281 Bl op +2p2 |

(i)). *Eorw &1t dAnBeler 1) Beutépa. Tote drxohouBolvtes duTifeTov Tropelav

gO&vopey &k TRs SeuTépas els THY TpdTny. "AkpiPéoTepoy EXopEy BIaBOXIKES

=y <2l

|
% A oat<P® A 3a<3p® f 4ot 4aP PP < of 4 doP 4 4p°
A (Qo+p)2 < (a+2B)2 ( éajrizg',) I, ol xatd Thv § 35, Top. 2ov,
EYOMEV : %3__'——22— < 1.

"EvTedfev, &k TaUTns kad Tiig %l < 1, 81& TOAGTTAGOIACHOU KaTd PéAT),

AapBavopev Ty TpiTnv.
(iii). Téros EoTw &1 &ANnBever f) TpiTn. ToTe Eyopey :

- o (B + 2) anibjox 2a+ P ‘
bl AR el | — —| < 1.
B (a4 2p) p a+ 2B
"Ex s TeAeuTaias dviodTnTos Emetan 611 O foxin 1 pla TolAdyioTov TV
AVITOTHTWY : iy i lEeadte >
5 or2e | <"

“loyvolons 8¢ Tiis picg TGV dvwTépw dvigoThTw, loyve, ds 8elydn els
Tés TepITTdoels (1) kad (ii) kad 4 &AAT.
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O& éCetdowpey KaTwTépw Kol BUo eidikd Troapadelyporar mpootfaTe Thv
&roberbv

Mapaderypa 6ov: Awd tod copfolov max (o, B), avrietoiywg min (a, f),

cupfolilopsy tov piyetov (maximum), dvietoiymg tov Elayietov (minimum),
£k 400 mpaypotik®v aplipdv a, B, Tovg dnoiovg opilopcy obtw :

a, fav a=f
B, &av P> a

e, fav a <P

max (o, p) = B, tav p=a

’ min (o, p) = {

Kotomy té@v avotépo opiopdv va copedij i avedlvtikn Ekgpoois T@Y max (a, B)
kai min (o, f) ovvaptijost 1oV a kai P kai tiig arolvtov tipdic tijs dragopdc adtdv.

Abvorg: I 'Eav a=p Exopev:

s OGP S R) o ab B Ja—PB| . o b-HIP=al
max (o, p) = a= 5 — 5 = 5

min (a, p) = p= G"H}HZ(C‘_B) = °‘+B"‘2|°"‘[3| Y 0‘4‘[5—2”3—0([‘

II. ’Edv a < P #yopev :
max (o, p)=p= 0‘+[3+2([3—c:) Ny B'i:?!ﬁ‘—od v, u-i—ﬂ—f—zlcx—[;’sl

Conl GO R o e Bl el e 1
2 i 2 :

min (o, B) = a=

2
Mapadsrypa Tov: Eav p, kol p, slvar al pilar 100 tprovipov X® 4 Ex |- q
Kai ioydovy : €l =20 xal > 1,
- 1
v de1y0f) ot 2 , =2,

[P P2
'AnoderErg: “H Saxpivousa Tou Tpleovipou elvan
§2—4n =4n2—4dn =4dn (n—1) >0, &1t n> 1,
Gpa TO TpIdovupov Exer pifas TparyporTikds kai dvicous, Bk Tas dmolas B Eywpey :

Prtpe=—¢ (1
P1vPs = 1. (2)
A& Sraupéoeas Tédv (1) kad (2) kard péhn AauPdvouey :
15 E o
P1 P n’ )

’Ek Tfis (3), &v AdPwpev Tag &TroAUTOUS TIPS &uoTEPWY TGV PeEAGY, EXOMEV :

Ermm ] el I b kS SRR
| P1P: n I Py P2l Inl n
Emre1br) €€ UmoBéoews | §|= 2n, 0& Eycopev
lpr+pel _ 181 20 5

T &
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"ANAS, (1816705 V, § 37) : py] 1| = | py pal 6T6TE, Adyep ke Tis (4),
el +lpal _ leitpal

Eyopey : >
w [eul-1P2l = Tpal - 1ps]
1 1
A - e
K Pl Ipel
AZKHZEIZ

35. 'Eav «, P eR, v& drrodeiyfolv ai ioobuvapia :
[la|=Bl[=a=p| <> ap=0,
2. «a|p|-Bla|=0 <= |a+B|=|a—B].
36. Elpete Tds drepafas Tiuds Tol x &1 Tés dmolag slven :
1) &= 3202) (| =]18  wedi | =5!

37. Ew o <P <y <8, va elpedf méTe ) mapdoTaos :
A=la—-x|[+[P—x|+ |y—x|+|8-x]|
Siaernpel oTadepdy Tipfv.
38. Afdeton f) ouvdptnots I ué t0mou : ¥4 3
tx) = LxF+1i=1x-1] fg £}
[x+ 1[4+ [x=1]"10] L -

N& &mobey8f 611 :
i X, & =<1

%, tv x| > 1.

W

f(x)=

39. "Edw o, B, yeR mt afy # 0, v& &mwoBeiydij &11:

a_|_: 2+2
s I I e o o vl

&+ 18T " TR+ 1yl T TyT+ o] =

40. A& Trofag TrperynomikGs TIRGS TOU X £xe1 vénua Tpery pocTiKoD ap1buol 1 TapdoToos :

y‘vtxl —%— - VZ—J\\[% X x 7, (v = quoikos dp1Buds > 1),
41. 'Edv o, Be R, Beffore 6110 o B + Bla|=ap + [ap | TMéTe loxie 16 = ;
42.'Edv x, yeR pt x < Oxal y = |5—3x|—2| x|, v& &obeiyf &mi : [x|—ly|=5
43. 'Edwv x, yeR— (0} kol loyle :

[xly| +yix]]

=3l el B
| xy |
vé &robeixf 61 of dpiBpol x kol y elvan Sudonpo.
44.Edv X, yeR, x# Ly, v& dmroderyBij &1 : SRl = - 1y =1
: A X+ y x—y] =&
45. 'Edv X, yeR kol 2x -y +4=0, vadmoBaydijdrn: |x|+ ly| = 2.
46. 'EQv a<<P <y <8, vadmodaybiiém: [B—y|<|a—5]

s
47. *Eav ol ouvtedeotal Tiic 2F Siwaotws X 4 yx 4 8 =0 mAnpoiv 1ds oyxtoers

15 &%

-

Lty +8t=[1-y+ 8| xad |y|>1+[5]

Nkt B : 5 : ; ot
geifare 671 1) &v Adyoy Eflowans Eyel pilas poypaTikds kel dvicous.
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48. 'Eav o, B, v, 8eR pé y # 0, v dmobeixdi) 6m al oyboes:
B=sil=[o=y] (1) xa jy|=tip| @

: 5 a
guvetrdryovTan TNV : ‘ = J = | = o
B Pl
49, 'Edv a, PeR kal || > 1, Bef€ore &mid lodns: P = l—uiaT
ouveTTayeTon TES
>1 xod a= 1Py :
[ B T=1p]

50. ’E&v x,y,zeR, Beiore 6T
Ix+y—z|+|y+z—x|+|et+x—-y|=|x|+|y|+]z].

51. Aeiare é1:  max (0,2x) — min (0,2x) = 2| x |.

52. Aeifore &1 &€ ikdoTng TGOV oyxéoewy :

2x+3y | ¥ | 2xy+3y?
}3X+2y1<1, el | Bxyac | <! (x y€R, x(3x+2y) #0)

fmovtan al &Ahen Buo.

B3 EAD 6, PR, vé Smeba S i o RiBl o o] sl
2 L T+ o+ Bl =T+(a] T THIET

54, 'Eaw ol @, B, ¥, X, ¥, z€R, elvon B1&popor Tol pnsevds kol mAnpolv TS oytaers :

% %
S TEEF v IFEr P 1+|x1+y1y|+|z|‘ Lo e FIE A A
v& Utrohoyiafolv ol x, y, z ouvapTioe TGV o, P, Y.
55. 'Edv xeR xal [2x 4 9| =3 |x 4 2|, v& UmohoyioBij | x |.
56. Mk wav Lelyos Tiuéw tév X, y loyler 1) lodns :
|x*=3y+1|=|3y—-x*—1].
57. 'Eav x, yeR kal y ¥V —xVy*+x|x|-y|y| =0, Beifare 6T1: [ X | = |y,

58. Eav of = Py kad 2|P + v |+ [y | > 6 4 By, va Baybij &1 6 elvon :
hs(Givalica 200 B 2= B0 il s =250 Bl 20

59, ’Eqwv | x|>|yl, Belfare &1

[ x| [yl [x] [v1
+ + — =2.
e il il ==t e A T R B T e
60. 'Eav y > 1, |P| = 2y, Gel€oate ém1 al pifan x,, X, Tfjs 10008005 X'~Px4y=0
mANpolv THYV oytow : T;llunT +T’1E = 2.

61. 'Ecv a kol P elvan dpiBuol BeTikol, v SerxBij &T1:
| Va—Vp | = VTa=pJ.
62, ’E&v x # y, Bel§ore 6m1:
T+ VTFPEl<|x=7 |
63. 'Eav o, P, YR kad (B + y) (¥ + «) (o + B) # 0, Selfocre émi:

e Eenioe 3

|«
=
[t 2 o upi—=2

[FRSES

+
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STav B1& TOUS TIPOXYHOTIKOUS

Metofl molwy Spicov peTaPddieTan & Adyos

64.
o + 2
&pifpols o, P loxin 1 dviodTns : 20[++ g =1,
65. *Edv £ elvon plla Tiis t10wosws ax® + Px + y = 0, a5 0, v& Baxbi) 6T :
lal+ IBl+ 1Yl
1§81 < [a)
’E¢ |zt = 3 =0 v& &roberydf &t xy == 0, (x, yeR).
66. "Eav ) T XU Y _
67. Gewpolpev Thyv Efiowow: x2—2ax + p=0 wt CUVTEAETTAS TTPXY HATIKOUS iiplﬁp.ous
lal+ Va2 + [BI=( +V2). lpal

kald pilas py, pe "E&v | pe | S| pals v&x &mobey8ij oTi:
68. 'Edv |y—g| <|x—o| xal |@|<[g] v& &moberybi) 611 :

% | <3, (bmotifeten: o, ¢ # 0).

L‘_
¢

69. Aiseron 1) EEiowos ax? + Pxy — yy* = 0. "Eqw perafl tév PILEY X;, X, Kol T@Y ouv-

Tehea TGV alTiis UploTovTar al oxfoes :
!x1+xll' =|G1, ‘—‘G|=i’; gy=_6'
[ %+ Xs| + | X1 %4 B
1
Yt

va &moderyfij oT1:
70. *Edv € elvea plla Tiis E§iocoecos x* + ax? 4 P = 0 xad elvan | €| < 1, v& Baydij om

0 elven évToTe
o8t + -—2—]<m-+ Bl

ESISQSEIS ME ATIOAYTOYS TIMAZ TOY ATNQETOY
ETMAYOMENAT ENTOXZ TOY R.

O ixBiowpey KaToTépw TOV Tpdrov EmAUoews, &vTos ToU R, Lepddy popeiov
ES1odoewy, elg TAS omrolag UtreloépyovTan GTTOAUTOL Tipad TporynoTikGy &pifuddy,

@5 &yvhoTwy.
§ 42. 1. *EmiAvoig Tiig §1o0oewg a | x| +B=0, pt a, PcR kata 7 0.

Mioxplvopey SUO TEPITTATEIS ©
o). *Eote x > 0, TOTe (E€ Spiopov) Exopev | x| = x kol | &iocoats yivetan :
el

ax+P=0, £ ol: =
‘H Tipd) ot ToU x 0 elvan Sextn, v ikavororfj Thy x > 0. Anhadr ¢

B>0.

x

Y]

*Evraife, tv of > 0, SnA. & ol mparyuarikol pibuoi o ko f elven 6pdon-

por, A (1) Bdv &hnBeter kad Emopéves 1) Bobeioa Efiowats Btv Eyel AUoiv.
"Edv Spos of < 0, 8nA. of o kad P elven Eétepbonpol, 1y (1) dAnBever kai Etro-

B

péveos 1y Sobsioa dElowotg éxel Aoy, Ty X = — =y
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p). "Eorw x < 0, Té1e |x|=—X Kkad 1) Sobeioa Efiowots ylveTen :

—ax+pP=0, & oU: x=%.

‘H mipd) ol ToU x 0& elvan Bexrr), & mAnpol v x < 0. AnAadr :
P
] 0. )

‘H (2), wpopawvéis, &Andever &1& ap < 0.

“Qote, 1 tElowots o x| |- P = 0 elvon @dbvatog, 7 SAAws Eotepnpévn Aboemg
cog Trpos x, GTaw of TporyuaTikol &piBuol akal P elvon dpdonpol, Exer & alTn Aoes
X=-— % kad x = %, &tav ol o kol P elvon Erepdonuot. Els v Seutépav mepi-
TTwow Aéyousy 0TI 1) 'égicrc.oms a|x|+P=0 elvon loobuvapos Tpds THY :

pe
s o — =
y). ’Edv B=0, éxopev a|x|=0, kaiouverds [x|=0, &0l x=0.
T& dvwtépe ouvoyilovTan elg ToV ké&Twh Trivoke :

Mival Sigpsuvijoens tiig: a|x|+ =0

afp >0 | a|x|+Pp=0 addvarog

ap <0 |a|x|+p=0 = xzi._g.

p=0 |a|x|+pf=0 = x=0.7

Mapadeiypata: lov: Naimivdf 1 éficwasg : 2|x|—3=0.
A b o1g: "Exouey, v Tpokemtvey, a=2, B=— 3 xal tredf) ofp=—-6 < 0
3

M t€lowois 2 |x|—3=0 &ye 1&g AUgEIs: X= + 5

20v : No émholfj 1 EEicwog: 4|x|=—T7.
Aborc: ‘H &lowais ypdoeton 4 x|+ 7= 0. Evraifa elvon a=4, p=7
kol Eraidh of = 28 > 0, 1 Bobeloa &iocoais elvon &dbvaroc.

§ 43. 11. "EnriAvoig E§lowoewg Tiig popdfig : alx |+ Px+y =0 (1),
pé a, B, yER—{0}.
Maxplvopey Tpels TEPITTTOOES :
o). *Eqv x > 0, Exopev ¢€ dpropot | x|= x od fi Sobeloa &
ax+Px+y=0 @ (x+P)x=—y. (2)
Y
at-pB°

owals yiveral:

2Edv -t B A0 0 (2) Blds =
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A& v elvon Bext) ) T alTn ToU X, Tpémel v ikavotrorj Thy x > 0.
AnAobr) TpéTrel :

»

=0 <0 f y(@+p)<0.

e e
«+p a+ P
Edv a4 P=0, 7 (2) yivetoa Ox=—y. *Emaidn 8¢ y+# 0, alrn elvon &BU-
varos. Zuvetréds kad 7y (1) elvan adbvatos.
B). Edv x <0, TéTe |x|=—x xal 1 (1) yiveran :
_ax+Prty=0 B B-Dx=—y A @-Pxr=y. -3
Y
a—Pp°

A va glvon ) Tiph) cUtn ToU X BexTi, pémel v& Koo Thy x <0

Edv a—P #£0, f (3) Bider: x=

AnhodH : - ’}6 <0, & ob: y(a—p)<O0.

Edv o — P =0, dnA. a=p, fj (3) elvan &BGvarros, ¢’ doov ¥ # 0. Kat’ dco-
Aoubiow kai 7y (1) elvon @dbvatog.

i

7). Edv x=0, o1 fy (1) ylveten y =0 xal &’ Soov ¥ # 0, /| eSlowaig
elven @divarog.
"Ex TV dveaTEpe guvdyouey ToV drdAoubov Trivaka :

Tivef Siecpevvijosag tig : o [ X[+ px - v=0

sy
a--p

(a0 | a|x|+ x4+ y=0=x=—

o -p=20 1 &Eiowerg (1) slvar Gditaros.

(o — By<0 u'x{—l»ﬂx-i-y:ﬂtyx:_y_

o—p
a—p=0 1 Zicweg (1) eiver dddvarog.

Enpeioworg: Am_c‘x p = 0 &xouev Thy pepeiv | (§ 42).
"Acknoig: Efetdoare Tés k&Twh Bicatépos mEpITITEOEIS |

® p=1 y=0 @@ a=4+1, p=1 y=0
Hopadgiypata: lov: Naémhvbf 1 éEicwog: 3 x|+ 2x—4=0.

« Aboug: AauPdvovTes Tas ekppdoels a - B, ¥ (a+P), mapaTnpoluey &Ti:
atPp=3+2=5+#0 kad y(a+B)=—4x5=-20<0.
TTAnpolUvTon &Bev of ouvBijkon THis TepImTaCEws ') Kad kaT” droAoubicy f Sobeioa

bt v
a+p bEl
'EE Mo, tmaidh) a—P=3—-2=1#0xal y(a—P)=-4x 1=—4 <0,

¢elowots EmBéyeTon dog AUty THY : X =
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| Bofeloa £iowors EmbéyeTon s (GpvnTikiv) pilav THv

TRy (O
X = = i —4,
20v : Na émdv0fj 1) icong: x|+ x4+ 2=0. ()

Aborg: "Eotw x>0, 1616 [x|=Xx kol fy (€) ylverau :
x+x42=0 fi 2x=~2, € ob: x=-—1.

'Erreibn) Speos UmeTédn x > 0, 1) Tipy) x=—1 &moppimTETAL

"Eorew Twpa x < 0, T6Te | x| = —x kol #) () &ide1: —x4-x+2=0, &nA.
2=10 (&8UvaTos).

M& x =0 17 () 8ide &wions 2= 0 (&BUvaTos).

"Apa 1) Elowots x|+ x4 2=0 8&&v Exer LMicwv.
ToUTto &AAwoTE TO duepévapey, B16T1 &v wpokelpéve Exopey a= 1, P= 1, &mwdTe:
a—P=1-1=0 kol kat droroublav 1 tEicwois () elvan @ddvaros.

§ 44. I11. "Emilvoig é8lohoewg Tijg popdiig: ax®+ Blx|+y=0 (1),
émou a, B, YER kai a #0.
"Ereidf) Si1x kébe x€R elvan: x%2=|x[? A Sobeioa e§iowors ypdgeTan :
a|x |2+ Plx|+y=0, © émolx elvon Seutépou Pofipol s Tpds | x .
Eqv Béoompey |x|=y, | dvewTtépw EElowois elvan ioodlvapos pos TO oloTnua :
ay®+ Py +y=0
Ixl=y,
o TV Spov T povoe v al (mpaypaTikal) pi) dpvnTiked pidor THS Eiodoecos
s Tpds v pés Tapexouv Tas pitas Tiis SoBeloms. “Emopévas 1§ (1) 8& Exn Avcw,
¢’ Goov Eyel, ToUhdyioTov, plav pilav mpaypaTikiy uf dpynTIKNY 1 Efiocwois :
ay?+ Py +y=0. )
*AvoduTikeTepoy Slakplvopey T&S K&TwOL TTEPITITAOEIS ¢
In: 'Edv B%—4ay < 0, 1 (2) Exer pilos pryoSikds kai ouverds 6 (1) ol-
Seplav AUov £yt
2a.: 'Eqv P2—4day =0, 1) (2) éxer Ty BimrAijv plicv y = —%Z-r Kol ouveTréds :
(i). "Edv % >0, 8nA. ap <0, téte ) (1) 0& Exn s pidas Tés:
P

X;=——=— Ko X,=
1 2‘3 2

€
B3
2a
D! Ed “2% <0, 5nh. B > 0, Téve (1) ovBemiow Aoty Eel.
3n: ’Edv BE—doay >0, 1) (2) &a 8bo pilas TparypoTirds, OToTE :
). "Ew L > 0xai - -ﬁ- > 0, dupbTepa ol piten s (2) elvon Gerixad
ko E&v koAéowpey alTds y, kel y,, ToTe f) (1) 8 Exn dos AVoers, Tés Aboers TGV
tEiomoey X |=1y; Kol |x|=1y, & T&v Omoiwv Acufdvopey x= 4 y,; kal
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x= 4 vy, fitor f (1) 6& Exn eis TV TEpimTwow Tautny 4 pilas, TAS:
=Y Be=""¥nu X3= Yo Ty=—Y¥e
Y p

ii). ’Edv - > 0 kad ——
(i1). "Eav o = U xa &

kai, 6moTe f) (1) oldepicv Auow Exer (Bv R).

< 0, dupoTepan ai pigan Tiis (2) elvan &punTi-

(ii1). "Edw % =0, 1) (2) &xer 8o pilas Erepootipous, EoTw Tas ¥y, <0 <y,
dmédTe f (1) 6& Eyn cos AUosis, Tas Aoels TS | X|=y,, & Tfis dmolag éxopev:
X1=Ya Xo=—Y»

ZuvoyilovTes TA dvwTépw Exopsy Tov k&Twb Tivaka :

[livag dwigpeovijoewg i : x> +fx|4y=0 n
B —day < 0 1) Eficwoig (1) elvar addvatog Evrog tob R.
—---P->0 ex? x| +yv=0 = x= =P
2a 2a
P> —day =0 —
ﬁ = —E‘:If <0 1 &lowng (1) eivar addvatoc.

-1—>U _%_>0 flax®+p|x|+7=0 Ea 4 pilas.

PP—day>0|-—->0|— % <0 | 7 ticwng (1) slvar addvatog.

<0 M ex? 4B x| +v=0 Exe 2 pilac.

a|=

Mepuen) nepintoaig : ‘Edw y = 0, Exouev Ty éflowow :
CUxP+pIx|=0 f |x|-(a|x|+P)=0, omére:
k| |x| =0, & Tiis émolas x = 0
i alx |4+ p=0, 1 omoia Exer f15n pereTn0ff els ThHy § 42.
Moapadeiypata: lov: Na émrvbij, &vidg tod R, 1 iEicworg :
x2—5|x|4+6=0.

Adorg: *H Sobeioa Elowots ypdgetan: |x|2=5|x|+6=0. )]
"Oftopev [x|=y (y>0) kad fj (1) ylvetau:
y2—-5y+4+6=0.

Al pifon arfis elvan y, =2 kai y,= 3. "Apx |x|=2 kol |x|= 3, & TGV
émolwv Exopev : x= 4- 2 kol x= -+ 3.
“Qoe, ai piten Tfs Sofelons EEiocaoecws elvan :
Xy— 20, — =2y, — 3, | xa— 3!
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20v: Na Emdv0i 1) $icwog : x2—4|x |—12=0. (2)

Aborg: "Emabdn elvon x2= | x| Bétovres |x|=y¥ (y > 0) EYOPEV TNV
é€fowov ; yi—4y —12=0,
&md ThY Smolav AapBdvopey y=6 kal y=—2. “Apx 8& elvon :

[x|=6 (3) «xad |x|=-=2 (4)

"Ex 15 (3) #xopev: x= 4 6.

‘H (4) elven &BUvarros,.

‘Emropévass, of pifen Tiis (2) elvon : X;=6 kal x;=—6.

HMapatipnorg: *Avardycs Epyadopeba Bi& THY Emiluow, dvrds Tol
R, éiochoewv Tijs popefis : ax? - Px+vy|x|[4+8=0.

IMapaderypa: Na imiodi éiowoig : x2 — 3x 2(x|—6=0. (1)

Adorg: Aix x=0 7 (1) elvar &8Uvorros,

Eotw x>0, 76t |x|=x kaidf) (1) yiveron ;

¥—-3x+4+2x—6=0 14 x2—x—6=0, # émoia éxel plas Tés :

x=3 wal x=-—2. ’E§ aUTé&v SexT elvan udvov 1) BeTikr.

"Eotw tdpx x <0, TéTE |X|=—x Kkai N (1) ylveton :

x2—3x—2x—-6=0 f§ x2-5x—6=0,

AUTn Exel pilos Tds: Xx=6 Kol x——

"E€ alrréov Sexr) elvan pévov ) x = — 1, &5 mAnpolon THY ouvrikny: x < (.

“Qoe, of plfen Tfis (1) elvon: x=3 kod x=—1,

§ 45. 1V. "EmriAuoig EElowoewg Tiig popdiic : |A(x)| + [B(x)|+. ..+
| P(x) |+ Q(x)=0 (1), mou A(x), B(x),-.., P(x), @(x) axépaia rmo-
Avdvupa Tol x pi TpAayHaTikoUg oUVTEAEOTaG. — Ak TV elpeoty Té
TpoykoTikédY AUaecov Tis (1) é§eTdopev Té Tpdonpa Tév A(x), B(x), ..., P(x),
fiTo1 Ty TapaoTdoewy, of droia eUplokovTal Evidg ToU oupPdAou Tiis &moAy-
Tou Tiyfis, 14 Tds Siapdpous TporyparTikds TIpds ToU X kod Péoel TE TPOGTuwy
ToUTWY Efcdeipopey T &mdAuTa, SnAadh) dvTikabioTépey TS TOPACTAOELS
dmohiTous Tipds, Sik TéV fowy TV, KaTd TOV dpiopdy, &veu &TOAUTwWY, ebpi-
okovTes oUTws els ExooTov S1aoTnpa TIMEY ToU X kol uiav, dvev &moAUtwy Ti-
K&, loodlvapov Eloway Tpods THY (1). ‘Ai Aboeis Tidv Eiochoecoy ToUTOOY, 29’
8aov eUplokovTon ékdoTote els 1o dvTioTolyov BidoTnua peTaPoriis Tou x, elven
Bexrad cos Aoeis Bidx v (1), &Ahax &rropplimTovTal.

TMopaBéTopey karawépeo HEpIKE TrapadelypaTa EmAvoews EE10oecy TS
ropeiis (IV) mpos mAfpn karawdnow Tod Bénarros.

Mopaderypa lov: Nag tmvbi, Eviog ot R, 7 éicwag :

—2x+ (x| —3|x—2| 4+5|x+1|=-5. ¢))
Adaig: H Sofeloa tEiowos Yp&peTal :
[%]=3|x=2|+5|x+1|—2x+5=0. )

Al Tipad 70U X, of mroion undeviouv éxdoTny TapdoTaciy eUpiokopévny
&vtds ToU gupPdlou Ts dmoAlTou Tifis elvon koTd oElpdy: x= (), X=2,
Xx=—1.
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Tég Tipds TouTos Tou X TomofeToUpev &l &Eovos kard TaEv alfovTos pe-
yébous, s k&Twd patveTon :

oo -1 0 2 +eo

Maxpivopey fi8n Tas dxohoUbous TEPITITCOTELS :

o). B —oo <x<—1, Tote B elvan:

et 1) ‘ |x+1|=-x—1 kad Ay (2) elven looblvapos Tpds T oloTnua :
x < 0= [x|=—x —x—3(—x+2) +5(—x—1)-2x+5=0 ] G

x—2<0| [x —2|=—x+42 x<—1

‘H &€lowais ToU cuoThpoTos Bibel: x = -—% (BexTn), Gos TAnpoUox THV: X < —1.

p) E&v —1=x<0, 8 elvan:

x+120 |x4+1]=x+1 kai 7 (2) elvon ioodUvapoes Tpds T cloTnua :
X< 0= |x|=—x —x—3 (—x+2)4+5(x+1)-2x4+5=0 ] ED

x—2<0 |x—2|=—x-+2 . —-1=x<0.

‘H &lowois ToU ouoTnuaTos bider:  x= —ﬁg— (BexTny), s mAnpoUoa TV :

== x < 0
)0 Bt 0 =ix 2, ToTE

x+1>0 [x+1]=x+1 kad 1) (2) elvan foobivapos pds TO oUoTNHA:
=G —" ‘x/=x x—3(=x+2)+5(x+1)—2x+5=0 }(Ea)-

=2 <10 |[x—2|=—x+42 0=z <2

‘H &lowas Tol ovoThparos &iber: x= —% (&moppimrTeTON), G5 WA TAN-

poloa THY: 0=x < 2.

). Edv 2=x <+ o0, OB&celven:

x+1>0 x4 1]=x+1 kad fy (2) elven looBUvapos Tpds TO oUTTNH
2>00=  [x|=x | x2-3(G-2D+5E+1)~22+5=0 1 5,
x—2=0 [x—2|=%~—2 2=sx.
‘H élowois Toll ouaThuaTos 8idet: x= — 16 (&mopplmrreTan), ds ) wAnpoU-
ool TV 2 = ol oo
L] 6 3 4
) Qote, ai plfen s tE1ocaoeess (1) elven : x= 5 e o kel &

Mapatfpnorg: Tpds Toyutépay elpecty TEY TPy paTikdy Aoty
s (1) oxnuarifousy Tév els v Eroptvny oeABa Trivaxe, els Tov dmolov on-
EIoUNEY T& Trpdonua TéV EuTds ToU oupPdrou Tiis dmoAuTou Tipfis TopaoTé-
oeov s TX EK&oTOTE SlaeTrpaTa TEV TIHGY ToU X, kol Erlons dvaypdeopey
kel T&s duTioTolyous els crrd looduvdpous pds Ty (1) Eiodoes :
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x x—2‘ i ‘x+1 [x|=3]|x=2| 4 5|x+4+1|—2x +5=0 ZupmepdopaTa

- —x+3(x—2)— - = 6
' ( F3(x—2)—~5(x+1)—2x+5=0 =>-x=—?e(—oo,—1),8$l<'n‘].

—x+3(x=2 irim s
X+3(x=2) +5(x+1)—2x +-5=0 ﬁ—-#x:——,;e[—l.[)), BekTr).

X+3(x-2 - = :
+XA43(x-2) +5(x+1)— 2x4-5=0 =>x=—?i[0,2),dﬁoppl'n—r.

X—3(x—~2) +5(x+1)—2x 4-5=0 = x = _ 16 €[2,4+c0) &ropp.

Mapadevypa 20v: Ng edpeloiv ai mpaypetikai Looeig tiig iichocac ;
! |x2—5x46|-2|x—1|+2x—3—0, :
Adborg: Oérope:

A=xP5x 6= (x-2) (x-3), Tére: L= o 15 i
kxdB=x—1 e Sy G 1
r - B = = oo

H8n oxnuaTiopey, ds kai TPOTYoUREvess, Tdv drdAaubov Trivome :

ﬂ’ B ]x’—~5x+6[-—2|x—]f+2x—3=0, ZupmepdopaTa

PlGon pryadal (&moppimTovran),
e mf—

— | x*%5x4642(x—1)+2x—3=0

= x = _5_%£ Bexth) pdvov 1) :

—15
: x=3215 o119

3 —(x’—5x+6)~%{j—2+2x-3=0 PiZon myaSixal (&moppimrovTean),

5415

=y

X2-5%+6-2(x—1) 4 2x—3=0 g gl

S5-£45

X = 5 €[3, +0).

+ o0

Ex 100 dveorépe Trivakos kabloTaron povepov 6T1 1) Sobeiga e€locois ds
uévas mpaypaTikds pilas ExEl Tés: f_{‘;ﬁ
Maepadsrypa 3ov: Ng EmAvdf] xai va Sizpeovn0f 1 iicaag :
12x_|2x—-l|l=-—1.2x- (1)
A ¥ o vg: Emeidn 16 mpéiTov pédos elvon Betikdy
: , : T undév, Sic vd U
B mpémer v elvan x = 0. Toutou TeBévTos, EeTon &1 ¢ T

2x=0 ) 2x—1=-1 4§ 2x—-1<0, épax [2x—1|=—2x41 kod 1y (1) yiveten :
|2x — (1-2x) |=— A% 4 [4x —1|=—a%x. 2
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Emaidh x =0, &meton 4x—1 <0, &par [4x—1|= 1 —4x kaif) (2) ylveren:
1 —4x =—2A%.
‘Emropévess 1) Sofleloa é€lowars elvar ioodUvapuog TTpdS TO oUCTNU :
I —dx=—2% (4—A)x=1
x=0 ] i x=0 ]

Atcxplvopev Taopa Tas EEfis TepimTdioes :

o). "Edv A= + 2, f &lowois ToU ovothpaTos (3) yivetan: 0-x= 1, kod
elvon &8Uvaros, 1& m&oav TN ToU x. *Apa kai ) Eficwois (1) elven @dbdvarog.

B). "Eqw A 5 4 2, 1) &lowots ToU ouoThpaTos (3) 5ise :

1

3

sl
H 1iun alrn mpémer v mAnpol THY x = 0. AnAadh) Trpéet :
4_1]\2 SOR4-NSOANZ4AN-42074 A+2)A=-2)20.
Ex Tatng Emeton 611 AS — 2 ked A = 2. 'Emeid 8 Umetédn A £ 4 2,
gmeTon &1 ¢ A<<—2 kad A>2.

“Qoe, 1) Sobeioa EEfowars (1) Exel Aow pévov, &taw
A< —2 kad A>2.

ANIZQZEIZ ME ATTOAYTOYE TIMAS TOY ArNQSTOY

§ 46. M T ErriAuoty, Butds ToU R, &vicdhoewv pt &ToAUTOUS TIudS TOU
&yvdoTou, tpyaldpeda tkdoTote KaTd TpoToV dvdAoyov Trpods TV TpdTov
EmIAUoecos e§1ocdoewy s dvTioTolyou Hopeiis, ds EfeTibnoay els Tos TPOT)yOUE-
VoS Taporypdpous (§§ 42, 43, 44, 45).

“Omeos els T 2Eiodoes pé &moAUToUs Tipds ToU &yvdoTou, oltw kol &g
TES dvicdoeis ebpiokopey els EkaoTov SidoTnua peTaPoldis Tol &yvwoTou kai
wiov, &veu &rroddTeov Ty, ioodlvapov dvicwotv mpods Thv Sofefoav. Al Topad
TV SlaoTnudTev (Moewov) tkdoTns iooBuvdpou dviadioews peTd Tol dvTioTol-
).(0‘-' :Blﬁﬁ'rﬁuoz-rog TIUGY ToU &yvddoTou, &moTeAoUv Tds AUoEis “Tfis Soleiong
QVIoWoEws,

Tpds mAnpeotépav Karauonow ToU Béuartos TapadéToney KaTwTEPW pepIK
mapadelypara gmildoews dvicdoteoy Srapopwv poppddv.

Mapadeiypa lov: No 2mrvdij i avicwos : Jx—l‘_s:—s s ;8 5))
AVorg: o). Edw x =0, TéTe [x|=x kai 1) (1) icoBuvapel pt o oUoTnua :
x—5 x-8
i e x> -4
3 g & — ovppifaocTad.
x=0 x20
"Apa: x =0, (2)

Hif
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B). Ew x <0, toTe |x|=—x xad ) (1) icoBuvoper ut 1o ocloTnua

—x—5 x—8 —7x>—4 4
st vl SN ot
3 4 l —_ ’ — i ]cuuﬂ:ﬂam’ai.

o= ) x4=10)
*Apa x <0, (3)
“Ex Té&v (2) kal (3) ouvdyopey 81y (1) dAnbeter B1&x kéde x e R.
Mapaderypa 20v: A moiag TPpayReTIKGg TRdg ol X Exer vénpa mpa-
yratuob dplpod 1y maphctac : V3x2—10[x]+3. ¢))
Aborg: Ak va Exn vonpa TparypaTikoU dpiBuol ) TapdoTaois TTPETIEL :
3x*—10|x|+3=0, A émwadn x2=|x[?
3|x2—10|x|+3=0. 2)
Ottovtes |x|=7y (y=0), Exouev Td loodUvauov pds T (2) cloTnua :

1
3y~ 10y+320 | _ 3(y—~3)(y-——§—)go

r=0 y=0.
Té dos &vw oVoTnua mAnpoUTan 1&: y=3 kod 0= y= —;—
Tote Supoos  Eyouey :
Ix|=3 kol ixlé—:l,’—.
‘H mpdotn ypégeton: x2=9 f x2—-9=0 f (x—3)(x+3)=0
kal dAnbeder i : X=-3 kol x=3.

1
*H Beutépoy, &5 yvewoTdy (§ 36), elven iooSivapos wpods ThHYV: — —~3—§ X= v;—.

“Obev, 1) mapdoTaots ¥V 3x*— 10 x|+ 3 &xel véNUX TPXYLATIKOY &p1Bpol
B1& Tds £Effs Tipds ToU x :

-0 <X=S-3, —%—Exé—;—, 3=x <+ 0.
IMapaderype 3ov: Ni fmlud{, tvidg 1o R, 1 avicwog :
2x+4
x4+ 1] —2[x|+|x—1|— 5 >0. ¢))

A b 61 g :"Epyalopedo katd Tpdrov dvéhoyov pé Tév ekTedévra el TV TpOT-

Youpévnv Trapdy pagov :
Al Tipad ToU x, af dmoion undevilouv Tés TOpaoTaoEs TAS EVTOS TOU oup-

Bdhou Tiis &roAUTou Tipfs, elvan kaTd el
Oftopev: A=x-+41 illm = + s
B=x — ;4[-.., § o i o
F=x-1 ﬂ_,., i ' o
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KotapTifouev dxohoubfiws Tov katwTépw Trivaka, s Tov dmroiov onueioluey
T& Tpdonua TGV EvTos Tou aupBdAou Tiis dmoAlTou Tipfis TapaoTdoewy e T
EKAOTOTE SlOoTHHATA TEY TIPGY TOU X, ds TaUTa kafopifovtal Umd Tév els MY
Tponyoupévnv ceAiBa mivakicov, kb Emrions dvaypdgopey ked Tés dvTioTolyous,
els T& ExdoToTe BraoTHMATA TIMEY TOU X, igobuvdpous Tpds THY (1) dvishoeis.

x| [1eA B C o x4+1] =2 |x |4 | x=1|— ->0 ZUPTIEpGOHOATO W
T = -__.— — —(x—|—1)+2x—(x—l)—— = 0 = x<<-—-2 'APC(.'
o 100 X€ (=00,~2)N (~0,~1)=(~00,-2)
== x>——2—. "Apa:
| = | = @R e =l = >0 3
xe(— z,+oo)ﬂ[—1,0)=(-%.0)
0 —0
= X <L. *Apa
S ) A% — (x_)—"*' = =) 1
xe(—oo, )m{m)_[o,ﬁf
1 0
iy = X << —2. "Apa:
i + |+ |+ | (&x+1)-2x4(x-1) — >0 %€ (—c0,—2) M1, +o0) =

Nbgeg g (1) 8¢ elven of Aloeis T6V ké&Twd ouaTnudTawy

PY.

5.

@) —(x +1) +2x— (x—1)— 2x+4 =’_2x+4<0}=§_ X <“2}6uuﬂs-
x<—1 x<-1 X < — 1 |PooTal,

"Apat ; -0 < X <—2.
)+ 20— 1) - 225 0] sxt6>0 x> Lo
=0 e el -1=x<0 i

*Apa —-3—<x<0
; (x+1)—2x_(x—1)—2"+4 —, 12x—-6<0 X<% oupp1-
0=x<1 0§x<1 O==x<l R

:'Apc:: 0=x<—+
(x+1) — 2%+ (x—1) — 2";4

x=1

"Qoe, 1) Sobeioa dviowos (1) &Andever 1 ;

ﬁzx+4<0} H___,__x <'—2}¢auu5{-

x=1 x = 1 | PagTou
3 1

X <<—2 ko —T<X<T
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Mapaderypa dov: Na ¢mdubij 1 dvicwoig :
lix|=5]>]|3x|-3]. M
Avorg: YyoUuey dupdrepa Tér wédn Tiis (1) eis 6 TETPAYwVOV Ko Exopey :
(x| =57 > Glx|-3)* & (|x|-5)2—(3|x|-3)2>0
i (41x1-8) (=2/x|=2)>0 § 8(|x|—2) (|x|+1) <0, @)
"AMAG x| 41 > 0, Bidxdbe xR, kaTd cuvimeiay Ek THs (2) Exopev :
=] =200 Vlxli< 2] T Py =9
Mapaderypa Sov: Na deydij ot 616 kade TPATRATIKTV Tapfv tob X,
ioyoer 1 oyéong :
x=2+2x—1)= 2. )
Ava moiag tpds tod X ioyde 1 icotng ;

Avorg: "Epyadopevor, Smews kol els To Tapdderypa 3, EXOHEV TOV. KT
TVOKS UETS TGV OXETIKGY OUPTEPQOUETWY :

X (x—2(2x—1 |x~2r+|2x—1ﬁ§—; Zupumépaopa
—o ] 3 1
i = == —(K-z)—(2X~1)é'§* ~°°<X<*2—
—l ey

2 3 1

— =} —(K—2)+(23—1)%--2— 5 SxX<L2
P PR
3

£ -+ <l (x=2) + (2x-1) = 5 2=x< 4w,

"Ex ToU dvewtépw rivaxos ouvayopey &1 i oxtars (1) {oylea Sic kdbe x €R.
*H igdTns, ds edkdAcwg advetan, foylel Sid x = 5

ZYZTHMATA ME ATIOAYTOYE TIMAS TQN AFNQETON
EMNAYOMENA ENTOZ TOY R.

§ 47. 1. "EmiAvoig ouoThiparog Tiig Hopdfig :
e|X|+Blyl =v
e | x|+B|yl=1, }
émou a, B, v, oy, By, ¥4 mpaypaTikol &pibuol, dveEdpTnTor Téy oV
Oftopev | X |=1x,, | YyI=y; xa 10 olornua (1) AauPéver Ty HopgrV
ax;+ By, =y } @
X+ By = v,

1
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To agtotnpa (2), UtroTiBepévou &1 of; — o p 7= 0, Exel Abow Triv :
S WP b RN Lot g
YU opy—op T aPy— P
*Emraidi) 81° olavBimoTe Tipfv Tév x kal y evan | x|=0, |y|=0,
oUotnua (1) 6& Exn AUow TéTe, Kal pdvov TéTE, &v !
_YPisypiEy I g
apy—oyp ; ap; —oyp
Yrd thy mpoUmdfeo TadTnv af AUcels ToU SobévTos ousThuaTos elvan of Aloes
TOU LeUyous Téw Eiocoscoy |
YBi— v1P
X|=-—"1t—2, |y
=P 17!
Tas dmofcs edplokopev cos EEeTedn els THv § 42,
Mapaderypa lov: Na imlvbij 16 cdompa:
3|x|-—-2 =10
S5|x|+3|yl =23
Adborg: Oéropey |x|=1x;, |y|=7y, xal 10 olornua (1) Acppdver Thy

Hopenv :
3%, — 2y, =10
1 Y1 } - (2)
5x,+ 3y, =23
Aovtes ToUTo, Exopev:  x, =4, y;= 1.
Tére of Moels ToU Sobévros cuoThipaTtos elvanr ol Aoeis Tou felyous T&Y
Eio0oecoy ;

o SOy oy

_‘“?‘1 —ap ’

e ], &€ ol : meli
Iyl=1 y=+1
“Qore, of pllon Tou ouaThpatos (1) elven T& Lelryn @
(x=4, y=1), (x=4, y=-1), (x=—4, y=1), (x=—-4, y=-1).
Mopadcvypa 2ov: Noémivdi o SOGTN]E &
x|+ [y] =1
¥4 yi=1
Aborg: To Bofiv clotnua ypdeetan kol ole :
x|+ |yl =1
|x[*+y[* = 1.
:I'oGTo elvan {oobivapoy Tpds TO cUoTnua :

"ATd Thy Seutépaw EEfowav Exopev: x=0 7 y=0.
M x=0 Exopev & Tiis mpdTs E1oddoews Tol ovoThpeTos |y| = 1, € of
y==21 kol 8i& y=0 #opev |x|=1, EEol: x= + 1.
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"Qote, ai Aoeis ToU Sofévtos cuoThpeTos elvat
(x=0,y=1), x=0, y=—1), (x=1,y=0), (x=—1, y=0).

§ 48. Il. "Emilucig cuoTipartog Tiig popédiig :
e|x|+B|yl+rx +8y =k ] )
o|x|+Fjy|+ 13+ 8y =K'
Omou ol ouvteheoTal TGV &yvdoTtwy kai of oTadepol Spor elven TPy paTIKOl
&p1bpof.

Araxpivopev Tas £fis Téooapas TepITTTIOES |

@). x=0, y=0, ométe |x|=1x, |y|=1y kad T oVoTnua (1) elvar iooy-
Vapov TTpos TO : !

(@+y) 24+ (B +8) y =k } @
@+y)x+ @' +8)y =k
Al py dpvnrikad Aaets adtol elvon Aol ToU SobévTos CUOTHUXTOS,
ZuveyiZopev Thv EmiAucy BewpolvTes dkdun Tés TIEPITTTCOTEIS
B). x=0, y<0, ¥h x<0, v=0, 0% x =0, 9 < 0,

Mapdaderypa: Na edpedody ai dxéparar Licerg T0d ovothpatos :

x|y|+y|x|=-6

(x| +2|y|+x+2y=0,

Abeorg: ’Ex Tiis mpdTns mapatnpolpey &ti: x #£ 0 wal y £ 0.

Aroxpivopev )80 Tas k&t TEpITTROES :

o). ’Eav x>0, y>0, Téte f) mpcotn T&V E§10C0¢ECOY YiveTon :

Xy+yx=—=6 f| xy=-3, TolTo Suws elvar &80vartov, SiéTi xy > 0.

p). E&v x>0, y <0, Té7e 1) mpddTn 16V Sobeioddv EEiodhaecoy yiveTan :

—Xy-+xy=—6 f 0=-—6 (&5uvarov).
¥"). ’Edv x <0, y >0, 16Te 1) pcdTn TéY Bobeiody LEiccaewy Biel érrions
Xy—xy=-—6 i 0=—6 (&dUvatov).

8"). 'Eav x< 0, y<0, Té1e &k TH5 TPhTNS TV Soberaddy Elohaty Aoppa-
vopev: xy=3, & Tfis Omolas ouvdyopsv: x=1 kai y=3 f x=3 xai
y=1f x=-1kad y=-3 f§ x=—3 kad y=— 1, xad* So0ov of X kol y Trpé-
Tel, KT THY Ekpadvnoty, v elvan &xépaiol.

"Emreidny 8¢ Imetébn x < 0, y < 0, 1) mpdTn Tév E1ohoewy Tou oUCTHG-
Tog WANpPoUTan UTd T&Y fevydv: (x=—1, y=—3) § (x=-3, y=-1).

AN T& Lelyn T, dos edkdAws SramioTolTal, mAnpolv kol THY SeuTépav
&lowav ToU ouaThuaros. “Obev oi InToUpevan Aoeis elvon Té Lelryn :

S Kol 1=
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§ 49. 11l. "EmiAdvoig cuomparwy eidik&v poppG&v.—Mapadétopey ka-
T Tépw Tapadelypata EmAUoews cuoTnpdTwY EIBIKGY TIVWY HOPPEW ©

HMapaderypo lov: Na edpehodv ai dxéparar kai pi) Gpvnrikai Tipal Tdv
X koi y, ai omolon ikavorolodv 1o sbstnpa :

|x+y—=74+x4+y=7 )

Xx—3y=0. 2)

Abdorg: ExTfis (2) AauPdvopev: x=3y. 29
Auvéper TaUTns 1| TpdTn ylvetan :

By+y—=7|4+3y+y=7 @ |4y—7|+4y=T. 3)

Arakpivopey fi8n SUo mepiTTdOES |

o). 'Eqv 4y —T7=0, Snh. 4y =7 f y= %, B Exoouev: |4y — 7| =4y -7,

omoTe f) (3) ylveton: 4y — 7T+ 4y=7 fj 8y= 14, & fis: y= % ‘H Tipdy Speos
alrn Bty elvan Sexti), kaf’ doov &iv elven dxepada,
B). ’Edv 4y—-7 <0, 8nA. y < —;-, 0 Eywuev |4y —T|=—(4y—T7) xal
N (3) ylveton: — 4y —7)+4y=7 4 0. y = 0, fiTo1 TauTdTns o5 TPdS y.
"Emre1dn) Spws, ket THY Ekpdvnoty, mpémel o y v& elven drepatov Kal pi)
dpunTikéy &g’ Evds kal &g’ ETépov, xaTd TOHV Teplopiopdy, Tpémel v elvon

7 5
¥ <7~ ouumepavouey 81 ol EnroUpeven Tipal ToU y elvor: y=0 § y=1,

»

OmdTE K Tis (2") Exopev dvmioTolyws x=0 f x=3.
“Qoe, ai {nToupevon drépaian kad ph) &punTiked Tipad TEY X Kol y elven
(x=0,y=0) xal (x=3, y=1).
Mapaser yra 2ov: Naimlobi, Zviog tob R, ©0 abotnpa :
4]x-2|+|y—1|=5 M
4x — 3y=6. (2
Aborg: Moxplvopev Tés 67 Téooapas TEpITTTCRTEIS ;
Mepimrtwors In: Ew x—2=0, y—1=0, 1é1e 16 oUoTNUa ypdgeTon :
4Gx-2)+(@-1D=5 , | &x+y =14 x=3
4x—3y=6 4x —3y= 6’ y=2.
HTC" Lelyos Tolro &moteAel AUcty ToU ouoThuaTos, kad’ doov of Tipaed x =3
kal 'y =2 ikavomololv Tds ouvbrikas X —2 =0 kal y — 1 =0,

éEOl}.“I

Mepimrworg 2a: *Eaw x—2=0, y—1<0, ToTE T oUoTnua ypdgeTan :
G2 —(y—1)=5 . dxy =12 o x__.%

’ 4x —3y=6 4x —3y= 6 e
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"Emeidf) ) Tipd) y = 3 kv ikavomroel TV y— 1< 0, ai Tiped x = %, ¥=3

8tv droTeAoUv AUoiv Tou CUOTTUATOS.

MepimTwois 3n: Edw x—2 <0, y—=1=0, 1é7e 16 olornua YP&@eTan :

‘ 4 (x-2)4+(y-1)=5 A 4x — y=2' € o : [r x=0
r 4x—-3y=6 | 4x—3y=6 | y==-2.
"Eeldn) f) Tinn y = — 2 8tv ikavorrouei THy ouvBknv y — 1 =0, of Tiped x = 0,

y=—2 &tv &moTehoUv AVowv Tol OUOTT|UXTOS.

MepimTwois 4n: Eav x—2<0, y—1<0, 161 10 oUoTNpa ypdgeTal :

9
—4(x-2)—(y-1)=5 , | 4x+ y—4 i€ o cling )
4x —3y=6 4x —3y=6’ | 1
Y=‘T‘
To LeUyos ToUTo &moTedei AUctv TolU ouoTnpaTos, kob’ doov ai Tipal
X=-g Kal y = — 3 ikavorrololv Tés ouvlrikes x — 2 < 0 kad y—l <0
“Ofev ai Moeis ToU ouoThipaTos elven T& Letyn :
x=3 x=9/8
Kad
y=2 =—1/2
AZKHZEIZ

71. N& émAuBouv, tvtds Tol R, al didhouor tiomoers @
3 i £ 3x45 .
1% ZIXI—B—O, 25 —S—Ix;—ngT. 3 Ws——»—z
x*—7|x[+12=0, 5 x-3|x|+2x—6=0, @ X'—4x + 2|x|-3=0,
1. |xP=5|x*|-17|x|+ 21 =0, 8. [x*|—|3x¢| +2=0, 9 |x|—|x=1|=5-3x,

10. 2x—-3|x+3|-5|x+1|+4|x—5|+6=0, 1L |2x—1]=-3|x=1]|=1,
122 |2x—1|+|x|+ [4x+1|=3|x—3]+7=0, 13, |x=2|=3|x—1|4 2x—5=0,
4. |x—2|4+ x*—4x 4 10 =0, 15, |x*—3x+ 2|+ |x—4|—13=0,

1 2 1 : ‘
16. ?x——TT'!x——zT*\T—"BT_D 17 | =3x*+ 2x — 1 | = | x*~1 | 4 |3x3—2x|.

72. N& émAulolv kal vé Biepeuvnboiv ol dkdoubor Eromotels :
l. 2x 4 3|x|=ax+'2, ) Ix——]x*f|i:?\x+l,
3. |x=3|-A|x=-1|=2 4 Alx|4+3x=-1,
5 |u—1|x+(u.~1)1x1=u‘—l.
73. Ne& dmAvlolv ol dxdhouor dvichasis :
L |3x[-=2>|x|+8, 2. 3|x|+4[x=1]|>5, 3. 2|x|+x>10,
3|x]4+1 4—x

! | 2x2 =5 | |x| 41
4 — - 5 2 1 ; e ——
i g 5. |2x4-1]|+ |6x|>9 6 TEY =
7. [X[P—4x3 4 | x|+ 6> 0, 8 |x—1|+|x—-2|—-1< 2x,
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9. |2x+ 1|—4|x—3|—|x—4|>3, 10, |x|+|x=1]+|x=2|>9,

4 P ] " 2 25 S 3 (O ol 12, |x=1]|4 |x=2
* T4. N& émAuvfouv xai vé Siepeuvnfouv al dviowoels :
Lo A )2k 2% 20— 3, 2 |x=1|+Ar|x=-2|>L
75. Na Serydfj 671 81& k& mpaypamikiy Tipfy ToU X loyle ) oxtors :
Lo 1 9
4 lx— e, ]
2 i e Sl 2

Ak Troias Tipds ToU x {oyuel i lodrngs ;

1(x)=|x +

x—3

76. A& Tolas TpaypoaTikds Tipds ToU x Exet vénua TpaypaTikol dpilucl ixGoTn TEV

kT TapacTaoEwy |

A=YixFp+2ix[—4, B=V|x* +8x—9|—24.

77. N& émdvlouv T& ké&Twdi ouoTiuaTa :

2|x|+3ly|=11 2 3x|=2|y|=5 |x|—=2y =
3l | =5ily| =7 |43y =9 ol
4 |Zx=3v[=12 5 |Xx=1l+|y-3|=4 [k e—=1i=13
; x+y=1 i x?—y?=8 |x|+|y=2|=4
78. ‘Opoicws T& k&Twh ;
i [x=2§lF s y—1 =2 9 2| X=F ]y +y—-3= 0
: X+ 3y =2 . 2x + 3y = 19.
79. ’Eqv a ¢ R va émAudf) 16 cloTnpa
x|+ 13| =«
ay = X3,
80. N& eUpeBolv al drépanan kad feTikal AUoEs ToU oUoTHpATOS |
Yomiyi|ne =16
[y |=)x|=2

81. Na& ebpefolv T& Celyn 1@V diepaiwov X, ¥, T& dmola [kavotrololy Tas oytaes :

1
Yy—|x=2x| 4+ — >0
2
¥+ |x—1]<2
82. N& eUpedolv al Gképanan AUGEIS TOU CUOTTMATOS
X! = yz
ly + 2| >x2 + 1,
&ha ol 1,y Exouv Tag EhayioTas &mMoAUTOUS TINAS
83. N& tmdudi kel ve Biepeuvndij 16 olaTnue :
|Ax 4y | =2x
3x + 5y =2. &Ba AER.

FENIKAI AZKHZEIZ ETTI TQN ATMTOAYTON

§4. "Eav o, Be R Ti oupmrepaivere ix i oxtoews || + [B| # 0
85. 'Eav o, B, x, yeR, pt of +# 0, loxUowy 6i ai BUo oytoes :
X=oaf|a|4|P|}) kad y=P(|a|+]|BIl},
ToTe B loylouw kal ol :
X R

Yix[+1yl
kal dvTioTpdpes, al Blo TeAeuTaion cuvETdyovTal Tas 500 TS,

§
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86. 'Eav of #£ 0 ked o < 16P%, v Berydfj 6t :

[ e 15
3 e
87. 'Edw || > 1, Selate é11:
| 18 [T
Jo:+—&—i.~l<|cq<‘ot~r-d—r

88. "Eav (x # y)eR «kal Bikpopot ToU undevds, Beiforrs i -
e

= =

= X ¥
89. 'Eaw 6 TPAYPATIKSS dpifuds o ikavoTronf] T oytow Jet] <= Vo= 1, v &moBey8ij Sri
|1—q|
e S 241
e ¥2 4

90. Eav o, B, y, x, Y z€R, Bel€ate 61 &md T ayéoss :

wl A Sehl. 205, SR S e
=k 2|+ x]" EslEETdin
Emovrar ai oytoers
1 1 1 1
gy e O
SR e

9. “va 1 laéns | o | x | + px |=a|x|+ px eva TAUTOTNS s mpds X, mpémer
Kol dpkei ; 2+ P=0 ko c—p=0.
92. N& &etdonTe, 2av of OXETES & + P =0 Kol a—B=0 elvor o Tkewal kai dvarykoial

ouviiikan, fva 1) iodtng | x|+ px| = Blx|+ ax evar Tautdrng di pds x.
93. 'Eav o, BeR «ad [X|=ox + Bx + 1, v& UtroAoy1o8i) 6 x, GoTe v elven :
e+ P <1,

94. N& elpefouy T& SraoThpata HeTaPoAfis ToU X, &5 T& dTroia 1 TapdoTaois :
Y=[x=5|+|3x+1]+|2x-3|
elvan dveEdpTnTos Tou x.
95. Acelfate 8i1& TPy HaTIKOUS dpifpols o, B &1 &md Ty oxéow :
B+ ja)=1+a+|al

EmovTan of : [2]3*1\<1Kuia(l—]ZB—l\):ﬂS—l
Kal dvTioTpdgaws, &md Tds Blo TehevTalas EmeTon 1) TpcaTn.

96. “lva 1) igdrng falx|+Px|=A|x|+ Bx elva TQUTSTTS &5 TTpds X, TpkTel
Kol e :

— la+B|
A=_ 2_7.;_
97. Ew x, v, ze R xal X3yt = g8 [x+yi<"ﬁ]—':'fé“:Ifxlﬁ|ﬂ*<3-

2B LS e _l“jg Bl "%B_

98. N& elpeBolv & SiaoTipara peTaBorfis ToU x Kol al &vTioToryol Tipad Tob A, fva
N TapdoTaos: y = | Ax 4 1 [+ |2Ax + 3| elven GueEdpTnTos ToU x.

3
99. AfSeten 1) TapdoTaois : y=|x+ 5 ' -+ [‘x — 2[ j! +[x =2/, v& edpebody :

1). Al tppdoeis alriis &veu Tol oupPoiou Tiis &moAUTou TIPS S1& Tds Brapdpous Tiuds Tol x.
2). B&oel ToUToov v e0ped 1) EAaxioTn Tipd auTis, Stav T x Srarpéxn Ty edbeiov Tév TPy o=
TIKQV  &o1Buddv.

100. ’Edv ol pio Tiis tgiochoecos x| X4+ n=0 cven Tpaypatikal kal ol ouvtehe-
otal £ kal n mAnpoly ThY oxtow €2 —2n1 <E[n|, v& Berydi 811 ol pifat py, py Tiis EEr00-
cremgnx‘+§x+1t07r?\npo\'}v-rﬁu: [Pl — |pal < 2. !
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101. Ex Tfjs oytoews : XK'= s I—-— ErrovTan ai oyéoers
Y1
; X s
I=1%,]>0 xd y,=3—t— xa dmompépws.
G 5 B i — &
Evé & Tév oyfocwy :
Va ¥
S vl L R MR
: Tl S U N R
trovtal ol oyéoers
X3
I=|%|=1%|>0, y=—t— fg = ———————— Kol GUTIoTPOPWS.
Ll s v e e e e poges

102. "Eav | M| < 1, v &moBaydij 811 ¢ Edotns T oytoswy
X+ Ay | <IM+y] IXI<IY X4 Ay | < | Ay + 2
ErrovTal al &Ahen &Uo oxEoEs.

103. "Edv o, B, veZ kal op=—1, v=5 x= “;? + 727(%);31-)—,
va Bewydi 6&mi: 40 (x| =13

104. Aideran 1) tficwais: x* + Px -y = 0, &0x P <y << 0. N& aydij &mi, 2w

Pu P (P1 > p2) elven af pidan adTis, B elvon: |p, | <<pp <1+ |P].
105. No ebpeBii ) oxéors petaly 16w ouvTteheaT@v Tis E10wmoews :
a|xP4+px24Blx|+a=0

et el iy 1o dvarepov Suvarov TARBos TpoyaTIKGY piiév.

106. "Edv o, BeR— {0} xal | a|—|B| > 1, v& Beydij ém1 ) eloworg X2 + ax + p=0
Btv BUvaran v Exn &upoTtépas Tas pilas Tng dxepaios.

197. Aei€ote 61 Si& mparypaTikoUs &pifuols q B,y &md Tas oxéoers: 2P| =Sasvy,

. : 2 — 7 i 2
EMETON OT1 ;. o = V3_ Vay — B, Kardmy ToUTou Seifate éT1 dxépator dpibuol a, B, y TANpoUV-
TES Tas & oyfoers elvan pdvov ol o = 1, pP=0, y=1, & Soov oy =14 p2

108. "Eoroo B mpaypaTikds &pifuds Bi&gopos ToU pndevds kol TowolTos, dote | B[ < 10
toTw dmions x TPAYHATIKOS dpleubg Keipevos GAyePpikcos petaby 0 kal P.
[ Bi=
| |<Ipl

109. *Eav €, €, e[ucn al pifon s E§iocoews X — 2ax + P = 0 p TPOYUATIKOUS CUVTEAE-
SusKAIgan: O< &<k

N& Beydfy émi:

v& Beixbij &11: 20t — | P | < | & ~—
|2 ‘ Iy
110. Eéwv v > 0 ked «, B, yeR, Seifore &m1:
— | |
ESR:ES ‘;_chglh-l\/’jv M wal fat Pty :ﬁ'——-ﬁl’ e >H/8“L @
111. AiBovren T& TpiVUNa @
f(x) = ax® + Bx + o] <

P(x) =o'x® + p'x + Y
‘Edv x,, X (% < x,) o piat 10U 1(x) kad pyy py (py < pe) af pilen 100 g(x), vé dmobe-
X7 1 loobuvauio :

(IHG) | =e(x) ¥ xeR) <= (x,=p, kol Xy = py).
112. Aideran 4 é§lowoig :
X4 x4+A|x|+1=0.

N& opadi) & A dote alrn va &y Téooapas pifas TparyuaTikés kol dvicous.
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113. "Eav x, y, z e R v& Berxdf &1 éx Tijs oxtoews

(x2— ¥4 o2t = 4y
émovTan of oyéoers :

e
Ixl=|yl|=lz] @ xd |z{s|x|+]|¥] @
Kai dvTioTpdpes, &d Tas o TedeuTalog EmeTan 1 TPWTN.
114. Eév x, v, ze R— (0} xai loxlow ol oyéoers :
Xy 4 x%2P = y%? kol X2 22> xz| 4 zy |,
va Serydf éTi: 1Y [x|<|y|l<)z|
X* ok ¥

x|+ |v|

oy Sl £ e i

) = B T2
115. ToU x AapBdvovTos Tipds Ektds Tol BixoTipaTos B Gkpa Ta @ kal y v elpedf 1o

anueiov Tfis TapaoThoEws ;

TR Puie 3 - B=Y M= , Els TAs KaTLH
3 Vi Via—x VHB.—
TEPITTLITEIS :
D A x<a<B<y
2). &

a>p>y>x
Yroderlis: Gboare ¥Via—x| =k, Vf—x|=n, ¥ Y —X| = p kai ékgppdoore Thy
TAPaeTAoW ¥ ouvapThoea Tav k, A, .

116. *Eav || [Bl=1, &vba o, BeR— (0}, va Serx8f T

e , L R85
117. Afdetan fi €lowois ax® + Px 4 y=0é8aq B, yeR pt ay # 0 kai

Pi. 7 (P2l
&vBa p,, p, af pigan Tiis Eiocioecs. Eav M= :lnaK{ S

}, Beifare 611 ;
P P
? p‘z = . ﬂi
1). 2‘1——2uy—|%1<\M<21--2uY
pe
20 l< 1= =
3). TAnpoupévev Tév Umobéoecov elvar B 0.
118. N& tmAvdi 16 oloTnpa:

2|x=1|+|y+1|=7
=20+ ¥+ x—y =4,
119. ‘Opcicws 10 oUaTNU :
zz
i G .
T 2=y
5, 3
0<15-3_:_ .w\" +2
120. N& ebpefolv ol dxépancn Algers Tou CUCTIMATOS

(X2 + dy?) (22 + 4) = (xz -+ 4y)*
1622 — 56 %] +45<0
EROy et oyl 641
121. AiSetan 1) Eicwos :

afxP+Plx]P+ Plx|+ a=0,
Beiforre 811 alrn dvdyeTon el TV £TiAVTIY TGV E1ooEwy

x|+ 1=0 (1) Kai a|lxP4+ B-a)|x|+a=0
Emidboate Tds EEi0choeis (1) kai (2).

(@).
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122. ’Eav o, B, x ¢ R, Seifoare 8m1:
(x —a) (x—PB)=0 <= min (¢ P) = x = max (o, p).

123. 'Eav g‘—, ,g?,,, i gv— elvan oladimors KAdopata pi Px >0 f Pk << 0
Y k S 20 e v crrrroSEthr] 611 :
Qay a + @+ ...+ oy o Qly
min o S =1 *,7fsmax( 1,,2, 7)
( " E-)’V ) [31 = Bz s 2 [3\' - [51 pz ﬂ
124. 'E&v «, P, y e R kai loyvouv of oytoes:
aof
Y= rarir @ lal>(BI>0,

| o
va dmoBeiyBij 611 8¢ foyvouv kai ol oytoes @
By N ay
= Pl Kol =
TYI~1B] P= Ter+ v
125. ’E&v o x, y, w wpoypaTikol &pifuoi, va SerxBf 6T1:

e il +‘ | 1 \:: 9 ( ____I___)_
3'+wJ m+x \+v|_ X[+ [y+ @]
126. N& Audfj T ovornua:
3x=5|y|=1

%) h bt
127. *Edv ol mpayarixol &piBuol x, v, z wAnpolv Tés oxtoers :
X+ y 42 > 3xyz
xyz <0 kal
xl\’-y-l =y i ¥ | = 01
vé& &dmobaybij 511 of X, v elvan fetikol.
128. "Eaw ol mpayparrikol &pifpol a, B, y mAnpolv Thy oytow :

lae+B|+|P+v]+|y+eal=chy (fa|+ B+ 1Y)
va &moBeiyBij 81 0 TwAnpouv Kol THV oytow :

afy=2.
129. "Eqv £ elvon pila s tEiodoews: apx¥ + ayxV-1 4 ... 4 ay = 0, Torximn doTe
€1 > 1, elvon 8¢ érri mhéov: || >>max (|| [&glresny | |)
ToTe Selfate B1 ;
I==]i8 =2

130. "Edv ol guvteheoTal ToU Tpiovdpou : x*—2ax + P elven mpaynarikol &pibpol p
P # 0 kal py, p, cvan al plfon Tou w | p, | # |pal, Béccopev 56 :

.\15.1]’!}1)\'(\ z‘ { \). m—-=mm(i—2—l-l. 1 F:‘
s a \ 1

v& dmobeaydij ot
a). Al plfan Tol Tprevipoy elvanr &pifpol payuaTikel kal &viogor.
B). ’loxvouv al oxtoss :

Tt M, AL 108 3. ~r§-<m<7\—_1T

2 |
) xed A=2 %—‘3%,
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KE®AAAION IV

ZTOIXEIA EK THEZ OEQPIAT TQN AKEPAIQN IIOAYQNYMQN

[. AKEPAIA TIOAYQNYMA MIAS METABAHTHS

§50. "Evvota 1ol moAvwvipou. —Eotew R 16 olvohov 16y TPy paTIKGY
Gpifuddy kai &v oUuPodov x, KaAoUpevoy «petafineip *), 1o &moiov kot pyhyv
oUBkvat Trpary aTIKSY &piBpdy TAPIOTE, UeTE ToU 6Troiou Spews onueloUuey TTpd-
Ee1s 1@V oToryEiwv T R, dos éav fito kai 10 x €5 POy uaTIKOs Gp1fuds Ay yevi-
KoTepov €ls wyoBikds dpiBuds. Olreos | Toap&oTaots xk, dmou k puaikss dpti-
Buds, & oupBohiln dmAdss picw HOPPTV YIwopévou xx...x, Sou TO x B TEPI-
AapBaveral ¢ mapdywy k gopés, Spoiws 1) TapdoTacis axk, &mov aeR kai
k€N, 8& ounporiln piav popery YWwouévou Tol mparypaTikoy &pifuot o i To
oUuBolov xk . “Opifopey drépm, &1 Td 30— 1, omote ax’=a Bix Kkdfe e R,
Koatémv toltwv SiSopey Tdv kdrood Opropodv :

Koeiton axépatov noAvGOVUpOV TOU X, kdBe Exppaots Tiig Hop@fis :

oy XV oy x4 agx oy @))]
BTN or, "ty oy Oy KD oTafepoi TporypaTikol &p1Buoi kai v puoikds dpiBuds f
unéév. Of o €R koAolvTtan suviehestai Tou moAvwviuoy. T o, Bewpeital dig
ouvTeAeoTns Tou xO Al Ekgpdosis T Hopefis oy xF, Evbar k guoikds §) unBiv,
KehoUvTan dképare, povavupa kol &moTedoty TOUs Bpovg ToU ToAvwYUHoU.

‘H ropdortaois (1) sivon &v véov oupBoAov *¥), SnA. Stv onuaiver Tpdadeaty,
oUTe EAANY TWé TTpEEWY peTafly Tav TPy naTikGy &pifuddv oy (k=0,1,2,...,v)
kai Tfis peTaPAnTiis x. *H onuacio T TapasTdoews (1), nA. ToU drepaiou To-
Avwvipov, 8& mpokiyn KoTwTépw KaTTIY ptoptvey 810 T Tds dTrofag B
Spicwpev & alTiis.

Katwtépw dvri &rEpaIoV TTOAUGVULOY ToU X B Ay wuey &TAGS kal TTOAUCVU-
oV TOU X.

A T& TroAUGVUpa THis METaPANTHS x pé TPXYHATIKOUS TUVTEAEGTSS B XP1-
GIpOTTOIGHEY TOUs GUUBOAIGHOUS ; ) olx), mi) e

* Aiix Tob Spou wpetaflnTiy x tvvooupev &v aUpuPolov, TO dmroiov Slvarrar v QUTITTpOC W-
Tedn) TO Tux OV oToIyETov Evds ouVdAou p1fuddv. “Yrrdpyer Siapopd peTall Tfis peTaPAnTiis X xai
TOU &yvdoTou X, Tov &Troiov ouvavTépey gis Tas Eiocoets. ‘H ptv LETABANTR X elvan &mAdss Ev
oupBodov kal Emoptves el &mpooB1dpioToV Ty, dvéd & dyvwaTos X Exel TpoalopioTéay TipAY,

* To x Kkatd TV TaphoTaay (1) #wos moAvevinoy mailer Tov péhov tvds axabopi-
6700 oupfolov, SAAws axaBopicton petafinric.
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OUTew 8& ypdpopey :

f(x)=o x¥ + e x4 o oy x o, (2)
Evba 1O cUuBoAov «=» onuaivel 811 S1& ToU f(x) TaploTaTar T TOAUGIULOY, TO
otrolov dvarypdgeTal els TO P’ uéAos.

Eqw o, # 0, Té71e & dkbéTns v TS MeToPANTHS x xodeltan Babpos Tou Tro-
Avwovipou (2). “Qore:

Balpoc évog axepaiov mokvavopov I(x) = a, x¥ | Oy X" agX - a,
Kohelton 6 peyodirepog Exbétng tijg perafhntiic X, tijg dmoiag 6 cuvieheatig sivan
dragpopog tod pnoevoc.

OU0tw TolU mohuwvipou f(x) = 5x3 —2x%+3x—1, & Pobuds elven 3,

& ToU moluwvipou (x) = 2x2— V3x -+ 1, 6 PoBuds elven 2.
Edv v =0, T6Te Exouev TO otubepdv molvdvopov, TO Strolov dmoTeAsiTal
TOU oTaBepdy pdvov Spov kai ouvetrdds elvan dvedpTnTov ToU x. Eig v
Tep{mTRo abtiy, 89° daov & oTaBepds dpos o # 0, B SwAGKEY TEpl TToAUC-
vipou Babpod pndév, Snhadh kdbe oTalepds TpayuaTikos EpIBuds o OecopeiTon
G5 ToAUwYUpOY ToU X, Poduol undéy, p” boov o # 0. OUTw, A.X., & &pifusds 4
Suvaren v BewpnBij o5 dxépartov ToAUCWUNOY ToU X BaBuol pndéy, 81611 Buvdipedo
V& Ypopowpey 4 = 4x°,

"Eqv méwTes of guvteheoTal ToU (2) elven Sidpopol Tou undevds, TOTE TO
[(x) Myeton nhijpes molvdvupov ToU x, &MAws Aéyeral llaric.

T ToAumvupov viooTolU PaBuol ds Tpds x SlvaTan £mions vé ypagd :

fx) =g+ ax+ox24 - - F o x* T +a,x¥, o, #0 3)
BnA. kaTd TS&s dvioUooas Buvdpels ToU X.

amo

Kébe mroAudvupov Slvatar va émektadfj kol mépav ToU Pabuol Tou, dpkei
TPOS TOUTO V& EMIOUVEWWUEY 8pous U CUVTEAESTAS pnGév.

OlTw 16 Tohudovupov (3), PabBpol v, Suvaral v ypogd :

(X)) =g+ ogx+ -+ - o X¥ oy X0 b o axY 2 e o gxE (4)
BE oy # 0 kel opi=0v42= - =chpr=0 ¥ k=1,2,3...

"Ex TGV dvwoTipeo ouvdyousy Twpa 6T Suvdpeba v ypdywyey 8o TroAud-
vupa pg 1O alTd TATfos Opwv, TpoobéTouTes eis TO pikpoTépou Padpol ToAud-
VUHOV Spous i ouvTEAETTAS nBEv.

"Edw TrévTes of ouvTeheoTal ToU mohuwvipou (2) sver undév, ToTe T6 (x)
KoAeiTal pndevikdy molvdvupov. ‘Qote: To dxéparov molvdvupov :

I=ax+e_ x4+ ... foxt+o, oeR, k=0,1,2,...,v
KoAsita pundevioy moAv@vupoy i rolvdvopov £k tovtdTnTog icov mpog pndiv iv
It tore, kai povov tote, Gv navreg oi ovvteheotal Tov gival pndév.

Eis v mepimTwoy alThy ypdgopey :

fx)=0

Kol qvaylyvaoKopey : « f(x) éx tavtdrnros loov modc undév ».
Y 005
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Karémiv ol dvwtépw oupPoriopod, & Sp1opds Tol undevikol ToAucowipoy
BiSeTan ouvTdPws oUTw :

B fx)=ay oy x4, .. +ax+og, ax€R, k=0,1,2,...,v,
TOTE :

T(X)E()*:r-uu——"ﬂ!\.,|= e =ay =0, = 0.
opo

TMoAvcovupa &k TQUTOTNTOS foa Tpds unditv oddéva Baduov Exouv.
"Edv 76 f (x) 8v elvan 16 punSevikdy moAudvupov yedpopev: f(x) F 0.

§51. "AAyeBpa (Aoylopdg) Tdv TOAVWVOPWY.— "As Becopfiowpey To
cUvohov Tév drepaicov ToAUWYUMWY Tol x 1 ouvTEAE TS TperyuaTikoUs &pi-
Buols, T dtroiov TTapioT@uEy it R [x] & oToiyela £€ dv o R [x] ouvioToral,
SnA. T& dépona TOAVGOVUPR TOU X oupBoliZouey, s ENéxBn els Ty Trponyou-
Hévny mapdypagov ké: £ (x), ¢ (x), T (x),. ..

Qs yvwotdw (§ 8) 1 Ewvoia ToU guvdlou elve ouvBeBeuévn ué TNy Evvorlay
widls oxéoecos Baoikiis iodTnTos. ‘H Pacikd) fodtng opieTan &v R [x] ol :

Eav f(x), 9 (x) € R[x] xat elven :

f@=a 2t x4+ - x + (74

PEI=P X+ By x4 4B x Bos
TéTE B Méywuev 6T1: 1 Sbo nohvdvopa f(x), ¢ (x) elvan ioa, Eav kai pévov £av of
ouvieheotol t@v opoPabpiov Gpov clvar ioor.

Els v mepimrwow odtiv ypdgopey :

f(x)=o(x)
Kkal dvoryryvaokopey 1 « f(z) éx TavTdTyTog loov mpog o ¢ () ».

Kordmv ol dvwtépw oupPoriouod, §) Paoixh icotns év R [x] opiZeton ouv-
TOpws olTw :

F(x) = o(x) <= ay=Py Stakile k=0,1,2,...,v.
opo I

Mpopavéss 8Uo undevikd ToAudvupa elvan &k TauTéTNTOS Toa.

MeTafl Tév oTorgefwv Tol cuvéhou R [x] Suvdueda Twpa v& Oplowuey
mpdgers dos E6fis : “Eotwoav f (x), @ (x) € R [x], TéTe™® :

a). KooUpev dlporspa 16v mohucovipcoy | F = X+ agx ..
fox+op kal ¢ (x) =Ry X'+ Byyx 1 ... Bix 4By ral oupBoAifopev
ToUTo pé: f(x)+ @ (x) TO TOAUDVULOY :

(oy+ Py ) x* (vt Bo—r) x4 .0 (o +By) x+ (o + By )

* Dexouefa, &veu PAGBnS Tiis yevikdTnTos, 811 Té oAU (x) xal @(x) Exouv T6 al-
T mAfiBos Speov. *Edw & 1(x) Kk @ (x) Bt Exouv T aUTd TATifos Spev, TpocHiTopsy els TS oAU~
vupov it SArycTépous Spous, Tols &maTouptvous Spous ut cuvTEAETTAS PnBEy.
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B). KooUuev dvtifztov ol mroducovipou ¢ (x) =B, X'+ By x¥— 1
+ Brx + By xal oupPoriZopey ToUTo pé : — @(x) TO oAUV :

(=P IR o Bl e ok DR - (B)
kal yp&eopsy
R e = P A s o B x

7). KarolUpsv Sragopiv Tou rodvwwipou ¢ (x) = P x¥ + By x4 - - -k
+ PyX + By &1rd T Twohucivupov f (x) = oy XV Gy XU - oy X o kad
ovkBoAifopey ToUTo pé: [ (x) — ¢ (x), Td moAUcvupoy [ (x) + [— ¢ (x)]. *HTol
fi Slopopd [ (x) — 9 (x) 8Uo mwohuwwiumy | (x), @ (x) dvdyetan el &Bpoioua
ToU [ (x) kai ToU dvTi8éTou ToU TroAuwvlpoy @ (X).

Auvéper Tapa T8V o) kai P) 1y Siagopd [ (x) — ¢ (x) elvar 1O ToAUdVUMOY :

(o — Be) x4+ (&t —Byat ) x4 - (o — By) X+ (o0 — By)-

"Ex 1é5v Spropdv ToUTwy rpokitrTouy dpéows Té EE7S

L. To sivohov Té@v odvwvipwy R [x] elvan wedeiarory g pos THY Trpdo-
Beoty, BnA. T &fpotouc Yo ToAuwviLwy &k Tou R [x] dviiker eis 1o IR [x].

2. Té molvcdvupov oupPorilel dv &Bpotopa Spwv Tiis popehis oy XK .

3. *H mpdobeois TéV ToAuwWIpwY Exel THY UeTABETIKNY Kal TPOCETALPIOTI-
ki iS16TnTa, fiTor: édv T, (x), (X)), my(x) € R[x], TOTE lo}Uouy :

(X)) + We(x) = my(x) 4 (%) koo kai
Ty (x) - [2(0) + my(x) ] = [113(x) + We(x)] + ().

4. “Ymépye oUbéTepov aTolyeiov s pds TNV Tpoobioiv kai elvan TO unBe-

VIKOY TroAuvupov, fiTot, Ew @(x) = 0, ToTE ioxUel
f(x)+oe(x)=1(x)+0=[(x) & rdde [(x)eR([x]

Mapatipnorg: O Pabuos Tol dfpoiopaTos A Tiis Siagopds Buo ToAucw-
wipwv elvon pikpdrepos 1) f0os ToU peyloTou Ek TV PaBpddv TdY SUo Toruw-
vupov. OUte :

Edw k elvon 6 Pabpos ToU dOpolopatos 7 Tiis Siagopds BUo moAuwvipv
f(x) ki g (x) Pabpédv v kad p dvtiotolyws, Eyouey :

k = max (v, p).
To 611 oUos Suvarran v elvan pikpdTepos paiveTan &md 16 ££ijs Tapd@ery pa :
"Av | (x) =5x4 4 4x*—3x+ 1 wal g (x) = —5x+ 33— 2x+ 2, TéTe

elva : f(x)+g(x)=7x%~=5x+43.
5): KoAoUpev yivapevov 8Uo poveovipwy axy kad Bx! 16 povdwvupov opxVtH,
ot ; (oxt) . (pxh )= apxttt,

£). KooUpev ywvopevov Blo dkepaiwv molucovipey | (x), g (x) kol oup-
Pohifopev ToUTo pé f (x) - g (x), TO TOAUGVVPOV T GTrolov oynuaTifetar &od
Ta f (x) kol g (x) Paoel ToU «émpeototizod vduovy, 1101 &v TTOAACTTACO IAGWHEY
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OAous Tous Spous ToU f (x) érri EkaoTov Spov Tol g (x) Kal TpooBicwpey Ao Té&
TPOKUTITOVTO pEpIKS. yvopeva @ OUTes, £dv
X)) =ag+o; x4+ -+, x¥ kol
g (x)=PotPyx+ -0 4 Buxty
TOTE TO YWwopevov otV elval TO TOAUGVUMOY :
w(x) = 1(x)-g(x) = P+ (P + &,Po) X + (ooPs+ Py + ayPy) X* -+
+ (oPy 4 Py + aBy + aBo) X* 4 - o By xR,

Heparnpopey 611 : 6 fubpog tob yrvopévov igotitar pi to E0powopa tdv fa-
Opay téV napayoviav.

"Ex Tév dvwTépes dpiouddy pokimrTouy Thpa T EETS :

L. To alivohov Tév roducovipwy R [x] elven x2eiotdr dos mpds ToV TToAho-
TACCiaopoy, SnA. To ywdpevov SUo mouwvipewy ik Tou R [x] dvike mévtoTe
els 10 R [x].

2. ’loyver 1) émpeproTikn i816Tns TolU moAAamAaoicouol s Tpos TNV
mpdabeoiv, fitor dw T, (x), m(x), my(x) € R[x], ToTE foyYen :

[, () 4y (x) ] 7ra(x) = 3 (%) Wy(x) + Mo (xX)1ry(x).

3. "O mohhathaciaopds TEY ToAvwVUINGY ExEl THY peTaleTIkNY Ked Tpooe-

TAUPIOTIKNY i816TNT0, fTo1 8w T, (x), Te(x), T,(x) € R[x ], TéTe foyvouw :
T (X) - Ta(x) = Ty (x) - 1y (x)
(%) [wa(x) my(x) ] = [my(x) ma(x)]-mry(x).

4. “Ymapyel oUbétepov oToryelov s Tpds TOV TroAACTTACCIAONOY Kad elvan

TS ToAucvupoy f (x) = 1, fitor foyve :
f(x)e(x)=1-9 () =09 (x) ik kdbe p (x) € R[x].
ot’). Kaholuev v—ootilv divauy Evos drepaiou ohuwvipou f(x) = o, x¥ -
+ oy X - - o kol oupPoAGopey TaTny pE [f(x) ], TO ToAudvUpoy :
M) 5 16D -1(x) - - - 1(x),
&rrou of TroapdyovTes ToU Seutépou péhous elvon v TO TrATBos,
Zuvétrelan ToU duwTépou Splopou gval ;
L[ - (GO F= (1) ]
2. [H&)PI=[iE)m
3. [Ix)-g(x))'=[fx)] . [g(x)]-

Mapetfpnorg: To olvorov R[x] Tév ToAUwYINGY pé TrporyparTikols
OUTEREOTAS Epuwdiacuévoy pt Buo Tpdgels : THy TpdoBeaiv kal Tov ToAAaTAaTIo-
ouov, s altar dpiobnoow dvwtépew kal ai dmolan TANpolY T&s Tpocvagepei-
oag B10TNTas, GOTEAET &v XapaKkTnEIoTIKOY Topdderypa mds Bepehic:ous dh-
YeBpixiis dvvoias, Tfis ToD Saktvhion, Evvolow T dtolav B pddpey els THY ExTny
T&Ew.
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‘O BaxTUAos 0UTos AfyeTal «mokvmvopikdg daxtdhiogy kal ocupPoliletcn i€
R[x].

"ATroBelkviopey KaTWTEpw SUo BewprpaTa :

§52. @ewpnpa L.—Eav ¢ (x) # 0. tdéte dvaykeie kol ixeviy covbikn &
v givon f(x)- o(x) = 0 sivar f(x) = 0.

"Arodeibic 1 o). H ouvlikn civer avaykeio, "Eotw 6Tt [(x) - (x) =0
xai | (x) £ 0, ¢ (x) # 0. 'E¢’ doov [ (x) 0, Umdpyer ouvtsAeaTis abToy
ay % 0 (v Paduds Tou | (x)). *Emrions &’ éoov ¢ (x) 7= 0, Umdpyxel ouvTeheoThs
aUTod B, # 0 (n Poduds 1ol @ (x) ). Tote 10 ywodpevov [ (x) - ¢ (x) 8 mepr-
AapPévr s Spov TOV o P XV ud o By # 0 kel Emopévass [ (x) -9 (x) £ O,
émep &romov. "Apa f (x) =0.

B). "H ovvdikn civer ixovi. Mpdoyuory, &v @ (x) == P x" + Pua x* 141 4=
+Px+Py ki f(x)=0, té1e: [(x) 0 (xX)=0- By x"+ Pua x*'+.. +
+Byx+ By = (0P ) X+ (0Bt ) X7 - (0-B) x+ (0 - B) =0 - ot
+0.xt + .. 4+0x40=0.

§53. @epnpa HL.—"Eav (x), g(x), o(x) R [x] kai sivar @ (x) £ 0, tote
Sua va elvan £ (X) - 9 (X) = g () - ¢ (x), npéner kai dpxel va clvon §(x) = g (x).

"Arodertig : Tlpdoypary, ) [(x)-9(x) = g(x) - ¢(x) elvon icodlivepos Tpos THv:

f(x)e(x) —g(x) e(x) =0
l e(x)-[[(x) —g(x)] =0
kol dmedt) @(x) #0, xkord TO fecopnua |, ) Teheutade oyéols elven loodlva-
pos Trpos T :
f(x)—g(x) =0, 8nradn: [(x)= g(x).

’AErdloyoc onueiomoig: 'EEShwv TGV péypl ToUSE CUPTIEPUOUKTWY
ouvdyopsy 8T TO gUvohov T&v dkepalwv ToAuwvipwy R[x] pé TUVTEAEGTOS
TparynaTikoUs &piBuols elvan xlewwTor s Tpds Tés Tpeis Tpdters, THY Tpediow,
THy &paipeow kai TOV TOARaTAGOIGONGY, Eis TOV dmroiov péhioTa oy Uel 1) peTa
BeTixn 15167ns. "EE dAhov (Becdp. |) yvoduevov lo Tohucovipay elval ioov L 1o
undtv TOTE, kal povov TOTE, Gv Bv ToUAGyIoTOV E§ alTdv elvat TO UNBEVIKOV Tre-
Aucavupov. TTdvTa TaUTa yapakTnpifour T6 obvolov R[x | Tév dkepatcov woiu-
oVIHwY 6§ plav «ikepaiav teproyive. Tlept Tfis tvvolas ToU SakTuhiou Kai T
drepaios Teployfis 04 yveopiowpey TepioodTepa sis THY EKTNY T&Ew.

§ 54. " Ap1BpnTih T ToAvwvipou.— Qs EExON €ls Ty § 50 €is Ev o-
Avcovypov [(x) onueiobvror mpdkers, ol dmolal, &v TO X dvTikaTooTodf Mk Tu-
YoUTa ROy MaTIKOY &pifuoy o, SuvavTan va ékTeheabouv, SmoTE TpokuTTel €l
TrparynaTikds &pifpds, Tov drroiov oupBoAifouey Bia Tou [(a) kal kahoUpev dapr-
Oprtikiy TipRy ToU moAuwvipou f(x) Bk x = a. OUTeos, v

f(x) = 2x4—5x343x2—x -5
0 elven : f(2) =2.24-5.284-3.22 -2 5 =-3,
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‘O &p1Buds —3 elvan f| &piBunTIKA TINA ToT ToAVwWINoU 1(x) Bik THY TIpNV
X = 2. Té afrd molvcdvupov Bix x =3 §iber: {(3) = 46.

"Ex ToU dvetépw Spiopol mpokUTrTel &T1 i GpiBunTIKN T ToU &Bpoi-
oHaTos (ywopévou) SUo ToAvwvinwy ooltar wt T &Bpoioua (ywopevov) Tév
Ap10UNTIKGY TINGY TEY TOAVKVUNWY.

"Ex ToU &piopol Tiis todtnTos Svo TroAucwiucy TPOKUTITEL OT1: &0 &k tov-
totrog ioo nohviwvupa Exovv isag apibpntukac tipdg. Tpaypori, Edv

M=oty x4 L axta
P(x) = PBv XV - Py—ix¥ 1 - - - Byx + By
kol f(x) = @(x), 6Te a, = Bvy Gyt =PBv—y, + -+, 0 = By, oy =Py (BA. § 51)

Oc elvon kad @ f(a) = @(a) Biex kéBe wpory paTikdy apiBudy o, &i16T :
fle) = ay o + oyt -+ o o+ oy =
= Bv ¥ ‘;‘ Bv—iav—l_‘“ SR "' ﬁ] C‘+ [50 = q)((})

Téhos, &k ToU dpiopol Tol pndevikol ToAuwVOY, TrpoxUTITEL 8T1 ) dpiBun-
TIKT| TIPF TAVTOS UNBEVIKOU TTOAVWYINOU elvan oTalepd kad fon wavTOTE TrpdS TO
pndev, 81 k&Be TipMv TS peTaPANTRS x.

Hoparipnorg: Eifopev dvwtépew &1 16 oUpfodov X &v TG ToAuwyl-
B f(X) = o x¥ +oygx' '+ - x4 oy, f(x) eR[x] Blvatar vk &vti-
xaraoTobf) 81° oloudfoTe mporypaTikol &pibpol, B1° 6 kol kAT METCPANTA
ToU ToAuwVUpou. Ak Tiis TOIOUTTS AUTIKGTAOTAGEWS £ls EKATTOV TPOY UATIKOY
dpifuov x dvtioToryEl €fg TPOyUATIKOS &PIOUOs § = o XV + Gy X1 ...
oy X | &, fiTor TO moAudvupov f (x) = oy x¥ o, x4 - - . o4yX o
Opier piav ouvdpTnaow, Ty dmolav ToploTduey Emrions §1& ToU 1(x), pt mwediov
Opiouol TS oivohov R Tév mparypamikédy &pibpév ked Tinds &v I, pé timroy -

Yy=i@=ox e x4 ... +ox +a. (1)

Al cuvapTtiioes Tol TUTou (1) koholvtan mokv@voptkai ouvaptioeg i dxé-
porar pntoi ovvaprijeslg Tob X.

‘Opifouev &1 8lo moAvwvupikad owvapTioes f(x) kal ¢ (x) AyovTtan
€& TouTdTNTOs foon kol onueoUuey f(x) = (x) TéTE, Kol pdvov TOTE, &AW
aUTan elvan ioon S1d wdoas Tés Tipds TS PETaPANTHS x vTos Tou R.

"Edv PePaicos Yo moAumdvupa | (x) kad @ (x) pé TpayHaTIKOUS GuyTeAe-
oTas elvar ik TautéTnTos foa, Exouv SnAadh Tols avTols ouvTeAeaTds, TalTa
Spidouv évtds ToU R kal foas ToAvvupixds CUVQPTTOES.

"Ev Tois émopévols 6 yivetan Xpfiois Tiis txppdoews : «Bewpoduey Ty dme-
Hovigw X —> x4y x 1 - oy x+a
108 R & 7 Ry». Micx Tiis dvertépoo ikppdoews 8 évvodduey 8T1 Becopotpey THV ou-
vépTtnow { dpiopévny éml ToU R pé Tipds v R, op1louvny UTO ToU TUTTOU :

f@E)=ox + o gx—14 . -« +o, x40, 5i& xcR.
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§ 55. "Evvoia Tijg pilng £évog moAuwvipou, — "Eotw T pry undevikdy
TTOAUCOVULOV :

1(x) = o 2 Feix = o one iox ot (D
ToU &moiou of cuvteheoTal elvan TpayuaTikol dpifpoi. "Edv 8k x=p 1 dpi-
BunTikty Tipd ToU TroAucovipou (1) elven fon pé pndév, fitor [ (p) =0, ToéTE &
p KoAeiTan pile ToU TroAvwvipou (1).

TT.x. ToU mohuwwipou  (x) = x3 4 4x% + x — 6 pigan elven ol &piBuoi 1,
—2,-3, &omnelven: (1) =0, [(=2) =0, f(-3)=0.

Eav Ev drépatov ohudvupoy E§1omowiey P undév, TdTe Adyopev &TI Exo-
pev piov Ghyefpprrenyv éficwarw

OlTes, &k ToU ToAvwvipou (1) Eyxouev Thv &AyePpixiv éiowaw v Pabpol :

oy XV oy x4 ooy x oy =0. (2)

Eis thv meplmreooty adthiv & x Btv elven whdov 1) wetafilyri), SAAG pia pila
Tou TroAvwvipou (1). Al pifar Tou mohuwvipou (1) elvan kad pifon Tijs EE1ocoews
(2).’A&iLer va ToviaBi) 8T elven uTehdds Bidgopos 1) Evwoia Tijs E1omaecws [(x) =0
&mo THv Ewotoy f(x) =0 ToU undevikoU TroAuvcviyou. AI6TL elg THY PGV
TEPITTWow 10 x lvan pifa Tou ohucovipou [(x) kai £moptvws el mpoosdio-
proTEQw Tipny, v el THv Beutépav mepiTTwow TO X elvan T «uetafilyTi)» TOU
oAvevipoy f(x) kai émopévads Exel dmpoodidplaToy TIpv.

"Ev oAudvuuov Exel fvvotav &kdun ko Ew 1O cUuBoAov x duTikaTaoTad
pE uryadikous épifuols, ouvetrdds Té TToAuddvupoy (1) Suvatov var Exn ked prya-
Bikas pilas.

TL.y. 16 wohudovupov f(x) = x® |- 1 Eyer & pilas ToUs dpiBuous :

IR 1ei¥E
: 2 i 2
Kotémiv TouTewv Bibouev TV EETs yevikdv Spiopdv THs pilns :
Kolettan pia £vog dxepaiov rolvovipov f(x) ¢ 0 kaBe apOpog mpuypatikig
1j pryadikog, Gotig TdEpevog dvl 1o X £ig 10 ToAv@vVupoY Td pndeviler.
ZuvTdpws & Opiopds oUTos BibeTon G £ETs

‘0O p elvar pilo 100 I(x) <= I(p)=0.

opo

H pila chyeppixiis e61ocaoecos, Tporypaikn fi uryadikn, Adyeran dhyefpridg
apOpos. "AxpiBéoTtepov 1 Eic doluds (€C Adyetar dhyeppikdg dmeodre oo R
dre, xal pdvov tdve, av Smdoyy axdoator modvdwupor (), ijrov f(x)eR[x], ué
f(£)=0. Els &p1Buds, Goris Sév elvan dhyeBpirds, koheitan bmepPotikog. “Yrrep-
PoTikds &pibuds elvar, Ay, 6 yvwoTds &pifpds = 3,14159. .. x5 kai & api-
Buos e, Tepl ToU Omolou yivetan Adyos els Emdusvov kepddaiov.

Ot &AyePpikol &pibuol BuvavTar v elvar pntol f &ppnTor, dAANG Bév Eme-
Tan 61 k&e &ppnTos elvan dhyePpixds dpiBuds. TapdSerypa of &pifuot T kal e.
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Eis Thv *AvwTépav "AlyePpav kal Ty Qewplav TGV "AvaduTikGy ZuvapTn-
cewv drodeikvieTal TO k&Twb Becrpnua :

§ 56. Oewpnpa 100 D’ Alembert. — I1av aképaiov TOLVGVLROV pE GUV-
tekeotds npaypatikolg (ff pryadukods) apbpods, Pubdpod v = 1, £yt £viog ol ovu-
vorov € t@v pryadik@y aptpdy piav tovrdyietov pilav.

T fecopnpa ToUTo dvouddetan Oepedi@des Oecroqua tijs *AAyéfivas. TouTto
BieTumeofn TO TpddTOV UTd ToU D' Alembert xatd o 1764, &M 1y dirdBadig
O adToU Btv fTo aloTtnpd. ‘H mwpoTn avoTtnpd &moddells éyéveTo T 1799
Topd Tou Gauss. "ExtoTe E800ncav kai &Ahat &rodeifeis (Cauchy, k.&.).

To fedpnua ToU D’ Alembert &aogahifer pév Thv Umrapbv pilng (paryuo-
TIKA{s fj mryadikis) Si& k&Be roAuvuuoy Babuou v=1, Biv Tapéye Speos pébobov
EUPETECHS TOUTTS.

‘H dvalhtnots ueBddov 81& THy elpeotv pildv wids dayePpikis efiomosws v
BaBuol ouvicTaTal els THv edpeoiv yevik@dy Ty, Si1d Tév dolwy ai pilon Tis
EE10hoecs ExppdlovTal ouvapTHoEl TEY guvTeheaTidy adTiis 18 T Tpdgecov
THs mpoohéoews, dpouptoews, TOAGTAGCIOOUOU, Sianpécews kol TS Eaywys
TRV pilikédy. *Amobekvieton 6T Bi1&x Tds Eioaoels péypt TeTdpTou Pabuoy ever
Buvatoy v eupefiouv TotoUTor TUToL. ‘O Abel dmédafev &Ti &ev elvan Suvartd,
els k&0e TrepiTTWOW, v eUpeBoly yevikol TUToL Bi1& Tag E§iocaoels Pabuol peya-
AuTépou ToU TeTdpTOU.

§ 57. "E¢appoyai émi TGV &k TAUTETNTOG oWV TTOAUWVIjIWY — Mé-
B8080g TGOV 1PoadloploTEWV TUVTEAECTRV.

‘H {odns Tédv ouvTeAeoT@Y TGV dpoPabuicy dpwv BUo tk TaUTOTHTOS focov
moAuwvipwy ((§ 51 ) uds émTpémel va mwpooBlopiocpey TOUS ouvTEeoTas
Evog Trohuwvlpoy gls TpdToV, GoTe vé TATpol ToUTo dpiouévas ouvbnkas. ‘H
pébobos alrn elval yvwotn s pidodog TtV nposdoploTE®V GUVIELESTAY.
"As 18wpev TS EpoppdleTan 1) pebodos alTn els ouykexpipéva TTapadelyuaTa

Egappoyn In: Na npocdopicloby ai apbuntikel twoel téov o, B, ¥
oliteg, dote va loydy 1N TOLTOTYG :

23 4 ax? — 13x - p = 2% 4 (y — 2) X2 — (y + 12) x — 6y.

A D aug: Emadh Ta moAudvupa TalTa elvan ik TauTdTNTOS oq, of cuvTe-

AeoTal TéY alTédv Suvdpewy ToU X kai o yvwoTol épot & elven fool Bniadh

B elven Yy—2=« Yy—2=«
—(y+.12)=—13 = y-+12=13
=07 Gy==Pp
AUovTes 1O oUoTnua ToUTO eUpiokopey :
a=-—1, =—6, il

Egappoyn 20: Na edpedij axéparov molvdvopov (x) tpitov falpod,
0 Orolov diyerar @3 pilav tov aplpov punddv kai Eneindeder tiv tavtétyTa
f(x)—f(x—1)=x2
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Akoronlog, Pacsr adtob, va droloyielif 10 GOporopa :
124224324 ... 42 (veEN).

Abeorg: To InTolpsvov ToAucdvupoy B elvan Tfis popefis @ f(x) = ax?+
Px2+yx + 8, #ba o, B, y, 8 mpoobiopioTéol ouvTeheoTal. *Emre1dsy £(0) =
8& mpémel § =0 kad TS TOAUGVUpOY Yivetan i f(x) = ax? |- Px® - yx.

Aoy Tiis Urobioews 0 Eycwpev :

f(x) — f(x—1) = ax® + PBx? +yx — a(x—1)* = B(x—-1)2 —y(x-1) =

=3ax2— Ba—2B) x4+ («a—P+vy) =x

"EE aUTHis, oupgavas Tpds Tov optopov 1fis iooTnTog BUo moAucovipwv
(§ 51), TpokyTrTE :

3a=1 a=1/3
a— 2@=10 ‘. EEoUin P12
a—B+y=0 y=1/6.

‘Eropévess TO {nToUpsvey TTOAUGVUPCY €lval :
f(x)z—%—-x3+—~;kx2+—16—x. (D)
"Ex Tiis TautéTnTos f(x) —f(x—1) = x* ebpiokouev, BETovTes BroBoyixdds
x—lgX=72 . o x =
f(1)—1(0) =12
f(2)—1(1) =22
1(3)—1(2) =3*
f(v) —f(v—1) =v2
TpooBéTovTes Tés lodTnTas TAUTas KaTd PEAT, eUpiokopey :
f(v) —£(0) = 124224 324 . .. 4-v2 1§ &mreidn £(0) = O Exouev Tekdds:

£ .
1o i aa [, +u2=f(u)=_1 Vi 1 Ve L YA D)
3 2 6 6
'Egoppoyn 3n: Hikavi xei aveykoio oovlikn, dua va slvar 10 khdopa :
o Xt e X ax o
e vEN, e, B2 0
ﬁvxv+[$v—lx“_li%"'+|31x—i_ﬁ0 : B #

“V—,i = Tis ay s a,

S T
avgaptnrov tob X, ivar 1 :

B P B B
VCAnaderErg: "Eote 8T TO KAdopa elvan dve§dpTnTov ToU x, fiTol, OT1
ioolTan, oloudrimoTe dvTos ToU X, Tpds dpibpov k. ToTe O Exwuey
X o X X (1)
Box’+ P x4 - Pyx Py
A Xt x4 oyt = kpy X+ kP x4 +
+ kPBx+ kB
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’Emraidn 1& BUo TalTa wohudvupa elvar &k TaUTOTNTOS fow, B Eyopey Tas igd-

TNTOS : =kpPy, w1 =kPv1, ..., &, =kPy, 0 =kBp,.
"Ex 1tév looThTwy ToUTwy AapPévopey ;
e e Ry S 2
Bv Bv—i [31 E"o

"Hrol, &8elyfn &1 1) ouvlixn elven dvaryrada.
©& Beifcopev 811 alin elvon kad ixavr). Mpdypori &v foyxun 1) (2) kal xehéow-
pev k Tous ioous Adyous, B Excpey :
o =kBy, cei=kPy—1, ..., a;=kp,, ay=kp,.
To Bobiv KAdopa ToTE ypdoeTan
e 5 i (S S e SR )
B X’ +By1x"~1+. .. +Bx 4B, Py x¥ +Bui x4 ... +Prx +By 3

- . e
fiTol, elval &vefpTnTov ToU x Kai foov TévToTe gielely —BV‘.
v

AZKHZEIZ

131. N& mpoodiopioboiv ol mpaymarikol &pifuol a, B, vy, fve T moAUdVULOY ;
(2a+ 1)x* + BB —1)x + 2y + P—a) elvan & Tautdrrros pndév.
132. “Ymépyouv Tipal Tév A Kal P Bidk Tag Stolas TO ToAUWVUROY ;
A =1)x* 4 (24 + 2)x + (A + p—3) elvan & TouTédTNTOS PNGEY ;
133. 'Eav o +- P2 y* =3By kad a4+ P+y £0, EBx a P YER, Seifare 61
TOIX)=(a—P)x* + B—y)x + (y —a) elven o UNBEVIKOY TTOAUCOVULOV.
134. N& mpoosSiopialolv té o, P, y, fva T6 moAudwupor 2x* - dx |- 5 loouTan ¢k TauTs-
T™TOS WE: a(x + 2) (x + 3) + Px(x—1) + y.
135. N& mpoodiopiofolv of mpayparixol GpiBuol a, B, y, fva 16 moAvdVupoy :
[(x) =x'—2x° + ax? + Bx + 4 ehvor TeTpéycwvov Tod Tp1wvipoy X* — X + vy,
136. Tloion &k Tédv kéTwd TapaoTéoeny elval &veE&pTnTol TOU X ;
:-5 2S5y — 3 6x 4 2x —2
D ST P e » ATt
137. Tlpoobiopioare & A, B, fva T& KAdouaTa :
oy et e 0w 1R et 0
T g ox 4+ (A—wx + A—u
Exouv TNV dveEdpTnTov Tol X.
138. Aéyopev 811 TS TroAUdVUNOY f(x) = ox?® + Bx* + yx 4 & elvar TéAewog kUBos, ToTE
Kl pévov TéTE, fav TifeTon Umd Ty popery : a(x + k)* keR. Karémv TolTou, Beifate 611
ol Ikaved kol Gvarykadan ouvBiikan, fva To f(x) efven Téelos kUPos, elvan: BY = 27a%8, B2 = 3ay.
’AkohovBws SeifaTe 611 T moAuwvUpoY : Bx? - 36X + 54x + 27 slvon TéAeI0s KUBos,
139. TlpoobiopioaTe T& A, 1, v, ive §) TapdoTaos
A-—Dx*4 (04 Dx?+ (v—1Dx — 15
Ix*—6x14 x -5

elvan dveEdpTnTos Tol x.
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140. ’Edv o mohudwupov [(x) = x4 + ax?® 4 Bx? + yx -+ 8 elvon TéAetov TeTpdycovoy,
v& Berybij 8T1: y? = 8a® kal (4P — af)? = 645,
141. TpooBiopioaTe T& A, B, [ doTe va UploTaTar 7 TAUTETNS
2xt 4 10x -3 e Y s Mg r
x+1)(x2-9) x+1 " x+3 ° x-3
“Yroderlg ¢ 'Extehboore mpdkers els O Seutepov péhos kol Efiowoarte TOUs dprfpnTas T
BUo pEAGY,

142, N elipeBii dxépaiov modvdvupov f(x) Teréprou Padpol, T6 dmrolov Béxerat s piGov
TOV dpiBudy undiv kai EraAnevel THY TautéTnTa : f(x) —I(x — 1) = x*. Béoel ToUTwy v eUpe-
0ff O &poopa: 124 224 3* 4 .- 47, vEN.
143. "Eaw a + P + y = 30, v& mpeuBiopiofolv of mpayparikol dpibuol o, B, v, va 10
(@—2)x* + B—4x +y—6
x?+2x+ 3

KA&opa £xn Tiphv GveEdpTrTOY TOU X.

144, N& opiofolv of a, B, ¥, & oUtws, cdoTe:
avt - Pvd - yvE - Bu=13 4 28 4 30 4 .o 0 veN.
145. N& &moBeiy8f 611, #&v 1é& drépana ToAuGVUpA:
f(x) = Ax® + 2Bxy + ly? 4 2Ax + 2Ey + Z
o(x) = ax? + 2Bxy + yy* + 28x 4 2ey + §
elvan &k TautédTnTos ioq, B4 elvan:
A=« B=p I=y A=5 E=¢ Z=1

AraiperdTng akepaiwv moAuwvipwvy

§ 58. Teheia Siaipeoig. —Eotwoav f(x) kal ¢(x) BUo dwépona ToAUG-
VUM Tou TroAvwvupikolU Baktudiou R[x]. ©a Aéywpey :

To nokvdvopov 1(x) Srarpeitar (GxpPds) Sia tod mokvovipov ¢(x) £ 0 tte,
kol povov tote, dv Onapyy dxéparoy morvdvopov m(x) € R[x] towitov, dote :

1 = () (x) W

Eis Thv mrepimTewo autiyv Aéyouev &mions 6T1: To f(x) elven duaperor Bi1&x
o(x), f| 1 f(x) elven moAlamddowoy Tou @(x), fi f Sraipeots f(x): @(x) elveu
edela, fi dxdpn TO @(x) dumoel (SxpiPdds) 1O 1(x) xad ypégopev @(x)|f(x).

Korémiv tou oupBoriopol TouTou & dueaTépe Opiopds BideTal CUVTOUWS
cos &6 :

o) | f(x) <= T ) eR[x] : Ix) = o&)n(x). @)

. "E&v 1 ToAudwupov f(x) Stv Sranpfiton 8i1& ToU ¢(x) F 0, TOTE Ypdgopev :

() 1(x).
Ta modudwuua (x), p(x) kal m(x) xodolvron dvtioTolyws Swmpetéog,
drarpéng Kai myhikov Tfis TeAelos Sianptoecos ToU [(x) 81 ToU @(x).
"Apgoor cuvéngior tod dpropod.
a). "Eav v, p(v=y) koi A elvan dvmioToiyes of Pabpol tév f(x), p(x) kel
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m(x) B Excopev (§51,e) u+A=v, &te A=v—y, fitor: «o Pabpig tob n-
Likov igobtor mpog tHY Sregopay tdv fudpdv Starpetiov Kai Stopitovy,

B). 10 pmdeviedy motvdwopoy Graroeirar (aroific) tad aavros wi) wydevized
Tolvewdpor g(x) xal didsr aniizor uydév. Tpdypatt loxve: 0 = @(x)-0.

Y)- Hav moivdwopoy dwarpeirar (dxofiic) dao mavroe oralepot molvanduo
F 0, (onh oralepis moodryrog = 0). TpdypaT, Eav

fx)=oy x¥ +o—x' 14 - fax+o, kal ex)=c*, ceR, ¢#0
EXOHEV TTV TrpOgavi TaUTOTNTO: |
Gl e Ol o o«
oy XY oy x I fagx oy =0 - F‘" x4 "c Xl c A\'--W‘T.Q" .

S1rou TO EvTos TTjs &y kUATs dképatov TTOAUGVUPOY elval TS TrnAikov.
"Ex ToU Opropol (2) kai ToU Bewprjparos § 52, mpokUmTel TO HOvOSTiHavTOY
Tou TrmAikou. “AxpiBéoTepov loylel 1) TrpdTaois :
“Eav g(x) | f(x), vére dadpyer axoiBis & molvdwopoy afx) €Rfx] Towiror,
dote va loydy 1 TavtdTg :
f(x) = p(z)-a(=).
TpdrypaT, &av imfipye kad Etepov rodudovupov T, (x) € R[x | TowoUTtov, dhoe ;
[(x) = 9(x) my(x),
TTe 06 foyue 1 ¢(x)[(x) —m,(x)] = 0, kad émeidny @(x) Z 0, 6& elvan, ward
76 Becdpnpa § 52, w(x) —m(x) =0, ol mw(x) = m(x).
Ti) Ponbelq Tév dveotépeo &rrobeikvbopev T& k&b BecopripaTa :

§59. @ecopnpa. — Eav ¢(x) | 1(x) = @(x) | f(x)-o(x), dra kdbe moduvc-
vupov o(x) € R[x].
'Amdderug "Emadn o(x) | I(x) Exopev: [(x) = @(x) -m(x), 80w kaf :
1(x) 0(x) = 9(x)- [1(x) - 0(x) 1= p(x) - m,(x),
B m(x)=m(x)-0(x), ST : g(x) | I(x) o(x).
Hepatipnoig : Ak o(x) = ¢ loyver : ’Eav g(x) | f(x) == ¢(x) |cf(x), ceR.

§ 60. @ewpnpa. — Eav o(x) | I,(x) kai o(x) | f,(x) = @(x) | [,(x) -+ f,(x).
AndéderErg "Exopev:  [(x) = m(x)-e(x)
f5(x) = Ty(x) -9 (x).
v : f,00) 2 o(x) = [my(x) £ my(x)]-9(x),
fitot o(x) | f(x) = f(x).
"Ex ToU BecopriuaTos ToUTov kai Tiis Taparnprioews Tol GewprjuaTos § 59
TPOKUTITEL TO KATwOI :

* To ypbpua ¢ elven 1o dpyikdv Tfis Aéfews constant = oroBepd kal Stv mpémer v
oUYXEnTol pt 1O oUpPodov € = oUvohov TGV pryabikédv &piBudv (Complex numbers).
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§ 61. @ewpnua. — Eav  ox) | {,(x), o(x) | L.(x), ..., o(x) | I, (x), 1618
O(x) | e f (X)) + (X)) 4. .. ey 1y (X), EvOa ey, €y, ..., ¢, TOY0DGaL oTalgpoi.

§ 62. @cpnpa. — ‘Eav  o(x) | (%), o(x) [ 1,(%), ..., 0(x) | L, (x), ote
O(x) | 1i(x)-1,(x) - - - 1, (X).

‘H amddeifis s elkohos TopahelmeTalL.

Mopiopa. — Eav ¢(x) | 1(x) = ¢(x) | [Ix)]¥ 3 veN.

§ 63. Oewpnpa. — 'Eav ¢(x) | I(x) rai I(x) | (x) = [(x) = ¢ o(x), ceR.

"AnoderEug "Exopev [(x) = m(x) p(x)

ki @(x) = my(x)-f(x)
TUVETTEdS f(x) = m(x) my(x) f(x) «xaidmadn f(x)#£0
KaTS TO Becoprua § 53 mrpoktmTer : m(x) m(x) = 1.

ToTe Spws ExaoTov TéY ToAUwVUMwY (X)), T,(x) Tpémer v elvon Baduol
undév, SnAadn oTobepal (Siati ;).
Qote m(x)==10; T(xX)=1T,, Eba ¢, o, eR={0].

1
"Apa  I(x) = ,0(x) A @(x) = c,f(x), omoTe [(x) = = o(x), dBnAabdn ye-

VIKGdS : f(x)=tc9(x)
Enpeiworc 'Ex toU OewopripaTos TouTou mpokutrTel &iéows OTi:
Edw (x) | [(x) = co(x) | I(x), ceR—{0}.

Of Bioupéton @(x) kal co(x) ToU [(x) kohouvtan ioodivapor drorpétar. "EE
SOV TGy iooBuvdpmy BI1oupeTddY Evog TTOAVLVULOU [(x) Ekelvos, GoTIg ExEL G5

oUVTEReoTHY TS pEyoAUTEPaS Buvduews ToU X THYV povada, koeltal kiplog duat-
péng,

§ 64. TauTdTng TiiG AAyoptOuikiig Sratpéoewg. — "Ev yével 1) Siaipeois
BUo TUYOUTY drepadcv TToAuwvUpwy Stv elvon TeAeia. Els Tpomog Bid v ENEY-
XWHev &v gv roducovupoyr Biaipd) tv &ANo elvar & drdAoudos :

"EoTwooav, .., TA Tohvevupa 2x2—Tx 46 kol 3x - 1. “lvac TO Bele-
pov Sraapf dkpiBéds TO TpdTov, TpEmEl v UrdpyT dxépoiov TToAUCVIHOY Tr(X)
TOOUTOVY, dhaTe ;

2x2—Tx+6 = (Bx+ 1) - w(x). )
"Emeidn, s EAEOn § 58, 6 PaBuds Tou TnAikov iooUTon o THY Siagopaw TV
PoBuddy Brenpetéou kal Sicapérov, Emetan 611 TO (X)) TRETEL V& elvon TRWTOY
Paduol, o1 Tijs popefis ax - B. Toée fy (1) yiveran :
22— Tx+ 6= (3x+ 1) (ax+ p) = 3ax?*+ (a4 3p) x+ B,
OTOTE, KaTd TOHV Spiopdv Tijs iodTnTos SUo ToAULVUNWY, B& Exwper ouyypdvws :

Sa=2 | ‘H mrpcdTn ToUTwv &ifel o= —%—. Ay o= %~ xad P=6
a+3B=—7 | 7 Beutépx Btv dAnBever, 16T :
p=6. | s R
| L 1 36—+ 18=185 =7
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Zuverrdds Sev Umrépyel TToAucvupov (x) TAnpolv Ty (1), &pa Td 2x2—Tx 46
8ty SrcupeiTan dxpidds 81k ToU 3x + 1. *Ex ToUTwv cupmepaivouey 61 xar’ #Eai-
peaw pdvov 1) Biaipeois BUo drepaicov ToAuwvUpwY elvar TeAeia.

Eis mhv yevixiy mepimtewow dvtl Tfis TautdtnTos (1) THs § 58 foyve 1
KOAOUMEV TauToTns Tfis dAyopiBpikfis S1aipéoews, 1 omoia Sia-
uopgoUTan kai &modeikvUeTan o TO kéTwd1 Becopnua :

Oewpnpa. —Aobéviwv dbo dkepaiov nodvavipnv i(x) kui ¢(x), padpdy v
Kai p avustoiyog (= 0), Ondpyovv navrote do povesnpaving dplopéva mo-
lvdvope m(x) kai v(x) £k tob R[x] towabra, dors :

f(x) = @(x) - n(x) + v(x) @
kai falpég v(x) < pabpod @(x).

To mw(x) weelTon dxépaior anlixor §i alyogluuxdr aniixor (oUvTdycss my-
Abwor) xal TO U(x) koheiTon Sadiowmoy Tiis Slonpéaecos ToU f(x) 81 ToU @(x),
8t TauTdTns (2) ) ouvdtouca Bioupetéov, SicapéTny, mnAlkov kol UTréAorTov
KoAgiTon Tavtdtys Tis (@Ayooluiic) datpéoews.

’Andderérc "EoTtwoav T& ToAudvupa

() =oyx*+ oy x4 o Foyx 4o, (o, £ 0)
Px) = Puzht Bz b - B Py (B £ D)

O& dmodeifwpey :

a). Tiv Sreplv 16V n(x) kai v(x). TTpds TouTols Siaxpivopey SUo TrepITTdGES :

MepimTwots In: "Eav v < p, TéTe 7O Bechpnpa foyler, &oxel vé AdPeo-
pev m(x) =0 kad u(x) =1{(x), 8tef (2) loyve, 8161 Eyousy :

f(x) = @(x)-0+ f(x).

MepimTwois 2a: Eqv v=p, 1éTE SicupoluTes OV TP&GTOV Spov o, x¥

ToU BicnpeTéou Si& Tol R ToU Spou B, xH Tol SicnpéTou AapPdvouey ¢ TmAikov

: ; Gk ; R o 2 5
TO &répaiov povivupoy —-Bl X', 16 omoiov & kohéowpey (X)), fiToL:
M

o
() = =L 2+
By
TToAAamAaoidgoves Tov Bicupérnv @(x) éml 10 m,(x) AcuPdvorey 65 yvdpevov
TO TTOAVWVUNOY ;

o Lo ¢ oy
R, ., x1 Ad ¥ ,xv—‘1_|_...+.,,, xVH,
P Bu—1 I By BM 2 By BD
TO OTroiov ExEl META TOU f(x) Kowdy ToV mpdTov dpov o XV .
Zynuatifopey THy Siapopdw :
v oy a
GO—GIM ) = (Gt =g By ) 0= (s = g B e
i

I

o(x) my(x) = o x¥ +

"Edw xoéowopey vy (x) TO ToAuwvULOY ToU SeuTépou MEAoUS, Exopey

1(x) — 9(x) ™ (x) = v, (x)
A1) = e(0)m(x) +u(x), m Podudy vy(x) = v L. )
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Tore: (i), 'Eqv v—1 < p 1 (3) &modekviel TO fecdpnua.
(ii). Eav v—1 =y, épyaldpevor dpolws i Tév uy(x) s BiaipeTéov
kol @(x) cos Sronpétny, AauPdvopey :
Ui (x) = @(x) - u(x) +uy(x), e Pabudv uy(x) < Babuou v, (x).

"Edwv Topa elven méhv: Pabiuds uy(x) = u (= PBabpods (x) ), ouveyilouey ThHy
alTh épyaciav &l TéY u,(x) kol @(x), fitor: 8& Umdpyn waAw Ev nAikov my(x)
Kol &v TToAucovupoy uy(x), coTe va elvan @

Ua(x) = (X)) Uy(x), 1 Paduby vy(x) < Pad. uy(x).

Oi Babpol TV uy(x), Ua(x), v3(x) Paivousiv SiaBoy ks éAatToupevol, &pa
0& gR&owuey TEAIKES els Ev TToAUGVUpOY Pafuol mikpoTépou ToU PaBuol u Tou
(x), &1e 6 ANEn 1) Epyaoia alrn. OUTw Ba Exwuey Tas iodTnTas

1(x) = @(x)m(x) + vy (%)
U,(x) = POT(X) + Ua(x) 4)
U, (x) = @(x)my(x) + ua(x)
Ui (x) = (x)rp 1 (x) + vg 1 (x),
6Tou T8 uy ., (x) elven ToAumvupoy Bafuol pikpoTépou Tou Balpol p Tou ¢(x).
"AbpoilovTes Tas iodTnTas (4) koTd péAn AcpBdvopev et TS STTACTIOINOELS
1(x) = () {y(X) + T + -+ -+ M1 ()} Ui (x).

Oftovres: my(x) 4+ Me(x) + - -+ M (x) = m(x) wold vga(x)= u(x),
pOdvopey eis THY drodeikTéoy TAUTOTNTA :

[(x) = (x) w(x) +u(x), w Podp. u(x) < W (= pobuos ¢(x)).

$). To povosijpavrov tiic nupastcswg (2).

TS Zelyos Tév Tohucvipwy T(x) kod u(x) elvar 1O povov Bid To dmoiov
foyuel §) (2), BidT1, taw elvan kat :

[(x) = p(x) 7' (x)+ V'(x), ut Paduov v'(x) <wu,
TOTE: w(x) = m(x) kol V(x) = u(x).
Mpérypan, émady
(x)-T(x) + u(x) = 9(x) W (X) + V' (%),
Exouey [r(x) — ' (x) Jp(x) = V' (x) — u(x)- )

‘H tautétns (5) Btv Suvatar vé loxim, euh pévov &v mw(x) —m'(x) =0

kol U'(x) —u(x) =0, BnAadn:
w(x) = () xal ux) =V(x),
81671 &MAws 1o TpdTo péAos THs (5) elvan ToAudvudoy Babuol = u, Evéd TO Bel-
TEPOV UEAOS elvon TroAudvupoy Pabpou < .
To Becopnua 80ev dmredeiydn TANPOS.
Maputnpijoeig éni tiig tavtotntog dwpiosms (2).

1). "Eqv u(x) = 0, té7e & Tfis (2) mpoximrTel f) Tautdtng (1) Ts TeMelas
Siapeoecs
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2). “Ex s (2) Emeron : @(x) | f(x) —u(x), BnAcdh f Srapopd Tol S1cnpeTEOY
pefov T UrréAorrov elvan SianpeTn B1x TOU BIKIPETOV.

3). “O podnds Tol drepafou TrnAikou iooUTan TPos THY Sragopdy Tév Pabudy
SicnpeTéou kal BloupéTou.

4). Eav ¢ (x) #0 f TautdTns (2) ypogeTal :

I(x u(x
TP((T')f G fp((x; :
pe Paduov u(x) < poducl p(x).
To TroAudvupoy T(x) koheiTal «To dxéomtor péoogy kal TO ;E:&)) «To  PwiaLov
wAaopaToy [iégog» ToU i (1{—)—
¢(x)

5), ‘H uédobog ThHv dmoiav fAxohoubioopey Si& va mrobsifupey TO AVWTEPK
Becopnua uds dider tvav  alydoluoy B Tou &molou Buvdueda va eUpiokeopey
& TroAucvupe T (x) Ked u(x).

Mapadevypa. "Edv 1(x) = -1, p@=x+41 £lipete T POVOSTHAVT®G mpropive no-
Jobvope (X)) kol u(x), dote va elvan :

1(x) = o(x) - n(x) + v(x), pE Padp. v(x) << padp. ox) = 1.

Aborg. “Exopev :

u(x) =1(x) — (%) - @(x) = (x*— D—xt (x4 1)=—%— 1 (%) = x*
o) = () — () - () =— T =1 = X (x+ D) =x=1,  TLO= X
Uy(X) = (X)) — m(x) p(x) = (x— D=-1lx+DH==-2 me(x) = 1

“Apac:

w(x) = m(x) + (X)) + Ty(X) = X, — X+ 1
u(x) = u(x) =—2.

MNépopa I. — To Onéhotrov tiig Srapiotog £vog axepaiov TOAVOVOROV f(x)

$1a toi Srwvipov X—ua icobtal npog TV apbpmukny iy 108 mokvovipov na

=a, fiTOl:

Tevikcotepov, foxUel 6T1: To trorotmov tiig doapéotms 10D f(x) & tod
ax+p, w,BeER, a ~ 0 glvat @

(Y

*Ex ToU Oplouou TS pilns Evds dxepaiou TToOAUGYULOU Kol TOU AweoTépud
ToplopaTos QUNTTEPOUVOEY

MNépropa Il —"Eav p sivan pita tod f(x) <= x—p[1(X), fitor:

(=0 — t=6-p® o

§v0o m(x) axépalov molvdvopov tod x, ijror m(x) €R[x].
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1516TTEG TRV GKepaiwv TTOAUWVIPWY

§ 65. Gcwpnpa. — Eav dxiparov rorvhvopov f(x) Srarpijtar 8 £vog Ekdotou
@OV SLOVOROV 1 (X—p,), (X—po)s + -+ s (X—pu )y EVO@ pyipos .oy pu Gprbpoi Srago-
por GAAhov dva doo, tote B Srarpijrer (Gxpp@c) kai Sud To YvopEvoy ¢
(x—py) (x—Py) - - - (X—py)
Kal aviioTpogms.
AnédsiErc, O& dmodsfwuey TO fedpnpa Bic Tiis peBdBou Tis TeAeias
Emaywyfis. “Eotw 611 16 1(x) Broupeitan 51 T6v Swovipey (x —py), (X — pa),
s (X —py ), TOTE kot TO WopLopa 11 T TrpoTyoupuns Trapaypagoy 6&
Exousy s () =0, 1(p)=0, ..., f(ps)=0.
"Eorw my(x) To TAikov Tfis Bianpéoes I(x) : (x —py)y OTe 0& Excopev :
() = (x —py) () )
fitol, 7| wpoTaos loyxUer Bia p= 1.
Asydpueba éT1 foyuer Bic p=k, fitor Seyopedor 611t
1(x) = (x = py) (x—pg). . (x — i) e (X). @
Q& Beifwuey & foyvel kad &1 p=k 4 L.
Mpdryparr tdv Béowpev els T (2) X = Pry1, 64 Eycouey :
f(pxi1) = (it — P (Prst — P2) « -+ (Prit — Pk ) Tk (Pit1)-
Emaidhy {(pre1) =0 xal pori—pi #0 Mi=12, ..., k 8&eva:
mk (pr+1) = 0.
TéTe ducws, ouppioves Tpds TO mépioua Il § 64, 1O i (x) Broupeitan i TOU
X— Py Ko Bote Ty (X)) TO TnAdkov Tiis Bicipioews i (x) 1 (X — Pk 1), TOTE:
Tk (-\')E(X—Pu—l)'“kel(x)- 3)
T BonBeia Tis TeAeuTalas TauTSTNTOS, 7 (2) ypageTal :
(x) = (x—py) (x—pg) ..o (x—pr) (X = pry1) - Tet1(X)
o1, f) TpdTaois loyUet kad B p=k | 1, &po loyue Bicx k&Be puoikdy &p1BuoY L.
Té &vrioTpogov elval TEOPavEs.
§ 66. @ecyprpa. — 'Eav 10 axiporov TOLVMOVOROV §
() =oyx* Fa X e xte, o F0
pndeviletar Sua v Sragdpovg TIRag ToT X, TAS T Pyy Par <o s Prats Pu s TOTE BO ain-
Bedy A iodtng :
) 1) = av (x—py) (x—pg) - E=pe) (X—py ).
Anodeibrg ‘Emadh 1(p) = () = -~ = f(pv) =1(p ) =0, Eme-

TQl, TUPGVes Tpds TO Topiopa |l § 64, 8T1 TO ToOAudvupoY f(x) Broupeitan
dxp1Pids & TGV Srwovipov:

X— Py X—Pos +v s X=Pv1p X— Py
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ToTe Suws, ouppcvws Tpods T TponyoUpevoy Bebpnua, B& SlaupfiTal kai Si& ToU
Y1Wopévou :
E—p) x—pa) - (X—pv1) (x—py ),

xabdoov : P1 # Pa F P30 F Pv-1 # Pv g8 P1-
"Apa, KaTq T& YveoTd, 8& dAnfeln ) TauTdTns :
() =E—=p) (x—py) -+ (x—pv1) (x—pv ), ey

Stou T TS TrnAikov.

"Emreidn © Sioupetéos elvon Paduol v, kobos kad & B1ax1péTns, TO TMAikov T
8& fgouTon pe TO TMAiKOV TOU TrpUyTOU Spov @, x¥ Tou BiipeTéou Si& Tol TPWTOV
Spou x¥ Tou SicnpéTou. AnAady) :

o 60 o
W= =
X
omote f| (1) ylveron:
fG)= o (x=p1) (x=pp) -+~ (x—pu—y ) (x—pv) @)

HMapatipnorg *Edvels Thv TeAeutaiav TautéTnTa (2) elvan py; = p,,
T6TE TS ywopevov (x —py) (X —p,) yiveton (x — p1)? kol Aéyopev &T1 7 pila
py elvan Sumhil, 7 elven Bubpod moklarhétnrog dvo. ‘Opoicos 2w elvan P1=py=
=Py TOTE TO ywopevov (x —p,) (X —p,) (x — py) yivetan (x — py)® kad Aé-
youev 811 1) piGa p, eivan tpumhi, f) elvon Pabpod rodhaniétntog tpic.

Dad v elpeba eproodTepov drpiPeis SiBopey Tov k&TwH Yevikdy Spiopdy :

Mia pile. p £vdg todvwvipov f(x), Sagopov tol pndevikod, 0d Liyopsy bt ¢i-
var morharhi] taemg k, i elvar fadpod nolhanhotnrog k (k dxéparog = 1), tote
Kai povov tote, v :

=pk ) wal  (x— )R fR(x).

‘Eqv k=1, Tote ) pilat p Aéyeron anhfj, tv k=2 Surhij, x.0.x.

Elvar pavepov &1, ¢av Bv dxépotov mohudvupov f(x) Exn wiav pilav p
Bobuot odAamAdTnTOS k, TéTE & Paduds v almol even = k.

"Ex ToU dwwTépw Opiopol mpokimrTel Tdpa f) E6fjs ooudala mpdTacis :

H avaykeie kai ikavi] covOikn, va ig apbpog p sivar pila, Padpod nodda-
mhotnTog K, £vog modkvavipov f(x), sivar : va Onapyy axéporov molvdvopov ¢(x)
Tol0vToV, MOTE &

(1) () =x—pk-o(x) wai (2) ¢lp) #0.

'Anoderfig: H oovbiky sivar avaykaie. Tpdypati, 16 6mi UTrépyeEl
dkeporiov ToAVwUHoY ¢(x), TpokUTITel &Trd TO yevovds, OTI TO f(x) elven Bian-
PETOV 81 (x — p)¥, &pa Exouev :

£(x) = (x— p)¥ - @(x).

*EE &Mov, kv fito 9(p) =0, T61e x—p|p(x), BTA. @(x) = (x—p) - m(x)
xai Emopgveos Ba foyue :

[(x) = (x —p)H-m(x), BnA. (x —p)kH!| f(x), &mep &rotov.

"H ouvOiky eivan ikaviy. MpdypaTi, UroBtocuey &1 :

1(x) = (x = p)¥ - p(x) )
ud 9(p) # 0. @)
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‘H (1) Bekwier, 11 mpdynam 1o f(x), elvan Sropetov Bi1d (x — p)k, fitol
(x — ) [ 1(x).
"Eav kai (x —p)kt! | £(x), ToTe Suvdpeda v elipeopev dxépatov TTOAUIVULOY
g(x), doTE:
i) = (x=p)t:gx)

i H(x) = (x—p)k - (x—p) (%) 3
SuykpivovTes Tas (1) kai (3) AapPdvopey
¢(x) = (x —p)-g(x). )

‘H (4), idk x=p, yiveta:
¢(p) =0 g(p)
f ¢(p) =0,
dmrep &romov, Bi1oT1 dvTikerran eis ThY (2). ‘H mpoTaos Sev &redeiyxOn.

"Ex Té&v dvewTépw ouvéyopey &Ti: Els kafe pifov mohuwvipou f(x) 3£ 0
&vTioToIKEl povoanudyrws €5 PEY10TOS drépaios k= 1. *Eav ouverrds TO TTOAU-
wpov {(x), Pabuol v, Exn s pilas ToUs &pOuoUS Py, Par - - -+ Pk kad Ex&oTny
B Pabudy TOMaTAGTNTOS Ay, Agy . . .y Ak &vTioTotyws, B EXwpey

() = o (empa)t- (empo - (-,
évla elven Ay Ag e A =, 0 (ksv).

‘H mapéoTagis aln, fiTis elvon povooTR&VTLS dpiouévn B kdde TToAUw-
vupov, &v &tv AauPdvetar U’ Syiv fi Beots TGV TapaydvTey &V aUTH, KoAeTal:
« avdAvare Toi molvaviuoy f(x) i ywduevor mpwrofiabuior aTEREAYOVTOY P

Egappoyi: To mohubvupov {(x) = x84 3xF—4x4—6x% + x2+43x 42
dveUetan s yivdpevov TrpwToPabuicoy TraporydvTay s kérob :

f(x) = (x— 1=+ 1)3(x+2),
fiTor &yer Tés pias 1, —1, —2 €is Pabuols ToNamASTITOS duTigTolyes 2, 3, 1.
§ 67. Oewpnpa. — Eav td dxéparov TOAVMYLPOV :
fx)=oa, X + o x* '+ fux 0
pndeviteton 16 v-1 Tpag tob X, Stagopovs petagd tov, tote tolito sivai 1o
pdeviedy olo@yvopov.
A1 éderEc "As Umobtowpey OT1 ai v-1 Si&popor EAAAAwY Tipad ToU X :
- P Por - o0 Py Pett
undeviZouy T Tohudwupoy f(x). ToTE, GUNPEVS Tpos TO TrpotyoUpevoy deco-
priHe;, B Exopey
f(x) = a (x—p) (x—pa) - (X—pv) )
*H tautdns (1), B x=pyy1, YiveTan:
£(Pui1) = & (Pus1—p1) (Pv i 1=P2) - - - (Pegi—py ) =0, xaBboov f(pu1)=0. (2)
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Emeidh B€: poi1 A Py A peFE - FE pv, B& elvan:
Pvt1=P1) (Putr—p2) -+ (Pvri—pv ) # 0,
oTe &k Tiis (2), EmeTon &T1: o, = 0. TéTe Speos TO TOAUGVUOY f(x) yiveron :
@)= x !+ aax 2+ o f oy x4 3
Epyadopevor dpoicos kai gls T TroAvavupov (3) dmrodeikvlopey, &1 o, .1 = 0.
‘Opoicos wpoywpolvTes ebpiokopey &1 oy =0, &3 =0, . .., & =0, a,=0.
"QoTe, dmeBeixOn 611 oy =y = .. = oy =gy =20. 4)
‘H (4) dmoBeikvier 6 Bechpnua.
’EQappoyi: Asifars 6t to TOLVGVOROV :
I(x) = (x—=0)* (=) + —P)* (v—0) + (x—7)2 (@—P) + (@—P) (B—71) (v—0)
sivan £k tavtotntog pndév.
Advoug: Euxdhws Siamiortoluey &11: (o) = f(B) = f(y) =0.
Emeidn 16 (x) elvan Seutépou PaBpot kol pnSevileranr Sidt Tipds ToU X
TEpIoTOTEPas ToU Pabuol Tou Emetal, &T1 TO f(x) elvon & TouTéTNTOS LNGEV.
Moépiopa . —Iav axépurov morvdvopoy fuduob v, £xerL v 1o Mok drapopoug
piac.
Mépiopa 1. — Edv 1o axéparov toludvopoy :
=0 X+ oy x¥'+ ... - @X + a
pndeviletar v dnsipovg Tyiag tod X, 6T Toto sivar £k TantdTITOg PNdév.
Mépiopa .- Eav 600 dxépma nolvdvopa f(x) kai @(x), febpdv v, Lap-
pavovy tag adrds tipdg St v 1 Srapdpous tipdg tob X, THTE Td nolv@vopa teita
eivar £k TovtétnTog ioa.
§ 68. @elpnpa. —'Eav 1d dképaro nolvdvope :
=0 x4 a x4+ - dax oy, a #0
L) =By ¥ + By X1 - Bix-tBoy ByF#0
Exouv tag adrag v Swapdpong aAlilov PICOS P1y Poy oo oy Py y TOTE:

E'_:‘,}i_ :lﬁ=ﬁ

ay . ay a,
Kal aviietpdgoc. :
‘Anodeilig: Kard 1a yvwoTtd (§ 66), 06 Exwopev
hi(x)=a, (x—p) (x—pg) ... (x—pv) (1
() =Py (X —p1) (x—p3) -+ (x=py )- @)
‘H oytois (2) ypdeeTan :

e =EE @ mp) (mp) . o) =) @)
"Edwv 8¢ Te67) —%— =k, & 1fis (3) AcuPdvopey :
L) =k I,(x), dnhadn :
B\‘ x¥ "I‘ [3\.'-1 3] + R "I‘ ﬁlx + I30 = kCXV xY + kav-l X + 4 + kqlx + kqm
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kal €k ToU Opiopol Tfjs iooTnTos BUo ToAUmVUNGLY, EYOREY TAS OYECES :

Pv=lay, Bua=kouas ¢y Bi=kdi, PBi=ko; 4)
A LT R T ) (5)
& Oy [

’Aviictpéowg: "Eorw 8Tt dAnfeler 1 (5). Oétopev Tous ioous Ad-
yous (5) foov pt k, &7 Exopev

: Be=ka, , Pia=kotu—y ; .. o Pr=Lkey, Bo= k.
Téte
fo(x) = ka, x¥ 4 koy—y x4 ketg = k(o XV + Sy X1 4 -+ ),
fiTor fm) = k1,(x),

E€ oalrriis pokUTrTel &T1 k&Be pifo ToU f,(x) elvan kol pila ToU TToAUwYUOY

fa(x).

Mapatipnowg : Al lodtnTes (4) Stv dvrikadioTavtan Ud Tév foomitey (5), dTav e Tév
OWTEAEG TG By , j =0, 1, 2, ..., v, T.X. & Py-n, elvon pnBév. *Ex Tijs (4), ) oxtots Py = k- av-a
HGs Bidel kad ooy, = 0, BTe T 'rro'.\umvuucc £,(x), f,(x) Bév 6& Exouv ToV Spov pt TO xV-+ kad &Td

Tas lodTnTos (5) 0& heimryy & Adyos —E‘ 7, *Eéw méAw TO y-n, elven undév, & Adyos - EV * s

Exel vonpx TpaypaTIKOU dp1lpol kal ouverrdds kal wéAw peTafy Tiv Adywv TV 10011]1'00\) 3)

Stv 84 Umépyn 6 Abyos _ﬁ_‘”.'l,.
QAv-p

§ 69 Oewpnpa. — Eav 1o dxépatov tolvdvopov 1(x) = ay X | @y X' +
Ty X 0y, 0y 7 0, pE TPRYRaTIKOVS GUVIEAEGTAS Gy, Uy 1s. - .5 Uy O, OE-
Xeran og pilav tov pryadikov aplpov o |- if (o, e R, B +# 0), tote 06 déyeTan dg
Pilov kai tov ouluyii adtod o — if.

Y1oTiferon 611 6 PoBpds Tou TroAuwvipou f(x) elvar peyoaiTepos Ty foos ToU 2.
’Anederfrg: "Eotw ¢(x) o ToAucvupov BeuTépou Paducl, Td dmoiov
Exer dos piZas Tous dpiBroUs a |- if kol o —iB, fiTor:
9 (x) = [x— (a+iB)] [x = (x—iB)] = x*— 20x + (a2 -+ B2).
To [(x) Bioupovpevov Si1& ToU @(x) & BchoT), kaTd T& yveoTd (§ 64), Tn-
Akov drépoiov TroAudvupoy, EoTe T Tr(x) Kol TpwToRdBpiov Umdhorrov pi

TPAYHATIKOUS ouvTeEAeoTdS, £0Tw TO X + 8. ToTe, katd Tiv TAUTOTN T Siai-
peoews dxepafoov ToAuVUNY, B ExwuEY :

f(x) = (x)-m(x) + (yx +8). ¢))
Emaidn o+ iP) =0 kai @(o—+iB) =0, éx Tfis (1) Emeron :
y(a+ip)+8=0

A (o 8) + 8y =0, & i | V2=

By =0. @
o1
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"Emre1dn Spoos B 5% 0, EmeTan, ik Tiis Seutépas TéV (2), y=0. Tote, & Tiis wpe>-
g TGV (2), mpokUTrTel § = 0.

Aicy =8 =0 1) (1) yiverou :

I(x) = o(x) m(x). 3
"Ex Tfis (3) mpoxitrTer
f(a—ip) = (a—ip) m(o—ip)

ol émeidn) @(a—iP) =0, & efvon: f(a—ip) =0, fror & [(x) SéxeTon cxs pi-
Gav kol TOV piyaBixov &pifuoy o — ip.

Fevikawtepov foyler 16 ké&Tood Becopnua ;

§ 70. Oeipnpa.—Edav dxéparov norudvupoy, pi TPEYRATIKODG GUVIELEGTAG,
déyetar dg pilav tov pryadikov appoy o -+ ip (o, BeR, B+~ 0) cic PaOpov modha-
nhotnrog k, Oa déyeton iniong g pilav kai tov ovluyi] tov ¢ —if xai paliota pé
t0v abtov fabpov morlankotnreg k.

H &mdBeibis i Tiis els &romov dmaywyiis.

Moépiopa I.—"Eav axéparov morvdvopov f(x), pé TPUYRATIKOVG GUVIEAEGTAG,
Exn pryaducag piag, T nhijfog 1@y pyadkdv ploy siva dptiog apipog.

Mépropa Il.— ’Aképoroy nokudvupov neprtod fadped pi TPAYRATIKOVS GUV-
teheotis Exer rohdyiotov piav mpaypatikiy pilav, apriov 83 paldpod ddvarar va
£y Kai nacog tag pilug tov puyndikdg.

§71. ©cdpnpa. —’Eav axéparov molvdvopov pi prrodg suviekeotig Hé-
xetan pilav Ty @ + VP (aeQ, BeQt, P £ 02 brov 0 € Q) 0 déxetan iniong xai
Ty a— VP kai pahiste pe tov abtov fudpoy mollankotnroc.

‘H &modei€is elvan dvdhoyos Tiis ToU Tponyouutvou BecopnipaTos kol g &k
ToUTOU étragieTon o5 &oKNoIs.

'Egappoyi. Na edpsdij nolvdvopov tetaprov Pabpod pi dxepaiovg ouvigheotdc, 10
drotov va Sunpijrer & tov: x*— (V2 i) x4+ iV2.

A oug. TMaparnpolpey 11 :

xt— (V24 i) x+1V2= (x—¥Z) (x—i).

Edqv f(x) elven & Znroluevov moAudvupov, TdTE, teidn Sicapeitan Si1x x — ¥2, Suvé-

HEL TOU dvaTépw BewpripaTos, 0 Siaupfitan kol Si1& x + V2, dpofes gmedn  Siopeltan  Sick

X —1i, Buvaper ToU Bewpriparos § 69, 0& BiaipfiTar kal & x + i, 88ev, Buvdper Tod Oewpripa-
Tos § 65, 8& BiopfiTar kal §1& ToU Yiwvopevou alUTtdv, Zuverrdds 0d& Excopev :

1) =G-¥2) G+ ¥2) x-DE+i)=@-2)(x+ D=xi—x1—-2.
§ 72. "Edappoyai émi TGV iSlotATwY TGV dxepaiwy MoOAUWVIpWY.
‘Epappoyn In: Tlpoodiopicate tolg mpaypatikods apbpove a, B, iva
10 nodvdvopov I(x) = x*—20x®+ x4 6 Swapijrar d1d 1od yivopivov (x—2)(x—3).
Adorg ’Emedn Bédouev 1o moAudvupov f(x) = x3 — 2ax24 Bx + 6 v
Buapfton (dkpifdds) Biax ToU yivoptvou (x —2) (x — 3), Emetan éTi dpkel vé
SrupfiTon dxpiféds Bid x — 2 kad Bix x — 3.
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Mpds ToUTo Twpémer kal dpkel :

f(2) =—8a+4 2B+ 14=0, fitoi da—pP= 7 (1)
f(3)=—18x+3p+33=0, ftor Ga—P=11. (2)
AUovTes T6 oUoTnua T Efiowoewy (1) kal (2) ebpioxopey :
o=2; P= .

Enueimeig @ Tols mpaypatikoUs &pi8pols « kal P Tiis dvwiipw tpappoyfs buvépeda va
mpooiopicwpey kol 81" &ARwv Tpomwy. EgappdoaTe fvav (§ altdv Bid THY elpeciv T@V
a kal B,

'EQoappoyn 2a: Axépmov molvavopov [(x) Srmpoipevoy da x4 1
bider Omodotov 2, Sruipodpevoy dui x—2 dider Dmolowmov 11 kai dud x-+3 §ider
onodownov 6. Na e0pe0i] t0 Ondlownov tijg himpioswg tob f(x) dua tod yivopivou

(x-+1) (x—2) (x+3).

Abouig: ’EE Umobéoews elvan :

[(—1)=2, fe2y=11; {(-3)=6. (@))]

To mopudvupoy  [(x) Biroipodpevor Bi& ToU yivoutvou :

(x+ 1) (x—2) (x+3),
T6 drofov elvan TplTou Bobuol, 8 Swon &v TmAlkov T(x) kal &v UtrdAouov TO
oAU Seutépou Babuoy, fotw TO ax? 4 Px + y.
Katd v TaUTOTNTA Tiis Sixipéoews B Eycpev :

fX)=(x+1) (x—2) (x4 3) w(x) 4 ax?+ Bx+ 7. (2)
OétovTes els Thy (2) SiaBoyikds x = —1, x=2, x—=—3 ol EyxovTes UT’
Syw 15 (1), AcpPdvopey TO oUoTnpa

dPoy= 2
&yl dad-2p 4 y=11
9a— 3B+ y= 6.
AVovTes 16 oUornua () edpiokopev : a=1, P=2, yi=23:
“Qote, 16 InToUpevoy UTrdhorov B elvan @ x2+ 2x + 3.
§ 73. Iyfoeig perakl TV pIdiv kai TOV CUVTEAESTOV Evag AKE-
paiou TroAuwvipou. — “Eorw 1o du-:e'pcxlov TTOAUMVUHOY :
f(x) =a, x¥ oy x¥1- oyxHoy, (o # 0)
WE picas p,, Pai Par++ 1 Pyt 4 Pv -
Qs yvawotov foyuer
O XY oy g b X G = (K= ) (K pg) (X —py ) (1)
Aicipolvres dupoTepa T& piAn Tis (1) S1& ToU o, £ 0 kod ExTeAoUvTES
T&g TpdEes eis 1o Beutepov péAos, TO dTroiov Kal BIaTAoCOMEY KaTd TS KaTioUoas
BUV('XIJEIS TOU X, é'xopev :

R T e € T S R
+Pv>*“‘+(plpa+plpa+---+vanpv)xV”—~-+(—1)"9;9.---Pv
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"E€io0UvTes ToUs guvTeAeoTas TGV looPaluicov Spwv-AauPdvopey Tds oxé-
OEIS :

d

Si=pt ettt R u"i‘
v

ay_g

Se =ppe P3Py Peps Pt P o= =
v

Oy

Sz = piPaPs+ P1PaPs+ - - A PaPaly = - - - Py—2 Pe—t Py =Ll n 4
a

Se=piapy ... P Py =(=1) ,ﬂ@,

Al oytoes alrar peTafl TV piLddv kol TEY TUVTEAEGTRV EVOS TTOAUWVULOU
elvon yvwoTal ds oyéoeis Tou Vieta.

Mé TG oxtoswy TouTwy Suvdpela va elpwpey ToAuvupov, Tou &molou
éxouv Bobfj ai pifal.
'’Eoappoyn In: Aidstar 10 molvdvopov :
f(x) = 2x3 — 3x2 | dx —
"Eav py, pay Py clvar ai pilon tob £(x), va e0pelij 1 tpd tiig napustaceng :
pi+ 3+ P

Aborg : loyuel -rrporpowc?;; N iodTns :

i+ 3+ P= (Put pet Pe)® — 2 (Papot Pipy + P2Pu)- 65
, . -3 3
AN T T et et @
i 4
Kol P1P2 - PiPa -t PPy = Sor 2. 3
‘H (1), Suvduer T@v (2) xal (3), yivetar :
3 7
S p2+P3“(2)—22_T—4—‘——Z—.

'Egoppoyn 2a: Na eopedi) mohvdvopov tpitov fabpoed, tod droiov dbo
pilar givar of agpibpol p, =35 kai p,=i.

Aborg: "Eotw ax®+Px2+yx+38, a0 10 {nTolpevov TroAuvcwvupoy
TpiTou Pabduou.
Tpopavds ) Tpitn pila ToT v Aoy mohumvupov glvan @ py=—i, (Biati;)
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ToTe, quppcoves mpds Tas oxEoels Tou Vieta, B¢ Eycopey :

PL+P2+P3=—§—, fiTot 5:_% p=—5a
il % g -
P1Ps 1 P1Pst+ Papy = ! nTol 1= = sy y=a
8 : 5
P1P2Pa G e fiTol 5:_-&_ 85,

‘OBev 16 InToluevov ToAucvupoy elvad ©
f(x) = a(x®*—5x2+ x —5).

* AraipetdTng dxepaiou roAuwvipou id Tob Swwvipou x—a)".

§ 74. Qepnpa. — "Aképamoy mohvdvopov f(x) Srampeizor die tob (x — )Y,

VEN, tote, kai povov tote, dv :
f(@)=0, f,(@)=0, L{w=0,...,1 (@=0,
v f,(x), £,(0), ..., T(X) glvan davrioroiymg 1@ mnhika t@v Swupioemy :
i(x): (x—a), f(x) :(x—m),..., foofx) : (x—a).

'Anoderbig: "Eotw g(x) 1O mmAikov Tiis Sicipéosws Tou f(x) Sk
ToU (x — ), Téte Eyopev: f(x) = (x — )" - ¢(x). (1)

Aix x=a i (1) 8i8ar f(a) =0. ToUto onpaiver &1 16 [(x) Sroupeiton Bid
X—o. 'Eqv {;(x) elvon 10 mnAikov Tiis Sicpéoecs ToU f(x) Bid x — a, TOTE,
Srcupolivreg dpedTepa & pEdn Tis (1) Sk x — a, AauPdvopey THY TOUTOTNTA :

B0 = (x — &) g(x). @

A1d x=a 1 (2) 8ider f,(a) = 0. ToUTo onpaiver &T1 16 ToAudvupov f,(x)
Sinpeitar S1&r x — o, *Edw fo(x) elven 1O TnAlkov Tiis Sroupéoews [,(x): x —a,
TOTE, BronpolvTes dppdTepa T PEAN THs (2) 81& x — a, AopPdvopey TNV TAUTO-
g fo(x) = (x — )2 (x). 3

Aix x=a A (3) 8i8er f,(a) =0, 16 bmoiov onpaiver 611 16 {,(x) SicupeiTan
S1& x — o,

MpoywpotvTes, ka®® dpotov Tpdov, elpiokopey &Tt 16 THAiKoV THs v— 1 T&-
Eews elven : fr1(x) = (x — a) - p(x). W)

Ma x=a f oxtois aUtn ylvetar f.(a) =0, 8nAadh T6 ToAUGVUNOY
fo1(x) Sraipeitan S1& x — c.

‘Aviictpboog 'E doov f(a)=0, f,(@)=0, ..., f,_i(a)=0, 6
Eyoopey :

) s Q) ,(x) & TToMGTTAGINTPOU TOUTwWY Kkartd péAn, Aau-
(x) = (x —a) f(x) | Pévopev THY ToUTéTNTA :
fo(x) = (x — @) 14(x) i(x) = (x— ) fy (%),

..................... 7] omrola pavepdaver 6T1 TO TeAvvupov {(x) Bicupei-
foy () = (x—a)f, (x) | Ton 1 (x — Q).
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Mapathpnore Ak va Beffoopev 671 drépatov TToAudvupoy SionpeiTan
81& TIvos Buvdpews ToU X — o Epyaddpeba oAAdus s EETs @

Mébodog tiig avukataotacens. “EoTw 611 TO TroAudvupov f(x) SronpeiTon
Bl (x — )2 Tote 8& Exwpev THY TauToTHT ;

((x) = (x — @)* - p(x). )

Oewpolpey TOV PETATYT|LOTIONOV :

X—0=y <> X=y+ 2)
kai 1) (1) yiveron:
fy+a)=y*o(y-+ ), 3)
émov f(y + o) kad @(y + ) dxépora ToAUGVUNA TOU .

‘Ex Tiis (3) mpokdmrer 8T 1O f(y &) Sicupeiton drpipds Bk ToU yR
TTpds ToUTo &pkel 10 [(y + o) v& oTepfiton oTabepol kad TpwToPadufou dpou,
fiTo1 va elven Tiis popefis

(o) = ey oy Y - gy gyt

‘Ouioleos fver 16 f(x) SrcupfiTen Bid (x—a)?, wpémer kai dpkei T f(y + o) vix
Branpfiton S1x y3, firor v elven Tfis popeiis: f(y+ o) =« YA oty Y
+ e eyt oy v, B16m Bi1k ToU peTaoynuaTiopoy (2) TpokyTrTel &1 ;

f(F)=Ex—-a) 7wix) = F+a) =3 w(y+ ).

‘Egappoyn In: ’Eav v guoikdg ambpde, vi deryfif 61 10 molvdvopoy

f(X)=vxt!—w4+Dx'+1
dapeitar S tod (x — 1)%

Aborg Aid x=1 Eyopev:

f(D)=v—-(+1)+1=0.

"Apa 10 f(x) Sropeitan ik x — 1. ’Exteholvtes ThHy Siaipeaiv eUpiokopev
TV TOUTOTNTA ©

f@X)=GE—1) vz — (@ +x24+ ...+ x+ 1)) (1

"Ec¢w Béocopev f,(x) =vx" — (x¥=L g xv2 f 4 x4 1) TTapaTnpoUpey &1
[(D=v—(Q+1+...+14+1)=v—v=0. Tolto BnAoi &TI T TOAUEWY-
pov [, (x) Broupeiron Sick x — 1, dwdTe B Eycopey :

f,(x) = (x = 1) m(x). (2)

“Evexar tadrns, ) (1) yiveran

I(x)=(x—1)2. w(x),
1) dmoice pavepcdver 11 16 f(x) Sicnpeitan Bidx (x — 1)2

'Egappoyn 2¢: Na anodeydij ot 10 molvdvopoy :

f(x) = x* — 9x% 4 25x% — 24x 4
owpeiton (Gxpfiic) die tob (x — 2)2
An6de1Eg: Exteholpey TNV QvTIKOTAOTAOW ;
X—2=y<=> x=y+42
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kad Exopev: f(y+2)=((y+20—9(y+2)3+25(y+2)*—24(y+2) 4 4.
Metd ThHv EkTéheov THOY TpdEewy elpiokopey |
I(yp2) =yt —iy* =0y2 =iy = §i=8)
7 B1&x T duTikaTaoTdoews Yy =X — 2 EYOUEV :
fxXy=E=2p-[(z—2—(x—2) -3}

1) Omola powepddover &1 1o f(x) Sronpeitan i ToU (x — 2)2

* Qeswpijpata €mi TRV Omoloimwy.

§75. @ewpnpa lov. —’Eav v (x) kai vy(x) eivar 10 dnolona t@v drarpé-
cewv f(x):8(x) wai f,(x):8(x), 8(x) = 0, dvriotoiywg, tote ioyver 1| Loywki
icoduvapia :

8(x) | 1,(x) — Bx(x) <= 0y(X) = vy(x).
Anodelig ¢ "Eotw 8(x)| [j(x)—l,(x), To1e [[(x)—f,(x) =8(x) - w(x). (1)
"E§ &\hou Exopev :
f(x) =8(x) m(x) +u(x), Podu vy (x) < Padu. 5(x) 2
1(x) = 5(x) To(x) + V(x) , - Bobl. Uy(x) < Pdl. 5(x). 3)
Ex Ttév (2) kai (3) Acupdvopev
fy(x) = fp(x) = 8(x) [, (x) — Ty (x) ]+ vy (x) — v,y (x).

*ANAG, Buvduer s (1), f) Siadpears [f;(x) — f(x)]: 6(x) elvon Teheiar kai
ETopévess : U (x) —u,(x) =0, 2 ol: u(x)=u,(x).

Aviietpo g og: "Eotw 6T vy (x) = uy(x) kal 8T

B(x) = 8(x) - (0) 4 uy(x) kel fy(x) = B(x) my(x) + vy (x).

Tote B Eywpey :

f(x) — L(x) = 8(x) - [my(x) — my(x)] == B(x) | f1(x) — fo(x).-

§ 76. @cwpnua 2ov. —Eav vy(x), 0(x), ..., v, (x) glvar avuetoiyog td
bnérona tdv Sumpiosov 1,(x) : 8(x), f(x): 8(x), ..., £, (x) : 8(x), 10tE ai Srnpé-
el [f,(x)+1,(x)+ - -+ 1 ()] :8(x) wai [v(x)+ vy(x) + - -+ + vy (X)] 2 8(x)

didovv 16 adro dnorormov.

'"Ané6derErg: "Exoupev, &v cupPoMowpey T& TOAUGVUMA &TAGS i
f,8 mu dvri f(x), 5(x), m(x), u(x), T&s oxtoes:

f,=8m + Uy AlGton TpooTiBépevon KaTd péAn SiSouv :
(o) fy= 8, + v, £+ Lot -y =80y ot AT ) A (U AUy ).
 f=0my v, "EE adTfis Acupdvopey :

f"’ = 8Tl"v + Uy (f1+ f2+ "'+fv)_(ul+uz+ "'+Uv) EB(TF_["‘ '|T2+ ~--+1Tv).

‘H Tedeutaia TauTdTns SnAot 6T1 To 8 Sraupel T Slagopdy TEY ToAUwVUNGY

fitdo4 oo - f, kol vy Uyt - o 4 Uy, ETopbvess, Buvdpel ToU Tponyoupévoy

BecwpripaTos, ExaoTov ToUTwy BlonpoUpevov Bid Tol &(x) BiSel TO avTd Umd-
AoiTrov,
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§ 77. Ocwpnpa 3ov. — Al rnobicsig tob Peopipates 2, tote ai dunpéasig
[£(x) - (%) - - - £y (] 8(x) ke [vy(x) - Vy(X) - -+ vy (X)] 2 8(X) Sidovv 10 avTO DrH-
hoirov.

‘Andderbig: Tas oyéoas (o) Tiis mponyouuévns Tapaypdgou ToAAa-
TAXCIGCOMEY KATS MEAT) Kod Eyopev :

f1fa. . . E=8-14 (v, ... v,), (1)
évBa 1T dképaiov TroAucvupoy ToU .
"Ex tiis (1) Aappdvopev Th oyéomw :
(et s S ) =i i, oty ] =8t

<

n

’

ol kai &modeikvier TS Becdopnua.

(o]

Hapotipnorg: Ta feopripora 2 kal 3 foylouv xai &v dxdun Stv
dvTikaraoTaBolv Sha T& oAUV f(x), T,(X),. . ., (x) S1& TévV Umrooimey,
GAAG udvov pepikd 26 aUTdv,

Mépropa.—"Eav v(x) slvar 10 dndlomov tiig dwmpiosag £(x) :5(x), tote
ai dumpioeig [1(X)] : 8(x) kol [v(x)]' : 8(x) Sidouy 6 abtd Orbhoimov.

'Epappoyi : "Eav «, B, 1, & civar axéparor pi apynuikoi, va dewx0i 61t 10 molvOvopoy:
0TS g y#02 vl 488 Sumpeitar arpifdg S tob :

X4 x4 x4 1.

’Andderfig: ‘O Bapetios yphgeran

(39 X3+ (X X2 (X7 X + (x93 .

‘Eév xTediowpey THY Siadpeow x*: x4 xt - x 4 1 elplokopev Grdhormov 1. "Apa T
ywouevar (x1)e - x3 kad 1o . x? Sroupodueva Sk Tou x® -+ x* 4 x4+ 1 Bibouv 1O aUTd UTro-
Aovrov (PA. Becp. 3ov kol épioua). ‘Ouoles T& ywdpeva OB . x® ked 1P . x* Brenpolpeva
1& ToU X3 - x* 4 x 4 1 BlBouv T& aTd Umrdhotrov. T adrré layUouy kal §1é Té& (xHr x kai
Iv - x &’ évog kal (x4)8 kol 18 &’ érépov. ‘Erropévars T& TOAUGVUNG :

ot g x P2 g bt L o8 el 19834 PP 1Tt P =x® 4 XD x4
SiaipoUpeva B1x Tou x¥ 4 x* 4 x4+ 1 Sibouv TO alTd Umdhowrov. CAAMAG TO YTréAoITOV
Tfs Sipéoews (x° 4+ X' 4 x4 1) (x* 4 x4 x4 1) elver pnBév. "Ofev 1§ Sixipeois
(G HES o e e L L ) elvan TeAela.

*“YmwéAowrrov Tijg draipéoswg axepaiov moAuwvipou f(x) dra
Tol diwvipou X' —a, EvBa veNN.
"EoTed Ev dxépanov wohudvupov f(x), Pabuol k, xoi els puaikds dpifuds v,
HikpSTepos i foos ToU Pabuol k Tol moAuwvipou {(x), fitor: v = k.
Tote ioyUer 1) k&Twb TTpdTATIS
To modviwopoy f(x) ddvarar va tellfj dné Ty popgify :
f(z) = et fra(®)+ @2 for(®) + - - - + afy(@) + fof @), M

brov foa(a), fisl®), -+ -, [uf @), fo(7") dréoara modvdwvpa tob z .
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TMpéoyuaTi- of ékbétar Té@v Spwv Tob f(x) 8 elvar ) ToAMamAdole Tol v 7
ToAamAdola Tol v nignuéva katd 1§ oA+ 2 f ToAv - 3, k.o Of Spot
TV dmoiwy of ékbéTon elvan ToAAeAGoIa ToU v 0& Sibouv 1O | o(x¥). Ol épor
T8 dolwv of ekbéTen elvan oA + 1 0& BiSouv T xI,(x¥). Oi ¢ Spol T&Y otroiwv
oi exbéTon elvan oh.v + 2 8& &idouv TO x2,(xY) K.0.K.

Inpeiooig: THy ds dvw mpdTaow Suvdysle vi drrodeiwuey aloTnpd-
Tepov Bix Tfis peBdSou Tis Teheias oy wyfis.

‘Egappoyi: Eorw f(x) = 3x7— 5x6 | 8x% — 3x4 4 —4x24-Tx+3
kad E0Te 811 v=3.

Auvépe s dveotépw TpoTdoews TO [(x) BUvaTar v ypagd Ud THy uop-
9riv : f(x) = x?(8x®—4) 4 x(3x — 3%3+ 7) — (5x% — 2x3 — 3),

§ 78. @eipnpa. — To dndhowrov tiic Sumpéoswng axepaiov rolvovipov f(x)
te0évtog bro Ty popeny :
1) = X1 £ () + X2 £a(x%) + - -+ xB() + ()
81d tof Srovipon X' —a siver :
v(x) = x*! fug(@) + x2 fa(e) + - - xd () + (o).

"AndderEvg: "Extol fewpriparos § 76 mpokitrtel 811 TO UmdAorTov THs
Blanptoecos (x) @ (x¥ — o) eivar: u(x) = Upy(x) +Upa(x) +- - v () -y (x),
Omou vy (x), (X)), ..., Ui(X), Up(x) evan vTioTolyws T& Umdrorma TGV
Bicupéoecoy : x! f(x¥) 1 (x¥ — @), X2 o(x¥): (x" — o), ..., xf ) (=),
fo(x¥) : (x¥ — ). To Gwdhormov Spess Tfis Siaupéoewss ToU f(xY) 81 TOU
XY —a elver 10 [y (@), 8167, 2w TebT xv = =7y, TOTE, A5 yvwoTtdv (§ 64, wopi-
opa 1), o Umodhorov Tiis Sicnpéoecos f,. 1(¥) : (y — ) elven v=f{,.,,(x). ’EE &A-
Aou T YrrdAortrov Tiis Sicapéoecas ToU x¥! Bik ToU x¥ — o elven alTd TOUTO T
X 81411 elven wikpoTépou Pabucl & Broupetéog dmo Tov BiapéTnv. "Apa T
Y‘Véuﬁvov vl (xV) ked TO x¥L- (@) Sicupovpeva Sid ToU XY — o §{Bouv T
WT& UTréAorra. CANAE TS UtrdAorTov T Sraptoews xV L f (o) (x¥ — ) €l-
var o xv-1f, ) (). “00ev Uy (x) = xv! £ ().

“Ouoleos uyp(x) = 22 £,2(0), ..., Uy(x) = xh(), Up(x) = f, (). "Apa :
u(x) = xvH(e) - x¥2 fia(a) + - -+ xfy (o) + £ (o).
Mépiopa. — Ad va Sunpijtar 1o dképatov molvdvopoy :
fx) = x> £, (x) + x' 2 B(x) + -+ xE (xY) - £ (xY)
81a 100 xv — g, npéner kai apkel va elvon :
Lo(e)=0, f,0(a)=0, ..., j(@)=0, f(c)=0
‘EQappoyai: 1n: Na e0pe0f) o drdhownov Tils Siapiccns 1ol dxepaiov moklvwmvi-
o f(x) = 2x5 — 3x1 + 4x® —2x? -+ 3x — 4 S tod Swwvodpov x - 2,
Aborg: To [(x) ypdgeran: f(x) = x*(2x*—2)—x(3x"— 3) + (4x*—4). ’Edv is
ToUTo Béowpey Smou ¥ — — 2, hapPavopev 16 {nrolusvor UtrdAotmov :
v(x) =—6x% 4 9x —12.
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20 : ’Edav @, B, y Oznixoi dxéparor, va cdpedii 10 dndlowov tiig Sunpiocmg tod dxepaiov
nolvovopoy 1(x) = x4 X+ 1 35 §ia 1op x0 — 2.
Aborg: To I(x) yphperon:
1) = () 4 x(x)P 4 (x9)°
"Edv els ToUTo Béowpev dmou x* =2, AapPdvopey TO UmdAoiTov.
u(x) =2l x4 9B . x4 o

AZKHZEIZ AIAQOPOI ETI TGN TTOAYQNYMON

146. N& poadiopiofoiv of TpaypaTikol &piBuoi o, B, ¥ OGTQ)S' o vé& TANPoTY THY oyé-
aw a® + PP 4 y? = 3aPy, 1o 6 moAudvupo [(x) = x* + ax? + Px + y va AauPdvn THY TI-
pv 7 S x = 1.
147. ’Eav v g N, va dmoderx8ij 6T1 TO oAucovupov :
f(xX)=(x+ 1)2v—x2v—_2x—1
Sicapeiton §1& ToU @ 2x3 4 3x? + X,
148. Na mwpoobiopiofolv ol mpaypaTikol dpifpol a kal B, fva Té moAudvupoy
f(x) =2x* + ax*—13x + B
elven Bratpetdv B ol (x —3) (x + 2).
149. N& mpoodiopiofouv T& k kal A kal vé etpefolv al pilan py, ps, py TOU ToAuwvUpoU:
f(x)=x—8x*—8\x + k, & yvwpifwuev éT1: p; = py = — p;.
150. N& &mobeiyff) &1 7o moAudvupov : f(x) = x' + 3x*—3x*—Tx + 6 Bioupeitan
S Tou (x — 1)2
151. N& mpoobiopicBolv ol wporyuatikol &piBpol o kal B, tva 16 mwoAudvupoy :
f(x)=xvtl + ax 4 B Swpfitar S ToU (X — 1)? kald vé eupebdy TO Trmhikov.
152. ’Axtparov ohuamvupoy f(x) Biaipolpevoy S1& x — 2 8i8e1 UmréAorov 12, Biaupoipevoy
8t B x — 3 &ibe1 Umrdhormov 17, N& ebpebi) 10 Umrddormrov Tig Siaipéoecos f(x) 1 (x — 2) (x — 3).
153. ’Edw 10 ToAvdovupov X* + ox + P elven SranpeTov Bié ToU (x — k)2, Beiforte 61 peTafy

iy 3 a \? P\

TV a kal P YploTaTan 1) oxéors : (T) + (—2—) =l

154. "E&v 81& Tpels S1apdpous TIHAS TOU X T& TPIOVUMG :

(a—2)x2+ (BP—1)x+vy «kal x4 5x+ a+ 1

AapPdvouy ioas &piBpnTikds Tipds, vé pocdiopiofolv ol mparypamikol dpifpol a, B, y

155. 'Eav dxépaiov moAuwvupov [(x) Sixpfitar &1& ToU x — 3, va Seixfij 611 1O TroAuce-
vupov f(4x —5) Sicapeiton S1&x ToU x — 2.

156. Edv o moAudvupov @ f(x) =x" + Ey¥ + nz', (veN, v= 2) elver SroupeTov bk
ToU ToAuwvipou ¢(x) = x* — (ay + Pz)x + aPyz, ToTe 8& loyin 7 oxéos :

E

tpotls

(‘Yrodeikrg : "AvadloaTe T q)(x) elg ywdpevov TapayovTwy KTA.).

157. N& Serxfij 6m1, kv a # P, ToTe TO Umdhormov Tijs Siaipéoews ToU ToAuwvipou {(x)
Bi& ToU ywoptvou (X — a) (x — P) elvan :
f(a) —f f(a) —af
@=1@), , i) o)

"Egapuoyn els v Sixipeow : (xf —2x3 + 3x* +8x—9): (x—3) (x—2).

158. EUpete Tiv Ikaviv xal &vaykaiav ouvBikny, fve f) éflowois: x* —3ax + 2B =0
Exn SimAfv pilav,

u(x) =

100

WnoiomnoiBnke amod 1o ivotirouto EknmaideuTikrg MoAmkrg



159. lMpoodiopicarte T& a kal P doTe A tfiocwois x? — 24x — 72 = 0 v& TifeTon Umd TV

— 3
Hopgnv (i_— g) = --E . "Akohoubws va Aubf 1) Elowats alTn.

160. 'Eav 1o Umdhorrov Tis Siaipéoews ToU mohuwvipou [(x) = ax? 4 Px® — 18x® +
+ 15x — 5 81t ToU @(x) = x* —3x + 2 elvon u(x) =4x — 7, v& SerxBf 6Tt a =1 kal P = 4.
161. Acifare 871 16 Umrdrormov Tijs Bropéoews dkepaiou TToAucovipou f(x) Bik ToU X — of

elvan 16 : u(x) = e ;0:'(—0() X + f() _;_2 I(_a).

162. Ak woios Tipds Tév k kol A O moAucdvupov @ [(x) = 3xt —kx® 4 5x2 —9x 4 A
Bialpeitan ity xt —1 ;

163. 'Edv (@ —B) B—7y) (y — @) # 0, v& tmiAubij 16 oloTnua :

o 4 o +ay +z=1
P*+ Pk + Py sk z =1
Y+yx+yy+z=1

('Yroderbrg: Maparnpnoate &1 16 oAudwvupoy (1) = t* + xt* + yt + (z—1) Exer pi-
Cas T& o, B, y).

164. Axépaiov ToAudvupov [(x) Siaipopevov i x* + x + 1 &iBer Umdhormov x — 1,
Sioupolpevoy 8t B1d xt — x + 1 8ibe1 Umdhorov 2x + 1. Ne& ebpedij T Umrdhorrov Tiis Sicipioecos
[Cx): (x¢ 4 x2 4 1)

('Yrodertrg : Maparnprioate dmi: x4+ x2+ =&+ x + 1) x2—x + 1))

165. "Eotw 7} tfiowos x* + ax® 4+ Px + y = 0, Tijs omolas f ula 1év p1iév elvan Ton
HE TO &Bpoiopa TGV BUo EAAwy. N& elpedii moia ouvBikn Umépyer peTall Tdv ouvTereoTOY Tiis
E100gews kol va ebpefolv ol pilar Tns.

166. "Ecqv k, A, ue N vé& dery®ij 611 16 moAucovupov x3k+2 4 x3+1 - x31 Sicupeitar S
X2 4 x + 1.

167. TvwoToU SvTos 61 T6 ToAvmvupoy {(x) = x? -} ax? 4 Px + y ué dkepaious ouvTe-
AeoTas Siocnpeitan S ToU xF—2x 1, va Bey®ij 8Ti: |af [P+ |y =3

168. 'Eav —4 kal —164 elvon T& Umdhorma Tdv Sranpéoewy [(x): (x + 1) wad f(x):
(x —3) dvmioToiyws, TOTE v& eUpedi TS Umdhormov Tiis Sianpéoews [(x): (x* —2x —3). "Eav
TO TOAUVULOY f(x) elvon TeTapTou Pabuol pt pifas 0, 2, —2, moia 1) &AAN pila Tov;

169. ’Fav ve N, v& dmobayfiy &t Té& moAucwupov : xdvt2 _ (2v + ])}{2"""2 +
(2v + 1)x* — | Siapeiton B1& ToU (x2 — 1)

170. Evpete thv petafy Tév o, P, ¥, 8 oxtow, iva al pifat py, py ps TOU TTOAVGVUHOU
ax® + Px? 4 yx + & WANpOUV TNV OXEOW : Py + Py = 2p,.

171. N& oépiofolv of mpayparikol &pduol o kai P oUtws, doTe TO mOAvvVUHOY
Xt (@ —P)x3 + 2oxt —5x + 4 va Bpfitan Bide THs peyohuTépas Suvariis Buvdpecs Tol
x—1.

172. 'Edv t& mohudvupa f(x) =x3 + ax — P kal ¢e(x) =px*—ax—1 pt o, PeR’
Exouv piav TparypaTikhy pilav kowny, Téte foxvouv o oxéaels :

1 ; .
D opldpitpi=—20 2) |py|+lpal +lpsl > 5 80 pupu s elvan pilen o f(x).
$73. Aei€are 811 516 xd&be pifav p ToU ToAuwvUpoy f(X) =XV + o xv-l ... 4 ax +
+ o, ME TpayuaTikoUs ouvTEAedTds, loyler f) dvicdTng :
lpl <1+ [avt]|+|ov-2|+ -+ + o]+ |ax].

174. Aibetan 1o mohudvupoy [(x) = x* + ax + P, (o PeR) xal & mwpayuarikos dpi-
Buds n pE n = 2. ’E&v m kohéooopey Tov max { | £0) |, [f(n) |, |f(-n) |}, Toe Seiare S11:

m = max {|f0) |, [f(m) [, if(=m) |} =n.
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175. Ebpete THv petaly 1V a, B, y, 5§ oxfow, va al pilat py, pa Ps Py TOU TOAUGVIHOU
xt 4 ax?® 4 Px? + yx + & oubBtwvra Bi& Tis oxéoews : Py + Pp = Pyt Py
176. ’Eqv 10 moAuddvupov [(X) = X+ ax? + Px + y, &vba o, B, Y€ R, Exn SimAdjv pilov
&pBpov p kad elvan p =<0 f) p= 1+ J2, v& &mobeybij &11:
lal + 1P+ lyI=p+ 2p
177. N& &moBeixbf &T1 1o Umdhorrov Tiis Sixipéoecs dxepaiou Toduwwipey [(x) &ik Tol
xt—2px + p? elven 1O T(p)Xx + f(p) —pr(p), Smou w(x) elven TO mnAikov Tiis Braupéoecs
[1G) — ()] : (x—p).
178. Axépaiov Tohudwupov Sicapolpevoy & x + 2 8{8e Udhoirov 7, Bicnpovpevor Bik
X — 3 §i8e1 UmmdAorrov 17, Ti Umrdhorrov 8 8o &v ToUto Sienpedij 8i& Tou x* — x — 6 ; TTpoodio-
pioare v ToloUTov ToAuwupov. ‘YmoBéoaTe droAouBws &T1 TO ToAvdvupov TouTo elvan TpiTou
Babuol kai Bipeiton ( dxprPéds ) ik 1ol 2x* 4 x — 3. Tlojov elven TéTe TOUTO ;
179. 'Eav o, B, yeR, y # 0 kal ol pilan p,y, py, ps TOU TOAUGVIPOU :
f(x) =x%+ ox? + Px+ vy
TANPoUV TS OXECEs: |py| = 2| pe| =3 |py| TéTE Befare &mi: |of | <11 |y |.

180. AiSeTan TO dxépaioy TOAVGVUNOY Pé TIPATY HOTIKOUS CUVTEAETTAS :

) =o, x¥ o, i s
Oftopev | X | =6, Umobérovres 0 % 1, kol m=max { |y, |oyl; Jegl, oo oy |, |}
Né& &modery ) émi:
V‘i'lul
e
10 |=m - 5

[l. AKEPAIA TIOAYQNYMA TIOAAGQN METABAHTQN

‘Opoyevij kal guppeTpika moAuwvupa.

§ 79. Eicaywyikai évvoial — “Opiopoi. — Qs eis v § 50 cpichn 1
vvola ToU dxepaiou TroAuwVUHOU WS METABATTIS UE CUVTEAESTAS Trpary LaTIKOUS
Sp1Buoys, xaTd ToV aUToV drpifdds TpdTov eiodyeTan kad 1) Evvolx TOU TTOAVGVULOU
v TO TAfBos peTaPANTdV X, ¥, Z,. . ., b

*Emaid eis SAas oyxedov Tés Epapuoyds ToU ouvavTOHey el TO Tapdy Ke-
péhaiov ai petaPinTad Sév elvon TeproodTepal TV TPIGY, S1& TOUTO KATWTEPL
0& meploploddpey els ToAudvupa TPV ueTaPANTEY X, y, 2 of 8¢ TpoTdoEls
af émroicn 8 SiaTutrelouy yevikeovTtal, v YEvel, Kal B TOAUMVULA TEPICTOTE-
pwV HETCBANTEY.

Kotémiv Toutou S{Sopev ToUs xdTwdl opiopols :

a’). *AKEparov povdvopoy TV X, ¥ % KOAEITal Ao EKQpaois THS Bop@fis :

o xkahogh 1))
Smrou a (oTafepds) TporypaTikds dpifpos kad k, A, 1 guoikol dpifipol f undév.
0 dp1Buds o koAelTan suvteleotilg ToU povevpou (1), T& 8 oluPola x, v, z
kohoUvTan petaphntai. To &Bpoiopa k4 A p Tév éxbetdiv, €9’ doov o # 0,
keAeitan padpog Tou povewvipou (1). 'Edv k= A= p= 0 kad « 5 0 10 povevupov
(1) dvdyeten els TOv oTafepov &pifucy o xoi Aéyouev s aUThy THY TEpiTTLOOW
&1 1o poveovupoy (1) elven Padpod pundév. Eqv o= 0, 1éTe TO povvupov Ko-
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AetTon pydevikoy kol Sév SphoUuey Si Tov Babuov Tou. Téhos éwv a 5 0, Adyopev
&1 16 povavupov (1) elven dg Tpos x PaBuol k, dos wpds y Pabpol A, ds Tpods
z BaduoU u, ds mpds x kal v Paduol k + A, x.0.x. Oltw, T.X., TO povdvupoy :
— 3x®yz® elven Gou Paduol, Evéd dos Tpds X kai z elvan PaBod Sou.

§). Ado povovupa keholvren Gpove (s oS TS PETAPANTSS Twv), &v v Tf
TAPAOTEOE TV EXOUV TaS aUTAS UETOBANTAS Ko EkdoTny pé ToU alToy éxféTny,
Slapépowv B (& Blapépouv) povor Kot ToUs cuvTEAEsTSs Twv. OUTw, 5
T pOvVOVUpG ¢ —3x%yz%, 2x2yz® elvon Suoia.

Té& pf) Spoia poveovupa keholvTean avopora.

Té& povdovupa Tis uopefis : axk y* 24 kad —axk y* 24 kahoUvtan avrifeta.

Avo pmy pnBevika povdvupa axk y* 24 ad PxY yP 2% kaolvren #k TavtéTH-
05 foa kol ypdgouev axk y* z# = Px¥ y? 2% TOTE, Kol pdvov TTE, &v :

o =B, k=, A=rp; b=

). TS d@bporopa TRV diepoicov poveoulipcow : oy xFiyhigh, X Keyhaghs, |
o, XV gt gy mopioTaTar odTew ;

OZIXk’y;"Z"" -+ daxkzyhzh—% B xkv y7~v ZMV y

"Edw 8 T& dos dved povdavupa elvan Spoter T &B@poropa altév elvan povaovupov
SHotov pds aUTd, Exov ouvteheaTnv TO &Bpolopa TV TUVTEAETTEY TGOV poveo-
VOpwv, fitor :

R S O A R A E L G s CHE S AR B LA
‘H elipeos ol dBpoiopartos TEY dpofwy HoveVUwY KaAETal avayoyn ciTédv.

H ragopi BUo moveoviuwy dvdyston sis THv Tpdofectv ToU dutiféTou TOU
&paipeTiou povwvpou.

Fwopevoy Tév drepaicov poveoviuwy ayxkayhizi, ayxkayhgi,. .., a, x* y* 2"

KotKat o oo ky Aithat oAy
¥ z

"Ex s dvortépw Ekpposws ouvdryouey 81 & Pobuds ToU youtvou Suo il
TEPIOTOTEPCOY pr) pNBEVIKGY MoVWVURWY s TTpos EkdoTny peTaPAnThv icolton
PSS TO &EBpotopa TEY PaBUY TEW Hoveovipwy €§ Tpos TV Ev Adyw peTaPANTAY.

"Aképaiov povdvupov Adyopev 611 elvan Saipetdv B1° &Ahov, MM pndevikoy,
dkepaiou povewipou, TéTE, kel pdvov TéTE, &v Utrdpxn Srépaiov povaovupov, T
STroiov ToMamAaoiaopevoy éml T SeUTtepov 68l TO TrpddTov, fTol STav T

o \ 1 gt
KOAEITAL TO POVEVUHOY | & O,. . . Gy X RibBut it

TNAIKOV T@Y Blio poveavipeoy elvan drépatov povdvupov. TLy. T6 &xépaiov povds-
vuov 12x3y2;5 gluey B1aupeTOV 81 ToU drepaiou poveovipou 4xtyz?, &16T1 1o -
Alkov elven 16 dtpaiov povdvupoy 3xyz2.

¥). *Axéparov nokvidvopov TGV X, y, z KoheTTen k&b dBpoiopa drepaicov po-
VovUpwy Téy X, Y, z, & TV drrolwy BUo ToUAdyioTov elval dvdpoi, fiTor Ev
SKEPQIOV TTOAVVULOY TEVY X, vy, z elvan pia wapdoTaois Tiis popefs :

ulxk'y’“z“l -+ qzx}uylgzw + ety xkv y"v ZHv . (2)
Smov oy, .., @y (oTobepoi) TporypaTirol &pBuot kad ki, Aj, wi, i=1,2, ..., v
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diéponor un &pvnrikol. Of &pibuot Oy gy vy &y KCAOUVTEN GUVIELEGTOL TOU TrO-
Aveovipou (2). Ta povidvupa, &€ G oUykerTal TO ToAudovupov (2), kaholvTal
dpor alrol. Oltw, Y., 1) TapdoTaots :

5x3y%z — 3xy%z + 2x%yz% — Txy
elvan &v dicépaiov TTOAUGVULOY TEY X, ¥, Z W& Spous T& poveivupa :

5x3y%z, —3xy%, 2x%yz3, —Txy.

A T& oAUV v HETAPANTGY x, Vi 2., b 04 Ypnopomoiddpey Tous
auuPoAiouous :

(23,2, .ost) T (X,7,2,...,t) A (Y2 - - 08) A g(x,y,3,. . .,8) kA
Oltw, .., TO TOAUGVUPOY (2) 1@V peTaPAnTéiv ¥, ¥) & YPAQETCN

[(Xry’z) il ka ylv " +e uzxqui.,zuu + qlxklyl.zu,_ (3)

KohoUpev « avipypévov » v SKképaov TToAUVUMOY Els To dTroloy Exouv éxTe-
Aeali) ai onpeiwdeioon Tpdgels kad dverywy ) Tév duolwv Epeov.,

KoTwtépw MyovTes «aotvdwouory 0 Evwodsuey «axépaioy drpyuévoy molvd-
ooy

"Eav mavTes of ouvTtehsoTol Euvdg moAvwvipoy f(x,y,z,...),v T TAfBog
HETaPANTEVY, elvon pnbév, TéTe ToUTo KedeiTan TrEMY HndeviKdY modvdvopov
nohvivopov Ek tavtéTntog ioov Tpog pndév.

Eis Ty mepimTwow ol YP&pouev Emions: f(x,y,z,...) = 0. Eig THv
GvTifeTov B¢ mepiTTwo ypdpopey : sz, ) 50

Balpdg &vos, iy unBevikol, drepaiou ToAVWVUOU KaAelTal & HéyloTos Par-
Ouos TGV povwvipwy alToU. Olrw, m.x., T ToAUdVULOY :

f(x,y,2) = 3xy® — 6x5 + 3x2y32% — 524, elven EBSopou Babuoy.

BaBuds évds moAuwvipou d PSS plaw peTaPAnThvY KeAeiTan & HEY CAUTEPOS
&BeTns Tiis peTaPAnTis TaUTns. OdTes TS QVWTEPL TTOAUGVULOY [(x,y,2) ds Tpog
TV peTaPAnTAY X elven Sou PaBuol, d Tpos y 3ou kal dx Tpds z 4ou Paduol.

&). "Ev dképaiov moAuwvupov (x,y,z, . . .) ToU émolou wévTes of Spot
(6x1 Spoton) elvan povdvupe ToU adToy PaBuou cs Tpos Tas peTaPAnTis Xz,
xoeital opoyevés. ‘O kowds BaBuds T Spwv Tou kaeiTon Pabpog opoyeveiag
ToU ToAuwwUpou.

K&Be pfy unBevikdv moludvupov f(x,y,z,. . ) v Babpol Suvaran v Ypopii
Kot Evar GrpIBdds TpdTTOV YTTd Thv HOPPTV :

a2z Y =1y, )= S N Ay I S b0 (9.2, (4)

&vba fy (x,y,2,...), k=0,1, 2,.. .,V elvan dpoyevis ToAvwvupov k Babuol duo-
yevelos §) 10 undevikdv ToAudvupoy kai f, (G2 i) #0.

Eis mepimrwooiv kal fv Té Tohudvupov f(x,y,2,...) &a ypagii oo v
Hopenv (4) Aéyopev &t rolTo Eyel Siatabi els spoyereic duddac.
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Katdmv TouTwv v dKépaiov TTOAUGVU IOV TPIGY PETAPBANTSVY X, y, z Slva-
Tot v Siarary B s dpoyeveis duESag s kKTl :

[(x,y,2) = o+ [oyx + %Y + 02 J4-[ ayx® - oy 4 otz - axy + ayxz+ agyz] +
T ooX? + oy y® 4 ez® + aax®y 4 oy x® o+ oy L,
Bba ap, oy, o, Oy, Oy, &, . . . of ouvTeAsoTal ToU TToAUcVUMOU,

ot). To &Bpoiopa, 1) Siapopd kol T& ywdpevoy ToAvwwucy TPIGV Kai ye-
VIKES v peTaANTEY OpieTan dis dkpiBdds kel Bi& TroAudupa MG peTaPAnTiis.
Kot ouvémaiaw kod T TroAudvupe v 1O TARB0S peTaPANTRY pE TpaypaTikoUs
OUVTEAEoTAS drroTeholy daxtiAioy, & dTroios ouuPohieTon pé : Rlxy,2: )

H o105 petall Yo dxepaicwv ToAvwwUpwY, TEPIEXOVTOOV TAS aUTAS PETO-
PANds, OpifeTan o5 kal S1d T TOAUGVUNA IS HeTaPANTHs. *AkpiPéoTepov Aé-
YOuev 61 ;

Avo dxépare molvdvopa t(x,y.2,...) xai @(x,y,%...) tivar ica i &k tav-
thtntog o, kai ypagopev f(X,y,2,...) = ¢(X,Y,%,...), 1018, Kai povov tote, v
shyKEwTaL Grd ica povavupe ij érep 10 adto, Gv 1| Segopd tov civar 1o pndevi-
KOV mohvdvopov. “Hrol :

opo

[xy,2...) =e(xy,2,...) <= 1(XY%...)—0(%y,Z...) =0

Olte, .y, T& ToAudvupa :
F(x,y) = ax2+ Pxy + yy2?—Bx+ ey +6 kai p(x,y) = 2x2—3xy +y*+45x+4
8¢ elvon &k TauTdTNTOS foa, TOTE, Kol povov TOTE, & :

a=2, P=-3, y=1, §=—5, e=0, 6=4,

). Keholuev apbpnrikilv tipilv ol woAvevipoy | (X, ¥iZyoo) 18 m=lct)
Y=B, z=vy,..., &x o,B,y,... &pBuoi TpaypaTikoi A uryadikof, "rc'w dpi-
Buov f(a,B,y,. . .), & dmroios TTpokUTITEL, &V €ls TS TOAUGVUHOY fx, e ) G-
TiKaTaoTHowpey Tas METAPANTES X,Y,2,. .. Bi1& TV af,y,... dvmioToiyws.

‘Ex ToU épiopol Tiis o TnTos BUo ToAUGVULGY v uETaBANTEY Kad ToU Spi-
THOV ToU pnBevikol TOAUWVULOU TTPOKUTITEL &1 :

B i(x,y,2,...) = 0(x,7,2...) == [Py, ..)=0(aB,Y,...) kai tv
fxyz,...) =0 = 1(a,B,y,...)=0 81& k& v—&Bax TV Y ve L TV
% Vs 2. .. dvTioTolYWs.

Haparqpnore Ak thy &mdbetv mpotdoewy, al dmoim dvagépovrar €l oAUV
TOMGY peTaBAnTéadv, Siatdooopuey ouvhBuns altd dg Tpos ulaw peToBANTAY. "AkpiPéoTepoy foyle
7 &fis wpbracis

Kafe pun pndevicov moludvopov f(x,y,2), v Babpod hg mpig tiv petefintiv x, Sdvarm
VC‘!’ Swataydi kara t0¢ Katoboag duvapsig tig petafintiic X Katd povadikov (Lovoshpaviov)
TPomoV Omd v popenv :

1y, =1 ()3 + o1 @D X7 -+ LT X+ L(y,7), 4)
Evla 1y (y,2), bv—1(y,2),. . ., 1,(y,2) axépare molvdvupa 1@V petafintdv ¥sz kai Iy (y,2) 0.

105

WnionoBnke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Mpopavdds 1) S1érais edn ylvetan cos e6is :

ZUAAéyopey TpddTor Tols &pous of dTroiot EXQUY TO X gis THY peyaduTépay SUvav v kal petagy
TV EEdyopEy KOOV TTap&yovTa TO XY , &Te EXopEV o5 CUVTEAETTIIV TOU XV &V YEVEL TTOAUGVUHOV
T&v y kel z, TO dmoiov kooUpey fv (y,2). *AxohoUBes ouRAeyouey Tous 8pous ol broiot Exouv TO
x s THY S0vapy v — | kai petafl attéy Edyousy kowdy TapdyovTa Tov Xv—I kel Exopev olTw
Gos cuvTEReTTHY Tol XV—1 v yével ToAudVupoy TGV y Kal 2, TO dmolov kehoukey fyv—i (y,z). TTpo-
ywpoivTes ko’ Suotov TpdTrov GUAMEYouEy Téhog ToUs Bpous of dmolol Btv Exouv THY peTaBAnTHY
x Kkai ol &motot &mapTilouy Tov TeheuTaiov Tpoodetéov f,(y,2) ToU dvamrTiypaTos 4.

To adtd Troduvdwupor f(x,y,z), v eiven PaBuoy u cos TRoS plav GAATY peTaPATTIV TUY.
Ty ¥ Blvaron vé SrarayBij kaé Tas kaTioUoas Suvées ToU y, BnA. va AGPn ThHY popenv :

[(x,y.z) =M (x,2) y# + fp—t(xz) yp=1 + ..o+ Lx2)y + LGz, (4"
a0 Iy (x,z), Ta—1(x,2),. .., fo(x,2) drépena ToAVGVUpS TGV X,Z Kai fu (x,2)£0.

E@appoyi. To mToAuGIUHOY :

f(x,y,2) = 5xty?23 — 3xIyz® + 2x% — xfy + 4yx —Txy®z + 32 —2y
SlaTdooeTal Katd TaS KaTiovoas Buvdpess THis peTaPAnTiis X 6 x&rwh :
f(x,y,2)=(5y%2® —y) x* + (22— 3yz5) x® + (dy — Ty*z) x + 3z —2y).

). "Avédoyor TpoTéaels Wpds T fecopripaTa | kot Il Té3v §§ 52, 53 Biatu-
TroUVTaL Kol B18t TOAVGVUNA TIEPLOCOTEPWY THS WES METAPANTEY, fiTol !

Tov : *Eav td ywvopevov 0o axepaiov tolvovipov I (x,y,z,...) Kol @ (X,Y,Z,...)
slvan £k tavtétyTog pndiv Evd 1o Ev £§ abtdv oty sivar 10 PMOEVIKOV TORLLOVL-
jov, tote 1 Ghho givar £k TaVTOTITOG PAOLY. Anhodn :

Eav §(X,5,2,. . .) - 9 (%)% .. . )=0 kel ¢(5,),%,. . ) FEO0 = 1(x,y,2,...)=0

20v: "Eav 1(X5,Y,Z,...) « O(Y:E. . )= g()2,. . ) - @(XN)52,...) Kol

¢ (X,Y,2,...) EO0, rtote: (Y2, . ) = E(XYsZ,. . .) .

AraipeTéTg axepaiwv moAuwvipwv TOAADY peTaBAnTiov.

§ 80. Teheia duaipeoig. — ‘H TeAelar Siraipeots dxepaicov ToAvwVUHwWY TTE-
plogoTépwv THs &S HETAPANTGY SpileTan dos kal B1& T& TOAUCVUN WSS pe-
TaPAnTHs. Ot 8& Abywpey 6T1:

To pij pndevikov molvdvopov @ (X,¥,2,. . .) dwaipei 10 1(5y.2,. . .) Kol ypago-
nev @ (X%,y.%. - .) | L(X,¥,Z,. . .), To1€, Kai povov t01E, v Orapyn GrEpurov mokvbyo-
pov m(X,Y:%...) towitov, Hate va ioydn 1] TauToTIG ¢

F X y.Zy. . ) = 05 . ) - BT ) [@))]

Eis ThHv mepimToow adTiv Abyouev Emions 611 TO mohucvupov {(X,y,%,...)
SraugeTrar (SkpiPdds) 7 elven diagerdv Bi& ToU ToAUWVUHOU ¢ (X,Y,2,...) T
dwdpn 611 7y Bicdpeais [(GY,%,. ) @Oy 4. - ) glval telela.

To TroAucovupoy T(X,Y,%,. . . ) Koheitan émwions anlixor Tiis Tehelog Sropé-
oews (V2. ..) : @(X,¥,%. .. ). OUT®, mX., TO ToAudvupoy f(x,y) = x*+ y?
Bioupeitan (GxpiPéds) Six ol @(x,y) = x* — xy + y* kai 8ida TnAikov TO dké-
poiov TToAuwwupoy T(X,y) =X+ .
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Elvon pawepdv 811 16 mnydixor tijs tedelag Sawloewe [(2,1,3,...) : @ (2,Y,2,... ),

1oL 7o mwodvadvopoy w(1,y,z,. . . ), dpilevar povoonudrvtos TpdypaTl, é&v Trfjpye
Kol &N ToAudvupoy T, (X,Y,%, . . . ) TOUTOV, CaTE :
f(xl}':z:- 2 ) = CP(I(,_Y,Z,. s ) i TFI(X,},’,Z,. = )1 (2)

TOTe, Buvduer Tév (1) kat (2), & efyousy:
. Py ) TN ) = @Ky e ) TSy s )
Kai Eropéucos
ST ) o [T ) = (6,500 ) 1 = 0 (3)
AN @(x,v,2,...) FE O, EBev (§79, 1) 0 elven :
X, 7200 )= T (X Y% D=0 A TX,T 2 ) = T Y500

Anhadn) v povov Tnhikov UTrdpyer.

Enpeioarg Eig mhy mepinTwow mohvwwinwy meplocoTtépuy Tiis WS petaPANTGY Stv
foxUe: fv dvdhoyov Becpna Tpds O Tiis § 64. Karé Todita ;

AobBtvteoy BUo ohuwvlinewy A(X,y) kal B(x,y) 8iv Umdpyouv mévToTe BUo oAU
QGoY) xal R(x,y) (ué Padudv 100 R(x,y) mikpdrepov tob Babuot Toi B(x,y) ) TooUreov,Gae ;

A(xy) =By - Q(xy) + R(xy).
Maepadevypa: ARY)=x"+2xy*—x'+ 1, Bxy)=x+4y—L.

"ATroBeikviopey KOTWTEPW HEPIK Paoikd BewprfipaTta SicipeTdTnTos.

§ 81. Oc@pnpa.— "Akiparov todvdvopov f(x,y,z) Sorpeitar Sud 1o Srwvi-
ROV X —y thte, kai povov thte, v : 1(y.y,2) =0, &nA. kalioToTan k TouTTN-
TOS unBév, &tav els adTo TeR dvTi x TO y.

"Amodaitic. “Eortw 6T x —y | 1(x,y,2), TéTE, v koddowpey m™(x,y,2) TO
TNAikov Tfis Teheios Bicapéoecos [(x,¥,2) 1 (x —y), 6& Exoonev THY TauTdTNT :

f(-‘!.y.’&) = (X—Y) & "T(Xa}’rz) (1)
"AvTikaBioTévTes els Ty (1) TO x 81 Tol y AauPdvopey
f(y,y,2) =0. ()

‘Aviigtpogoe. "Eote 611 loxUer ) (2) xai 6T v elvan & Pabpds ToT [(x,y,z)

€05 oS THY peTaPAnThY x. ToTe 70 [(x,y,2) TibeTon Umd v popeny
f(xs}':z) = r\.(y,z)x" Sy f\'*l(ylz) x et fl(yiz) Xt f(](y:z)-

"Eqw ékreréocopey ThHY Siaipeav ToU f(x,y,2) 81k x —y, 0& elpeopev &v -
Aikov T(x,y,2) kai &v GTOAorTov undevikoU Babpol ds pos THY peTaPAnTHY X,
SnA. & drépoiov TOAUcVULOY W TrEpIEXoY TO X, SANG pévov Tég METAPAT TS
v kal z,

"Edv u(y,z) kehéowpev 16 &v Adyep UmoAorTo, B Exconey THY TauTéTn T |

‘ f(x,y,z) = (x —y) - w(x,y,2) + u(y,z). 3)
"AvTikeBioTévTes eis Ty (3) TO x ME TO y Kad ExovTes U Sy ThY (@)
AcuPdvopey
u(y,z) = 1(yy2) =0,
SnAodn 1o u(y,z) elvon 16 undevikdv moAuwvupoy, &Te 1) (3) yiveron :
I(x,y,2) = (x—v) - w(x,y,2), SnAadhy (x—y) |{(x,y,2).
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§ 82. @ewpnpa. —’Edav dxéparov molvdvopov f(x,y,z) Srpijror 8 Evdg
£kaoTOV 1OV SroVOpwY: X —Y, Y —%, Z—X, té1e 00 Sronpijrer kal dud 1ol yivopévou :
x—yVF—2z)@z—-x)F0

KOl GvTiotpoQmg.
'AnoderErg 'Eg’ Soov, i Umodéoews, T {(x,y,z) Srnpeitan Six X —y O Eyeopey, Eav
™, (X,¥,2) KeAéowuey To TmAikov Tiis Bicnpéoews TaUTns :

fxy2) = (x—y) - mxy.L). )
*E&w els thHv (1) Tebf) Smou y 1O z AapPdvopey :
1(x,z,z,) = (x —z) - m(X,2,2). @)

*Emreibn Sueos 1o [(X,y,2) Sroapeiton Bk y —z, Oaelven (§ 81 ) f(x,2,z) =0.
ToTe Spws & s (2) wpoxUmTer: my(X,2,2) =0, &ioTt x —zFE 0.

"Bk s (x,2,2) = 0 mwpokUTrTEl 6T1 TO MoAVdwvpoY T (X,y,z) SinpeiTan (GrpiPdis) Bic
y —z, 80w 0& Exoopey, B&v T,(x,y,2) kaéowper TO TAfkov Tiis Sioupéoews TaUTns :

(%, y.2) = (¥ — 2) T(x.y.2). 3)
‘H (1), Aoy This (3), yivetan:
f(xy2) = (x—y) (y —2) m(xy.z) @
"Eaw els Ty (4) TeBf) Smou z TO X AauPdvopey :
fxiyx) = (x—¥) (y —x) - m@E,yx). (©)

*Emreid?) dues 1o {(x,y,2) Speitar Six toU z — X, 8& elven f(x,y,x) =0.
Tére dpeos B tiis (5) mpokUmTer: (X, y, X) =0, Biént (x—y) (y—x)#0.

AN T(x,y,x) =0 Bndol 6m To mohudwupov T(X,y,z) SwnpeiTon (GxkpiPéss) Bk
ToU z—X. "Apa:

(X,y,2) = (z —x) - w(x,y,2), (6)

tvba m(x,y,2) elvar TO TTAikov THs Braupéoecos (X, y,z) 1 (2 — X).

‘H (4), duvdper Tiis (6), ylveren:

[y =&-y) (y—-2) @G—x) - T(x,y.2)-
Suverréds 1o (X,y,z) Sronpeitan dxpiPdds kod B ToU ywoptvou (x —y) (¥ —z) (z —x).
To &vrioTpogov elvan Trpogavés.

AV dvahdyou TpédTou &mrodeikvieTon kad TO KéToob

§ 83. Ocwpnpa.— Eav axéporov nokvdvopov f(x,y,z) Srarpijron :
(i) a x+y, y+2z, 2z4+Xx <= Swunpsirtarkaida xX+y) (y+42) z+x)
(i) &a Xq ¥y 7; RS » » » X-y%
(iii) e x+4y—z, y+2—X, 24Xy <= » » » (X+y—2) (y+2—X)
(z -+ x—y).

Enpeiwarg Ta mponyoUpeva fewpfipara loyxuouv yevikids & kdfe moiudvupov
1%, Y2 - -, 1), v 1O mARBos peTaPAnTidy, of B dmoBeifers elven mavopobTuTror TEY &veoTipw
s Kal 81& ToAVVUpG TPIGV HETAPANTGV.

‘Egappoy . 'Edv v guokdg apmOpog, va derydij 6t 10 mokvdvopov :

1(xy2) = (x4 ¥+ 2) 2T PVl _yvhl_ g2vil
Sumpeitar S1a tob ywvopévou: (x -+ ¥) (¥ + z) (z 4+ x).

A b o 'AvtikabioTddvTes TO X PETO —y els 1o {(X,y,2) eUpiokopev :
f-y.y2)=(-y+y+ Z) R (_y)lv—v-!_ y2v+l g L VL G2vl vl
"Apa 1o 1(x,y,z) Sionpeiton (dkpipdds) 81k x + y. ‘Opoles &modeikvieTan 6T1 Sicipeitan 8i1dt y + 2
kal z + x. ToTe Spaws, oupgvws Tpds Té TeheuTadov Becopnpa 16 f(x,y,z) 8 BicapfiTon xal &1k
ToU ywopévou (x + y) (¥ + 2z) (z + x).
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‘Opoyevij mohuwvupa

§ 84. "Opiopoi.— Eis Thv Tap&ypagov 79 eidopey &1 "Ly dxéoatoy mo-
Jvdwopoy o 7 meptoootéoewy petaflyTdv xaleitar OpOYEVES TdTe, ®ai povov
T6te, dv Ghor ol dpot Tov, Snhad) Ta povdwvpa (W) pndevixa) €& by olyxeirat
elvar 107 abrod Paliped &: meds 6 abvolov TAY petafilnTd.

‘0 kowods Paduss TéV Spwv Tou koAelTan fabpog opoyeveiag TOU TIOAVWVUHOU.
OUtew, .., To mohucdwupov: f(x,y,z) = 2x3 —y*+ 32° + x%y + y*z — 2%k +
+ 3xyz elvon Spoyeves, TpiTov Pabucl. ’Emions TO Tohucowwpov @ (X,y) =
= x3y — 2x2y% | 3xy?® elvou Opoyevls Terdprou Paduol Spoyevelas, Evéd TO Tro-
Audwupov 1 g(x,y) = X2+ ¥+ xy + x -} v Bév elvan Spoyeves.

"EoTe Tdhpa By duoyeves ToAuwvupoy [(x,y,z), Babuol dpoyevelas v, TOTE 6
TUycov Bpos artol B eivan TS LopPiis : axk yP 2, Evba o (oTabepos) Tparyma-
Tikds &pifuds kai k,p,u guotkol d&pifpol 1) undiv ToloUTOl, OTE v& Elvan
k4 p-+u = v. ‘O 8pos oUTos, E&v T& x,y,2 dvTikaraoTabolv dvTioTolxws UTro
TEY ywopbvey : Ax, Ay, Az, BB A Tuydov Trpory parTikos &p1Buds, A = 0, yiverea :

a(Ax)E (Ay)P Azl = o - Metptugkyo g =¥ . axb yP 2,
#To1 ToMamAaaédeTal i A . 'EQ’ aov & Tuydov 8pos Tol TroAuwvipou [(x,y,z)
ToMaTAaodleTon &l A, EmeTan 8T1 kal TO TOAVGVUHOV [(x,y,2) ToMaiTAG-
o1&leTon &l AY . *Evrelfey EmeTan 6 E6fis icoblvapos oplopos ToU OuoyevoUs Tro-
Avovipovu ;

*Axéparov wolv@vopov £(X,Y,2, ...) kakeital dpoyevis, v fubpod, 101E, Kol povov
tote, v Dpiotatar 7| TaVTHTNG :

XAy, g, - . ) =0 - 1(x,y,2, .. 0)
SakaPe AeR, A #0 ko  (X,VZ,...) # (0,0,0,...).

Mapaderypa: To wOAUDUOY: f(x,y,2) = x3 + y® + 23— 3xyz elvon Opoyevés Tpi-
Tou PobBuol, B16T1 ExoHev !
(XA AL) = (Ax)*+ Q)+ A2)*=30x) () Q) =A% - (P +y22=3xyz) = A - [(xy.2).
"Acknots Amodeifare Thy looBuvapiow Tdv dvwTépw 8Uo Spioudv
TOU Spoyevols TToAUWVUHOU.

"1516TTEG TRV "OPOYEVRV TTOAUWVIHWY

§ 85. "1d16TNG .- To ywvopevov 8bo opoyev@dv nolvovopmv sivar iniong
opoyevig moludvopov, fadpuod opoyeveiag ioov npds 10 Gbporopo td@v fabpdv tdv
800 molvavipwmy.

An6de1Erg “Eotwoov Té duoyevii modudvupa [(x,y,2), 9(x,y,2) Po-
Budv Suoyevelas v kad | dvTioTofyws. ToTe B Exwpey :

f(ax Ay, Az) =N - {(x,y,2) )
4’(7\}‘:7\)’»7\1) = ‘P(x-yvz)- (2)
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Ex tdv (1) kai (2) AopPdvousy THY TauTdTRT !
[Ax,Ay,Az) - @ (Ax,Ay,Az) = A0 . [(x,y,2) - ¢(x,y,2) 3)
‘H (3) nas Peporcovel 611 10 ywodpevov [(x,y,2) - @(x,y,2) TV 8o Spo-
YEVEY ToAVWIURWY elval Eions duoyeves rodumvupov v -+ u Pabpol dpoysveias.
Mapatfpnoic ToO ywopsvov évds dpoyevous kal évds uf Spoyevous
moAvwvUpou kabas kal TO ywduevov SUo pn dpoyevddy ToAuwvipwy elval ToAu-
c@vupov pr dpoyeves (Biai; )

§ 86. "1616Tng Il.— Té mnhikov tiig teheiug Suupioemg dbo opoyevév mo-
hvovopmv givat tohvdOvopov opoyevig, Pubpod opoyeveiog icov mpog tijv Stugopay
@V fadpdv t@v d00 tolvovipmy.

’Arndéderére "Eotwoav [(x,y,z), ¢(x,y,z), m™(x,y,z) &vTioTolyws &
Branpetods, & BionpéTns kai TO TnAikov wids Teheios Broupéoecs kai v, p (v > )
avTioToiyws ol Pabpol opoyeveias TV (x,y,2) kal ¢(x,y,z). ToTe O& Eycouev :

f(x,y,2) = ¢(x,y,2) - 7(x,y,2) (1)
f(Ax,Ay,Az) =N - f(x,y,2) (2)
P(AX,AyAz) =N - 9(x,y,2). (3)

‘H Tautdtns (1), v 1& x,¥,2 dvTikataoTabouv &vTioToiyws UTo TGV Ax,
Ay, Az yiveTau :
‘ f(Ax,Ay,Az) = @(Ax,Ay,Az) - w(Ax,Ay,Az)
7 Buvdper TéV (2) kai (3):
A f(xy,2) = M- e(x,y,2) - T(AX,AY,AzZ). C))
ArcnpolvTes Tas (4) kad (1) kord pehn AapPdvopey petd T&s TPGEes
mw(Ax,Ay,Az) = AN F - w(x,y,2),
1) Omola BnAol &1 TO TnAikov elvar dpoyevés ToAucvupoy Padol dpoyeveios
V— .
Enpeiwotg ‘Hididrns Il &modekvieTan ouvtopdTepov Bi1& Tijs els &ToTov &arywyds,
EyovTes Spcs U v kad THY ToapaTiipnov THs TPeNyoUHEVTS TPy PAPOV.
Mapatipnoig To&dpooua f) i Srapopd o Spoyevév Tohuwvipwy Biv elven avtoTe
Spoyevis roAudvupov. Tepl TodTou PePanotpela &k TV k&Twd TapaderypdToy :
Edv  f(x,y,2) = %% + y* + z® — 3xyz (bpoysvis TTeAUKVUPOY TpiTou Pabpol)
kel  o(x,yz)=x?+ y:+ 22+ xy + vz +zx ( » » Seutépoy  » )
T61E TO GBporopd Teov, fiTor TO ToAUGVUPOY
a(x,y,2) = 1xy.2) + pxyz) =x'+ y* + 22 + x* + y* + 2* + xy + yz + zx — 3xyz
Btv elvon dpoyevis G5 TPOS TA X, Y, Z.
*AvTiBéTeos, fav Becopfiowiey TA TOAUGVUNG :
f(x,y,2) = x>+ y* + 2 —3xyz (duoyevis Trorucovupov TpiTou Paduol)
g(x,y,2) = x* + y2 + z*x + 5xyz  (Opoyevis mohucvupoy TpiTou Paduol)
TOTE Kal 1O ¢
T(x,y,2) = [(x,y,2) + glx.y.z) =x° + y3 + 22 4 x°y + y% + 2% + 2xyz

elvon dpoyevEs TToAudvupoy Kal pdhoTa ToU adted Pabuou duoyeveias.
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Feviktds : To G0poropa S0o i mepocotépoy Odpoyevidy molvovopov 0d slvor dpoyevig
nolv@vupoy, £av ti molvdvopa ta omoia mpoctilevrar glvar tod adtod Pabpod dpoyeveiug.

AZKHZEIZ
181. Acifare &1 TO TOAUVUpov ¢ I(X,y) == x4 y?—8xy elvan dpoyeves Seutépou Pabuol
opoyeveias.
182. Aeifore 811 TO moAudvupov 1 f(X,y) =8x%y —5x*y*+ 3xy® elvan Opoyevis TeTdp-
Tou Pabuou Spoyeveios,
183. Aclfare &1 16 ToAvdwupov: f(X,y,z) = 5% — y¥4 22 4 x2y+ y*z —2?x 4 3xyz
elven duoyevés Tpitou Paducl dpoyevelas.
184. Aeifare 6T 1O ToAucbvupov: f(xX,y) = 9x°y? 4 3xiys — 14xy? eiven Spoyevis, o-
YBoou Padpol dpoyeveias.
(N& yivn els Tés &veTépw doknaoes Xpfiots ToU Seutépou bpiopoi).
185. ‘Ouoiws, T PonBeix Tou Seutépou dpropol, Beiare 51 1O TTOAUDVUPOY :
{(x,y) = x5 — 5x'y + 6x%? —5x2y% 4 xyt — ys
elvar Gpoyevis Sou Pabuol dpoyeveias.
186. AiSovran T& moAuvdwupa: f(X,y) =X 2xy*+xty+xy x4y,
o(X,y,2) = 3x%y2?® — 2xy%zif yiz — Txtyz.
Elven dpoyevii; *Ev kaTagaTiki] meprmrdooel va eUpebi & Poabuds Tijs dpoyevelas Toov.

TupHeTpIKA TTOAULVUHG

§ 87. Bon@nrikai #vvoiat — "Oplopoi. — &). "Eotwoav v 16 mAfibos
Bidpopa GAANAWY BiaTeTaypévar oTOIYER Xy, Xp, - - -, Xy, TX OTrolat BecwopolvTal
@5 oTolyeia Evds ouvdhou E, fitor E ={xy, Xa ..y X } .

Kaieiton petaBeoig tov v abtdv otoyciov kabe dpgipovesipavrog
angikovieig tod ovvéhrov E Eni tod Eavtod tov.

Olre, Y., v E =[x, y, 2} ko Becdprigcopey THY &TEKOVIOW :

X <>y, Y <> X, % <> 7,
ToTe el elvan pia peTéfeots Tév oToryeiwv ToU TeieAoUs cuvdiou E.
THv dvwTépe dmekdviow (petddeotv) TopIoTOUEY oUPBOAIKés oUTw :

XNy o
( ¢ i ¢ ) 7| &mAovuoTEPOV ('X y Z)‘l
¥ X YA y

X oz
Metabéoes ToU Tpipehols ouvdhou {x, ¥, 2} elvan kal of &g :
b DR ot e D e
X y Z r ( X Z y ) 3’ Z X/, Z X y ' Z Y X /.
“‘QoTe ik ToU TpipgAoUs ouvoou { X, ¥,z } AapPdvousy 6=1.2.3 uetobéoeis.

*) Els Ty TpdoTny ypapuhy ypdpovten T& Tpdtutrar kel €ls Thv Seutépov kémobe EkdoTou
TTpoTUTIOV 1) Elkéov alTol.
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Eis &v éméuevov kepdhanov B& &modeifconev 611 : To wdijlos tév uetaléoemy
&vog avvdlov éx v atoryelwy elvar ooy mooc o ywduevor I-2.3- ..y

Mia ik mepimTaaols petabéoecws elvon éxeivn ke’ fjv ExaoTov oToiyeiov
ToU ouvodou E &meikovifeTon elg 1O Emouevdy Tou, TO B TeAeuTalov oTorkEiov X,
els TO TpddTOV X;. AnAobt) fi peTdBeols

e s e O o G
Mia ToiaUTn petdbeois koAeiTal @ KUKAKT petddeoic.

‘H dvopaoia adtn £Enyeiton duéows éav T& v
BIOTETOY HEVD OTOIYEID Xy, Xy, - . ., Xy POVTaOBDUEY
811 elvon ToTofeTnpéva i wds Tepiepeias kUkAou
kal Becopriowpey Ev KivnTOY TO OTrolov Biaypdper THY
Tepgépetav (o). 5) KaTd TNV opdv TroU Betkviouy
T4 BEAT, TOTE TO KIVITOV WETA TO X; 0& ouvavTion
TO Xp, HETX TO X, TO Xy. .. Kol TEAOS PET& TO X, O
ouvavTnoT TEAW TO X,.

Kukhikad petabéoers ¢k 8Uo oToixeiwov kahouv-
Tal eidikcoTepov dvrpetabéiosic.

B). "As Bewpficwpey fi6n TO ToAudwupov f(x,y) = x4+ yi—3x+4 2y 1
TGV PeTAPANTEY x kal y. "Edv dvTineTabéowuey Tds peTaPAnTds x kai y, SnA.
gqv Dfowpev dvti x TO y kol 4Tl y TO x 8& Tpoklyn TO ToAucvULoV
f(y,x) = y*+ x% =3y +2x + 1, 16 6moiov Tpopavdds eivan Sidpopov Tou f(x,y),
fitol éxopev : f(y,x) # f(x,y).

*AvTiBéTwos Edv Beopriowpey TO TTOAUDVUMOV :

E(x,y) = x*+ y?—2xy + 3(x+y) =5
Kol dvTipeToBiowuey T&s METAPANTSS Tou TTPOKUTITEL TOAUGVUMOV EK TOUTSTT-
Tos foov Tpods TO Sobéy, fiTol &v Trpokeluévey ToyUer @ f(ye,‘x) =1(x,y).
‘Ouolws, &&v Beopriowper TO TOAUGVUNOY TPIGV WPETAPANTEV :
f(x,y,2) = x4 y*+ 2% — 3xyz
kal Epappdowpey &l TGV PeTaPANTOV Tou X, ¥, z Wiav olavdnmoTe petdbeoy,

Ayx. ThHV: (x T ), fiTol &v Bécwopev dvti x TO 7, vl y TO X Kal QvTi Z
7z Xty
TO y 6& TPOKUYY TO TOAUGVULOV :
f(z,x,y) =23+ x3 4 y3 — 3zxy.

Elvea &8¢ : f(z,x,y) = i(x,y,2).

T& roAvdvupa TGV BUo TeAeuTaiov Tapadely ey KOAGTUVTA ! GUPRETPIKE.

Katdmiv toUTtwy &iBopev TOV €S Oplopov TOU CUUPETPRIKOU TTOAVGWVUHOV.

PAképaiov, R pndevikov, mohvdvopov 0o i nepiocotipev peraflnrdv ka-
Leitar coppetpikdv tote, kKai povov tote, dv &’ olacdinote petabicemg TdV peta-
pAnT@v tov TpobrTy Tolvdvupov Lk TavtétnTog loov mPdg TO GpyLKéV.
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Olres, tav f(x,y,z) elvon ouppeTpIkdY TOAUVULOVY G5 TIPoS X,Y,z B Eyw-
eV :
f(y,2,x) = 1(z,x,y) = 1(y,%,2) = {(z,y.x) = ((x,2y) = 1(x,y,2).
¥). "Ag Becopriowpey fiBn TO ToAUVUMOY !
1(6y,2) = X3(y = 1) + ¥ =)+ 2(x =), M
EdrkoAws BiamaoToUpey &T1 TO &v Adyw TOAUMDVUMOY &Ev elval CUUUETPIKOY,
TP s . ' . 0 . | . Z
KaTd TOv Bobévta dpiopdy, 51611, tdv AdPwiey THv petddeoty (x J ) kol
Z ¥y X
TV épapudowpey &l TGV peTaPAnTEV Tou, B& Tpokuyn ToAuwvupoy f(z,y,x)
Si&popov ToU BobévTos.
*AvTiBtTeos, Bav BT TV PETOPANTEY Tou X,Y,Z EPOPHOTWHEY TRV KUKAIKTY
veTdBeowy, fitol &v Béowpey duTi x TO ¥, &vTl y TO 7 kad Tl z TO X, 8 Excouey :

f(y.z.x) = yi(z — x) + 22 (x —y) + x*(y — 2)- @
Zuykpivovtes T&s (1) xkal (2) AauPdvouev :
f(y,2,x) = f(x,y.2).

Eis v mepimTooiv oty Aéyopev 811 TO ToAudvupov (1) elvar kukhikdg
svppeTpukdv. “Qoe :

’Axéparov, pf pdevikév, molvdvopov dvo | mepiocotipav petafinrdv ka-
Aettar kv K ALK @B G GURPET PLK OV toTE, Kai pbvov tote, v SV olasdinote
Kukhkfig petabicewg tdv petaPrntdv tov npokdrty molvdvupov £k TAVTOHTNTOG
loov npog t6 dpyikov.

Elven gavepdv Tdopa 61 kdBe ouppeTpikdy TroAudwvupov elvar kod KukALKES
ouppeTpikdy, TO dutioTpogov Suws Btv dAndeler (Siarti;).

Karretépoo els TepimTcdaes kad & Td ToAucvupov elvat KUKAIKES CUHUETPIKOY
B& ToviZewouev ToUTo 1B1cuTEPWS.

Mopatfqpnors Els Thy mepimrwow moAuwviuou SUo peToPAnTéY af
Bwvoran : wovppetouxdy modudvupory Kol «xurdinds ovupuetowor molvdvupory el-
Val ToUTOoT O,

"1516TTEG TV CUPPETPIKGIV TTOAUWVIpWY

§ 88. "1616Tng |.—To Gbporopa, 1) Sragopd Kai 10 ywopgvov 0o soppetpi-
K@V ToAMOVip©VY Elval Taviote CUPPETPIKOV ToAVAVUROY.

‘H &mddeiis cos elikohos TapoheieTal.

§ 89. "1616mTg |1.—To nnhixov tiig tedeiog Srorpéocmg dbo coppetpidy mo-
Aavipov (tév adtév petafinrdv) elvar cuppetpikdy tolvdvopoy.

’An6dervErg “Eotwoav f(x,y,z), ¢(x,y,2) kad w(x,y,z) dvrioTolyws
6 Broupetéos, Sioupétns kad TO TNAiKov Tfis TeAelas Sicupéoews TGV oupRETPIKGY
ToAvwvipew f(x,y,z) kal @(x,y,2) 0, ToTe B& Exaopev :

{(x,y,2) = o(x,y,2) - w(x,y,2). (¢))
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L mids TuyoUons petabéosws TEV X,y,z T.Y. THS ( il s ), n (1)
s W

yivetal
f(zx,y) = o(zx,y) - w(z,x,y)

fl f(x,y,2) = e(x,y,2) - (z,%,y), 2
81671 T& moAvwvupa f(x,y,z) kad @(x,y,z) UTEeTéOnoaw oULHETPIKG.

A& ouykploews Ty (1) kal (2) AauPdvopey :

w(z,x,y) = 7(x,y,2).

‘Opolws BePatovpeba 811 1) oladnmoTe &AAT peTdBeots Tév x,y,z kabioTd
TO TMAiKov T(X,y,2) &k TauTéTnTOS foov Tpds EauTd 8Bev TO T(X,y,z) elvan oup-
HETPIKOV TTOAVOVULOY,

Mopatfipnors 'Eav ta modvavupe f(x,y,z) xad o(x,y,z) slvon kukAi-
KES OUMHETPIKG, TOTE TO TnAikov m(x,v,z) elvar KUKAIKES OUPLETPIKOV TTOAUMD-
VUHOV,

§ 90. "I616Tg 11 1.~ "Eav axépmov modvdvupov 1(x,y,2) sivar coppetpicdy
ag mpdg Tag petaflnrac X,y,z kol Swpijrer ( Grpifdds ) Sud 1of dxepaiov molvm-
vopov @(x,y,z) £ 0 (odyi kat’ avayxnv coppetpikod), tote 0G Srovpijrar dua mavtog
ToAv@Vipov, o 6nolov mpokinTel £k Tob Q(X,Y,z) 81 oiucdijrote prrobiccog tév
petafintdv Tov.

'Andderfig “Eortw m(x,y,z) TS TmAikov Tiis Teheios Sixipéoews
f(x,y,2) : (x,y,2), T6Te O& Exopev THY TauTdTNTY

fCoy,z) = e(xyie) - m(x,y,2). 1)

"Eaw els dpooTepa Ta péAn T TautdTnTos (1) EkTedéocopey piav oiavdhTro-

Te petdleow TAY x,y,z° WX, THY ( ErarYigsre ), TO Tp@Tov péos Stv PALTTTE-
W

Tal, 816 TO {(x,y,2) elvan ouppeTpikdy ToAumvupoY, Evé TO BeUTepov péhos yive-
Tar: @(y,x,2) - w(y,x,z), kal Emopéveos 1) (1) ypdoerau :
f(x,y,2) = o(y.x,2) - w(y,x,2). (2)

H (2) Bewwie 61110 f(x,y,z) Broapeitan (&rpiPéds) 81& ToU o(y,x,z).

‘Ouoios PePonctpeda 811 16 1(x,y,2) Sicpeiton S TovTds &AAOU TroAuco-
vUlou, TO omolov TpokUTrTel &k ToU @(x,y,z) 81’ oiaa8nmoTe &AANs peTobéoews
TRV X,Y¥,%.

Enpeiooirg 'Edv 16 mohudmwupov f(x,y,z) elven xukhikdds ouvppetpikdy 1 151t |
loyter UTrd Ty E6fis Spes SiamUTwoy @

’Eav dxéporov molvdvopov f(x,y,z) elvar xukhkdg ovppetpikdy d¢ mpog 1ag perafhn-
10¢ X,Y,Z Kai Swnpiitar S1a tob dxepaiov molvmvdpov @(X,y,z) £ 0 (odyi kut® avayknv oup-

petpiod), tote Ba Srapiiton kei H16 OV TOlveVipOY O(Y,%,X) Kai @(z,X,y), 16 Onoia mpo-
Kontouvy £k 100 @(X,y,z) did kukhikfic petobiccws T@V petafintdv tov.
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Moplopa. — Kukhikdg coppetpikdy nolvd@vopov f(x,y,2) Srapetov dur x —y
0 civar Sunpetdov kol da tod yvopivov (x —y) (v — 2) (z — X), SLILPETOV HLa
X +y Oa givar Srerperov kai 816 tod yvopivou (x -+ V) (y + 2) (z + x), duapetov
88 &1 X + y — 2z 0 sivar Swoapetov koi Sud Tod yivopévou :

E+y-2 @ +z-x)E+x-y)

§ 91, "1816™ng IV.—Eav &v axépatov moluvdvupoy f(x,y) ouvpperpucov g
npdg tag petafhnriag X,y slvon Swoipetov Sk X —y, 0d clvar Swpstov kol Sué
a~yy

"Amoderfug ‘Emadi 10 x -~y Sapel 10 [(x,y) Umdpyer ToAudvupoy
T(x,y) TooUTtov, daTe :

[(x,y) = (x = y) - (). )

Tore: fyx) = G —x) w(yx). @)

"Ex tév (1) kad (2), emaidn 1o [(x,y) UmreTéon CUMUETPIKOV, ETreTan :

(E=307E )= =%) - TlEs)
f (x =) [r(xy) +m(y,x)] =0. 3

‘Emedn x—y £0, & Tfis (3) Emeten:

Tf(-‘isY) +m(y,x) =0,
N dvTikaBioTéuTes TO X 816 ToU ¥ Exouey :

() +mlyy) =0, &mA. m(y,y) =0,
ouvenréss 1O (x,y) elvon BioupeTov Si1dr x — y. Kord Tata Umépyel TOAUGDIU-
Hov @(x,y) TolouTov, coTE :
Ty) = (x—y) - e(x,y).
Tote 4 (1) yiveren :

r(x’.v) = (X = }')2 7 "P(X,}'):

ék Tfis molas ouvdyeTon 8T TS f(x,y) elvan SicupeTdy Ked ik Tou (x—y)2

§ 92. Mopdai TOV KUKAKDG CUPHETPIKGV GKEPAiWY TOAUWVG-
Hwv.— “H yevikr) pop@T] TV KUKAIKES GUUUETPIKEY Grepaicy TToAUWVUMY Héyp1
TpiTou PBabuol elvar

@’). Awa Svo perepinrtas x woi y.

D). HoorofidOua : a(x+y)+B o« PeR, a#0.
2). Asvregofdfpia :  o(x2+y2) +Pxy+y (x+¥)+8, By, 5eR  kal
«£0 ® PO
3). Towwofdfuia : c(x®+y3) + B(x2y 4+ y2x) +yxy 8(x +v) +e, eGBi e R
* Kol az=00 ) B
B7). Avd tpeig petafintig X,y,z.
D). Hpwropdfpa : a(x+y-+z)+ B, oPeR, o £ 0.
2). Aevregofdfua @ a(x®+ y2+ 2%) + B(xy + yz + 2x) + y(x + y+2z)+ 5
xBy,8eR kal o f P 0.
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3). Towrofdfuia : a(x3+y2 4 23) |- B(x%y + X%z 4 y*x + y2z + 2z%x + z%y) +
TYxye +8(x% + 72 +2%) de(xy + yz +2x) +6(x +y +2) + 1, BB
o,B,y,5,68, neR kol &v TOUA&YIoTOV TEV o,B,y # 0.
"As &moBeifwpey TO o, TGV QVwTEpw :
Tpérypat ké&Be TroAudvUpoy Seutépou Paguon &5 Tpods X Kad y elvan Tijg Hopiis :
f(x,y) = Ax® +By® + 'xy + Ax + Ey + © (1)
&vba A, B, T, A E, © (oraBepol) TporyparTixol dpibyof, Sx1 Aot UrroypewTikGs # 0.
A& vé efvat Tolito KUKAIKGS GUDLETPIKGY TOAVGVUHOY, TIRETTEl V& Trapapévr) ik TauTdTnTos
Toov pés Eautd, 81’ olaobhmoTe ruKhkfls petabéoeos TGV X, y (&vTipetabéoews).
AV dvmipetadioens Tév x Kal Y TTPOKUTTTEl TO TTOAUCIVUOY
[(yx) = Ay* 4 Bx® + lyx + Ay + Ex + O, @)
T dmofov dgeiher vét elvon &k TauTéTTos foy Tpos TO ToAumvupoy (1), fitor :
Ay® + Bx® + Fyx 4 Ay 4+ Ex + © = Ax® + By? + I'xy + Ax + Ey + ©.
AauBévovTes U’ Syiv Tov dpioudy Tiis lodtnTos (§ 79) Blo ToAuwWINWY TTOAAGY peTaPAn-
TGV Exopev 1 Ay® = By?, Bx®= Ax®, lyx=Txy, Ay=Ey, Ex=Ax, 0=0, & dv:
A=B, A=E.
Oftovis A=B=a, (=P, A=E= Y xal © = & elplokopey &T1 16 moAudwukoy (1), wpéTrer
v& elvan kot dudykny Tiis popers :
a(x*+ y%) + Bxy + y(x + y) + 5.
Kot dvédoyov tpémov ebploxovran kad af yeviked popgal Tév KUKAIKGDS GUPLETPIKGY TTo-
Avwwipwy, Tds dolas ey plyapey QuwTépo,

§ 93. Ta oToiyeiddn oupperpika moAuvupa. — "Ag Becopficwpey v
HETCPANTAS X, Xoy ..., Xy, TOTE T& GITAOUCTEPX CUHMETPIKE TTOAVGIU s
TPos aUTds sfvan T& kT

S5, =x+ %3+ +x,
Sp = XX b XX+ -0 XXy + XpXg+ o+ 4 XXy - ¢ o Xy Xy
S5 = Xy XpXs -+ XXX, - - -l X1 XXy + XXXy + - -+ - Xy_2Xy_1 Xy

T dveoTéped TToAUGVUME KOAOTVTO CTOLYELDOT CURPETPIKG mOAvDVVE TGV
METAPANTGY Xy, X, . . ., Xy »
OUteo, Y., T& oTOIKEIWET) CUMHETPIKE TroAUCIVUNG BUo HeTaPANTGY X, ¥
elven & : S;=x4y «ka §,=xy,
TPV PETOPANTEV X, X, 2z elvan
Si=x+y+z S;= xy+ yz + zx, 8:= xyz.
"AmodewvieTon 81 [ldy dxépaior ovppetoudy woAvdvopor dtvarai ve éx-
poaclj] mdvrote xavd &va xal udvor tedmov ovvapTiicer T@v atotyetwddy ouuue-
TGy Tolvawvigwy.
Olrw, .., TO CUPPETPIKOY TTOAULVUNOY :
; f(x,y) = x*— 2x%y — 2xy? 4 y3 €9)
yp&oeTar :
1Y) = G+ y)° = 3xy(x+y) - 2xy(x + ¥) = (x + y)* — Sxy(x + y)
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»

e Fow S5;=x+y xa S§,;=xy,

TOTE : f(x,y) = Si— 58,5,
A To1 T6 guppeTpikdy TToAuwvupov (1) Exel ékppactf] ouvapTroel TGV oTo1yEIWEEY
CUMHETPIKEIV TTOAVWVUPWY TV METAPANTEY Tou.

§ 94. "Opoyevij kai KuKAIK&G CUPPETPIKA TTOAUWVUpa.— Elvar pave-
pov &1 v drépaiov TToAUGVUpOY BUvaTal Ve efval dpoyeves s Tpos Tas peTaPAn-
Tds Tou ywpls ouyypdvws va elvan kol KUKAIKES GUMMETPIKOV 5 TTpos alrTdrs kad
GuTIoTPOPwS, BUvaTal va elvan KUKAIKES CUMLETPIKOV Ywpls va elvan kad duoyeves
oUyYXpovews. “Ymépyouv Suws TrepiTrTadotls kal’ &g Ev dképorov TOAUGVUHOV ExEl
ouyypdves dpgoTépas Tas 1816TNTas Tiis Spoyevelas kad TS kukAIKiis ouppeTplos.
“Ev ToloUTov TroAudivupoy Suvartanr v mpokUy &Td &V KUKAIKGS GUUMETPIKSY
ToAudvupoy, Ev Tapaheaipbolv of Spor alToU of KaTaoTPEPOVTES THY SHOYEVELQY.
OUrews etpiokopey, .y, 6T T& péva duoyevii kai ouyXpovws KUKAIKES GUUPETPI-
K& ToAUGVUpG TPIGY PeTaPANTEVY X,¥,% elval T@V kaTwll poppddv :

1). TlpdTtou Pabpol : a(x+y+z), «€eR, a=#=0.

2). Aeutipou Palpou : a(x®+4 yi+ z2)+ P(xy+ yz+ zx), o PeR.

3). Tpitou PoBuol : a(x®+y3+2%)+ P(x2y+ x22+ y2x+ vz z2x+ 22y) +

+ yxyz, «B,yeR.

"OAa T& oTOIXEIOET OUPPETPIKG TroAucovupa THis § 93 elvon ouyypovws kad
Suoyevi.

TMpogavds foyxue f| mpdTaois :

To mnlixov tijs tedelas diarpéoews o Guoyevdy xal xvxdix®ds GUUUETOLDY
ToAvwyduwy elvar molvdrvuoy dpoyevic wal xvxlinds ovuuetpudy (dati ;).

§ 95. "E¢appoyai émi TGOV SpOYEVOV Kai CUPHETPIKGV dKkepaiwy
moAuwvipwv.— Al péxpl Toube TpoTdoEls ¢l TGV SPoYEVRY Kal CUPPETPIKEY
ToAVVUPWY ¥pnolpeiouy ToAAdKIS S1o va HETOTPETTOOPEY Tayéws els yivdpeva
TopaydvTwy Sidgopa dpoyevii Kol OUPPETPIKG ToAVwIUG, OTrws yivetal gave-
POV &md T kT Tapadelypara

Mapaderypa lov. Na tpari g YIVOPEVOV TapayOVIOV 10 molv@vopov @

1x,y,2) = (xX—Y) (& + y) + (Y —2) (¢ + 2) + @ —%) @+ x°).

Aberg: TaparnpoUpey ém i x = y elvan (y, ¥, 2) = 0, &pa 16 TOAUVUNOY 1(X,y,2)
Sicupeitan (xpiPédss) ik ToU x — y kad Emeidn elvan kukAkéds ouupeTpikdy 8& Biapfitan (§ 90, -
piopa) ko 51 ToU ywoptvou (x — y) (¥ — 2) (2 — x). "Emedn &¢ kai 6 Sicpetéos kal & Siaipétng
elvan TEoAUdVUpG SpoYEVT Kal KUKAIKES CUHHETPIKS, B1& ToUTo TO TrNAiKOY TS S1cupéoecos TaTns Bk
elvan dpoyevis kal KUKAIKES GUUHETPIKOY TIOAUCVUHOV Tpdtou Babpol, deol To {(X,y,z) elvan Te
TépTou Pabuol kal & SicnpéTns TpiTou. O elvan BnAadh ToUTo Tiis uepgfis i a(x + y + z), Bl
a orafepds dp1Buds.

Katémiv TouTwv B Eywpey THY TQUTOTHTA @

(x=y) (x*+y?) + (y=2) (¥*+2°) + (z—x) @+x%) = a(x+y+z) (x—y) (y—2) —x) (1)

‘H (1) elvan &Andis Si& maoaw TNV T&V X,Y,2. AfSopev el & x,y,z pia Tp1&Sa albapéiwy
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TGy, ol omoicn &pws Stv undevitouv Tov Bicpétny (x—y) (y—z) (z—x) Ty x =1, y=2
z =0 kalékTis (1) happdvopey a = 1.

‘Etropéveds :

(x=y) (¥ + (y—2) (3+22) + (%) (2°+x°) = (x+y+2) (-y) (y=2) G—x).

Mapéaderypa 2ov. Nic de1x0i 611 10 mokvdvopov I(x,y,z) =(x + ¥y + 2)° —x°*—y* —2*
elvar Sumpetov S (X - ¥) (¥ + 2) (z + x) kai va £0pedi) 10 mnhikov Gvev Ekredicemg Tiig
Sunpiocms.

Aborc: ’Eav els & f(x,v,z) TeBf dvti x TO —y eUpiowopsv [(—y,y,z) =0. "Apa 1o
f(x,y,2) Sicupeitan B1& ToU X + ¥ Kad Emedy elvon ouppeTpikoy B& Bicnpfiton kal S1&x ol ywo-
pévou (x + ¥) (¥ + 2) (z + x). *Emadh Suws 10 [(x,y,2) elven dpoyevis Kol KUKAIKGDS OUppE-
Tpikdy TéuTrToU Padpol, & 8t Siapttns (X + ¥) (¥ + z) (z 4 x) elver ToAvGVULOY Spoyevis
Kad KUKAIKGY ouppeTpikdy TpiTou Pabpol, EmeTen Om1 TO TAikov 8& elven TTOAUWYUNOY OHOYEVES
kol KUKAIKGYS ouppeTpikdy BeuTépou Pabuol, fitor Tis Hopefis :

alx? + ¥ 4 22) + B(xy + yz + zx), &vba o, B wparypaTikol &pibuol.

"Apa B Eywuev THY TaUTOTNTA !

(X y+ 1) xP—yi = (x+Y) (y+2) () [a(e 4yt +2) + Blxy+ya+z0)]l (1)

‘H (1) elvar &Andns S1& m&oav Tiphv 1V X, Y, Z.

Otktovtes el Thy (1), ™.X., X =y = z = 1 eUpiovopev :

o+ p=10. 2)
BétovTes Bt drohaubos els Thy (1) x =0, ¥y = 2, 2 = —1 eUpioxopev:
S5a —2p = 15. 3)
AvcvTes T6 ouaTne TéV icmoswy (2) kai (3) elpiokouer : o = 5, P = 5 xal 10 {nTou-
uevov TrnAikov elvan : 5(x? + y* + 22 + Xy + Y% + 2X).

§ 96. TGvTtopog ypadf adpotopdTwv kai yivopévwy.— Eviote mo-
pouaiddovTen &BpolopaTa Tis wopgfis :

a-t B4y, 9B By v ¥R — 1)+ By — =) Ty e =B, kT

Té dBpoiopaTta aUTd TapioTavouey oupBolikds s TS (&vmioToiyws) :

Za, 2aB, 2P —y).

‘Opoiws YpnoipoTololuey & cUupohov T B1&x Ty oupBoAikny ypagry ywo-
wéveov. OUTeo, T.%., TO ywopsvov: (B—y) (¥ — ) (a—P) TOPITTAVOUEY GUp-
PBOAIKEDS BE : TR —-v).

AZKHZEIZ
187. N& ypagouv mhnpws al &dkéioubor tkpp&aErs
T3P —y), Z(P-y) I(aP—¥?) (ay—pY).

188. Na &moberydi) é11:

Ia*(B + v) + 3Py = (Eo)- (EPy)-
189. N& d&mobeydij oTi:

Py (P + v) + 20Py =T + v).
190. ‘Opolws &T1: aPy(Ea)® — (ERy)? = oPyZe® — 2p*y? = T(a* —Py).
191. N& evpefolv af Tipad TV :

Zod(p —¥) 2B —y)*
=T TR
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192. N& dmodexfij omi:
(x+ P+ y) = Zo® 4 3Za¥(P+y)+ 6Py

193. ‘Opoiws 611 : (Za)? = Zo® + 2 Zap.
194. N& Umoroyiobolv ol éxppdoeis :
1 Ristey o?
. R . R, e e e N
D I amen P leemen M Pemen
B
195. N& Bery0ij 6m1 10 % s f;) (;_Y)— Stv EfopTaTan &k TGV o,B,y.

TMoia /| Tiuf Tou &bpoiopaTos;
196. 'Eav o + B + y =0, xal &idgopor &MMAwv, va UmoroyioBi To

(zaa)-(2t):

197. N& dmoderyfij oTi:
Z(of —¥?) (ay —P2) = (EPy) (EPy — 2a?).

ASKHSEIS ETI TQN OMOFENQN KAl SYMMETPIKQN TTOAYQNYMQN

198. "Eav [(0,y,2) = 0 kai 1(—x,y,2) = [(x,y,2), ToTe TO Qxépariov TOAUWVIHOY t(x,y,2)
Bicpeitan 1 X, 'Edw 8k &mi mAdow 18 f(x,y,2) lvan kol ouppeTpikdy moAudvupov, ToTe O Sicn-
piiTon B xy2zl.

199. Tlpoo&iopioarte ToUs Tpay HATIKOUS &p1Bpovs o kai B, iva To TTOAUVUHOV *

f(x,y) = 4x* + 12x% + ax?y* + Pxy® + y! elven TéAerov TeTpdywvov dxepaiou TOAV@WIHCU.

200. *Ecv 10 ounpeTpikdy ohudvupoy [(x,y) Biapiitan Bix (x — y)2k+1, TéTe & Brcupii-
Ton kad B (x—y)2k+2, ke N.

201. N& dvaivBouv els ywopeva mapaydvtov al kaTwd TapaoTaoEs

a) x3(y—z) + yi(E—x) + *(x—y), B) x(y—z)® + yG—x)*+ z(x—y» + 8xyz,

y) xi(y-+z)+y (e+x)+22(x+y)+2xyz, &) x(y'-z') + y(23—x*) + z(x*=y*),

6) (x—y) (x+y): + (y—2) (y+2) + (a—x) (+x)*
202. ‘Opoiws af k&t :
@) (X yr) — (P +2x)" — @b x-y) — (x+y—2p
B) (y—z)! (y+2—2x) + (z—x)° 2+ x-2y) + (x—=y)* (x+y—2z).

203. N& &mhomomndolv ol pnral TapooTATES :

o PO P AEYY gy OO HIE0 + R0y)
(—y) (y—2) (z—x) 3 xi(y—z) + ¥ —x) + 22 (x-y}

204. Na seiy i) 611 16 TTOAUWIULOY fxy)=x'(y—z)+y V(z—x) 4 2¥(x—y) sivon Sron-
petév Bix ToU @(x,y.2) = (x—y) (y—z) (=X x) 1 k&b puoikov &pifuov v = 2. N& elpebi) 10
TnAikov d1& v = 3 &veu ixTeENEOEWS TT)S DICIPECELS.

205. N& Beiy8f 6 o ouppetpikdy mohudvUHoy i [0, %, X5 X,) 5 X3 4 X3 4 X2+ X3,
AcuPdvel TV HOPQNV : f=9— 38,8, + 38, #0a 5,8, 5 TA OTOIKEIOEN CUUPETPIKG TrO-
AUUpE QUTIoToixws TpdTo, SeuTépou kol TpiToy Pofuol TV PETAPANTOV Xy, Xy, Xy, X4

206. “lva 16 Tohucvupov T(X,y,2) = ax + Py + Yz + 8 elvar oukpeTpikdy mohudvupov,
Trpérel Kal GpKel vaelven a=Pp =y #0.

207. N& dvahuBolv els ywopeva TapayovTwy ol :

o) Eyu(y-z®), B) Z(y-+z)*—2Ex*+ 6xyz,

V) ExGay—dxyn  8) (hy+a)i— (He)— @) = (oY) Xy
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208. N& wpooBiopiofij moAudwupov {(x,y,z) oSpoyevis kol KUKAIKES ouppeTpikdy 20u
Babuou ToloUTov, dote: f(0,1,1) =5 ked (0,0,1) = 6.
209. MNvwoTou dvtos 8T1 TO TOAUGVUMOY :
3x? 4 12y - 10z* + 26yz + 17zx + 13xy
elvar ywépevov Slo Suoyevév mTohuwvipwy lou Paduol dpoyevelas, vd evpeBolv T& ToAudIUpG
aUTé.
210. N& 8eixBij 611 10 ohucbvupoy :
fyz)=x' [22G=y)* =y e—x)*] + y" [x*(y—2)?— 22(x—y)*] + 2’ [y*(z—x)—x*(y—2)?),
veN, elvan Braipetov Bk Tol ywopbvou P = (x—y) (y—z) (z—x). Tloiov 16 mnAikov;
211. N& &mwobaybij 611 TO ToAUcVUpOY ;
I(x.y) = o + B(x+y) + y{x*+y?) + 8xy + e(x*+y?) + Ay +xy?)
AopPdver THy popenv :
FX,.Y)=oa+ pBX + (6-2y)Y + yX*+ (A-3e) XY + eX?,
mou X =x+y kal Y = xy. )
212. N& Bexbfj ém1 16 moOAUGVULOY &
£0x,y,2) =12 [(x+y+2) = )P = v+ )% — G+x)? + x4+ y¥+12], veN, v=2
elvan Bicapetdv B1& Tol oAuwvipoy
p(xyz) = (xt+y+z) — x+y) = y+2)t — (4+x) + x4 + y* + 2t
(‘Yrodarrg : TMaparnprioaTe 611 10 @(x,y,2) kol {(X,y,2) unSevifovran 8i&d x=0, y=0,
z=0 kol 11 x + y + z | {(x,¥.:2)).

IIl. ANAAYZIZ PHTOY KAAZMATOZ EIZ AOPOIZMA ATIAQN KAAZMATQN

f(x
9(x)

BUo éxepaicov ToAuwvUpwy s Tpds X, SnAadn kdde TopdoTacw Tis popefis :

f(x) _opxt4o x4 .. fox 40

§ 97. “Opiopdg.— KooUpey pntov khaopo G mpos x 16 mnAlkov

k=) =Sy = ; 1
O =9 TR T T BT+ + Brx By 2
o i"—"O,l,...,]J, -~ , . ; ) l
Smou i, B, =01 ok TporypaTikol &pibuoi, u kol v drépator BeTikol®) kad
cxl»t 7é Or BV 7& 0

T7) Ponfeiq Tév &k TouTtdTnTOS v dxepaiwy TTOAVWYUNGY Suvdueho vé
dvahUowpey TO pnTov KAdoua (1) els &bpoiopa &AAwv &TAGV KAaopdTwv.
Mpos ErriteuEiv Spws Tis dvoAloews TaTns, TREmEL 6 &p1BunTNS Tfis (1), SnA. o
mohucwvupov f(x) v& elvar PaBuol pikpoTépou &md TOV Badudy Tol mopovoua-
otou. ’Ev évavTiq mepimradoet, SnA. édw & Pabuds ToU dpiBunTol elvan peyodu-
Tepos 7y foos ToU Pabipol ToU mapovopaoTol (W = v), f) dvdhucis Tou kKAdopaTOS

f(x)
o(x)

T0U PaBpol ToU TapovouaaToU.

&udryeTon els THY Guéuow kAdouaTos uE Poabpdv &piBunTol wikpdTepov

* Ak p=v=0 15 k(x) ylvetan -E"—, firo1 elvan pla orafepd, Bidk v= 0, p=1 16 k(x)
]

yiveTan év TroAudvupov.
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Mpdyuat, t&v w(x) xohéowpey 1O TnAlkov kol u(x) To UmdAortrov Ths
Biauptoecos 1(x) 1 p(x), Exomev : f(x) = @(x) - w(x)+u(x), OmoTe:
f (x) u(x)
: 2
2() = TR @
TMpogavds o w(x) elvar p—v ool xad To u(x) Pabuol wxkpoTépou Tou v.
. = A 1(X) . o
*Ex Tiis (2) elven Tddpa pavepoy &TL 1) dudAusts ToU KAGOPATOS ;E—:% dvé-
u(x)

FEOL els TO dTolov Spws & Pabuds Tol

&pibunTol elvan WKkpdTEPOS TOU PoBuol Tou TIPOVOLOTTOU.

yeTan gl THY GEAUGIY TOU KAGOUATOS

§ 98. "Avaluoig 10l Khaoparog ; oo teig dBpolopa amA&v kha-

oparwy, dmou 6 Babpdg Tol f(x) elvat pucpérepog tol Padpol Tod
$(x)-

Arakpivopey Tés k&Toodl TEPITITWOES :

Hepintoorg L °Eaw 1 ¢(x) &xn povov anhig mpaypetikds pitog
P1s Pas - - -1 P » TiTO1 £ elven Tiis Hopgis p(x) = (x—py) (X—pa) - -+ (X—=pv )™

TéTE Buvdpeda va Tpoodioplowuey v TparypaTikols dpibuous A, Ag..., A TO-
oUTous, doTe vi dAnbeln f TaUTOTNS :
< A A
_f(.’i.)_z f(x) LA a8 T ki DICEIE )
e(x) T (x—p) (x—pp) ... (X—pv ) X—P1 Xy x-P

MpdypaT, ik Tis (3), dmadlocooptvns T&Y TAPOVOUXTTEV, TPOKUTITEL Ty
TQUTOTNS ©

1) = Ay (x—py) (—pg) - -+ (x—pu )+ Ay (x—p) (x—py) - (x=pv) + -+ +

+ A, (x—py) (x—p2) - - - (X—Pv-1)- 4
"Ex 1R (4), B1& X = py, Py - -5 Pv s ACUPCVOUEY dvTioTol}ws :
I(py)
f(p1) = Ay (p1—p2) (P1—P3)- - - (Pr—pv ) == A= (P1—P3) (Pl_F’.s) “(Pr—=pv )
f(ps)

f(p2) = Aq (Pa—P1) (Pe—P3)- - - (Pa—Pv ) = Ay = G oD lop) v ooy )

................................ s
flpv ) =Av (pv —p1)(Pv —P2) - - - (pv —py-1) =+ A, = R _sz)). i

Mapatfpnors TaA, Ay ... Av TpoodiopifovTal kal £k Tiis TauTéTNTOS (4) dpKed
v tkTeNeaBolv of TrpéEers els TO BeUTepov péhos kal tE10wboUv ol ouvTteAeaTal TGV iooPabuiwy dpev
TGV pEAGY TS (4), AUBTj Bt GrohoUbuws TO oo TNHE, TO dmroiov 8& Tpokiyn.

*+) Aeyopeda, Tpos eUkorlav TV Utrohoyiopdy, 6Tt & ouvtedeoTis Py ToU @(x) elven
foos wé THY povédar ToUTo Biv mepopiler THy yevikdTnTa, kafdoov : &v Binpedi & dpibunTis
kol TapovopaaThs ToU KhGoparos (1) Bi1& Py , dmep Umetén £ 0, 1O khdopua Bty petaPdhieTal,
fué bmiTuyydvetan, o & guvTeRea s ToU XV yivr) ioos wpds Ty povéba.
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1 e .
Egappoyif NadaveloOi to khaopa : q:((g (1_!;)_(2;1(2)_&\ 3 eig @0poropa anihv
Khaopdrov.
A 061 g Zuppdvws Trpds Ta dvwTépw Exopey THY &vdAuoty :
x4 x4 1 A,
= P el [ 1
s e T T R T M

*Ex s (1) Aappdvopey :

¥+ x4+1=AE-2)E=-3)+AEx-D E=3)+A (x-1)(x-2). (2)
‘H rarrérns (2) 5i& x = 1, 2, 3 i6e1 dvnorelyes : A= Z R T 123
“Ofev :
x4 x4+ 1 3 7 13

GoDGE-DGE=0) 2G-D &-2 Ix=9
Mepintooig II. "Edv 10 @(x) Exn mpuypatikig kai nodhoriis pilag i
TEVIKOTEPOV Gmhig wal modllandic mpaypatkds pileg, fiTor &v elvan, .., Tis
HopYis :
e(x)=(x—py) (x—p) (x—pdE ... x—pu P, W& 11 fk+ - FA=y,

TéTE TO KAGOP *() SUvaTtal v& ypagf] Kotk Eva kal pévov Tpdmov UTo

¢(x)
THY popenv:
f&_ AL A _B. B, Sl S LY
P(x)  x—p,  X—py + (x— Pa)l' B (x—p3)* & i X—Pu

M M,
FE T
&mou Ay, Ay By, By o By, oo, My, My, L, My rparypoTikol GpiBuol xaroi-
AMAws Tpoabiopiiousvol.
"As épyaoBdusy 81& TO dmhovoTepov i TrapaBery pdTwv.

; . EES i) (xidxbd X
k) . i .
Egpappoyn In: Na avalv0i o klaopa o) G EDGED tig &Bporopa

anldv klaopdtov.
ADoug Zuppmves Tpods T QuaTEpw EXOuEY :

*+4x+7. _ A B, B,

GIDGID T2 T GE TaIOT i
’Ek Tans, 81" drodoipiis TGV TapovopaaTdv, AauPvopey THY TAUTOTNTA :
x4 4x + T=Ax+ 3)* 4+ By(x + 2) (x + 3) + Bu(x + 2). @
*ExterolvTes Tas pdgers els Td SeuTepov péos Tiis (2) eUplokouey :
X} +4x 4 7 = (A + B,) x* + (6A + 5B, + B,) + (9A 4- 6B, + 2B,). 3

"EE1o0UvTes Tols ouvteheoTds TGV iowy Suvduewy Tou X T@V peAd Tiis (3) AapPdvouey
10 cloTnuy :
A+ B, =1, 6A + 5B, + B, = 4, 9A + 6B, + 2B, = 7.
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NUovtes TO oUoTnua ToUTo elplokopev :
A=3, B, =-2, B, = —4,
x? -+ 4x + 7 i 3 2 4
EFHEFIF  x+2 (x+3) &+
m = x4 —9x3 + 4x* —3dx + 1
ox) (x—2)° (x4 3¢

“Ofev :

'Epappoyn 2¢: Na avalvdf] 10 xhdopa : elg

Gfporopa AnhGOV KLOSHETOV.
Abarg: Zuppdvews mpds Té dvwTépw 1) dvdduots BiSeTan Urd ToU TUTrOU :
Seow bttty 0 AT AR B By B
(x—2)*. (x4 3) x—20"7 (x—2) (x—2) x+3 (x+ 3)
"Epyagousvor fidn, &Trws Kai gls T wponyoupévny tpapuoytiv, elpiokopey
A=1 A, =0 A,=-3, B,=2 B,=-5
kal Emopéves ) {nroupbvn dvéduois elval :
3x4—9x? 4 4x2—34x + 1 1 3 Bt 5
TG ERT a=2 G-2 "Ef3 G

Iepintoorg I *Eqv 1o pntov kKAGopua elvan Tiis uopefis :
fle) ¢
T pxF Y)Y
&mou & Pabuds Tou f(x) elvon pikpdTepos ToU 2v, v &xépatos = 1 kad B, y mperypo-
Tikol &pifpol p PE—dy < 0, TéTe Udpyouv TpaynaTikol &pifuot Ay, By, A,, B,,
..., Ay, By ToloUTol, doTe v foyim :

I(x) = A)X+Bl i Agx 4 By D_}_._._i_'_Av x4 B, )
T BxTyY — CHPriy | GEAPKEYY SEN TRy

“Ivet keTaoToWpEY CapéoTepov TO TPEYH, &5 EpyaoBiduey i’ Evds Tapa-
Betyparros.
w1

e oy 1 eig d0poropa anlGv Kho-

‘Egappoyf NadvaluBi 10 xhdopa
opaTov.

Aborg: Tapernpolpey 811 o xt — x + 1 Exer myadids pifes, tnl whéov 88 16 KAGona
— L wrAnpoi bAas Tés Yroléoes Tijs mepimradaews I, &pa B éxwopev Thy dvduow :

(xt—x+ 1)
x4 1 _ Ax+B 4 _Ax+ By 1 Ax + B, )
@—x+IF ©—x+1 @ @-x+1F  @-x+ip
"Ex TodTng Aappdvopey :
x84 1= (Ax + B) (x®*—x+ 1) 4 (Ax + By) (x*—x 4 1) + Ajx + B,.
*Exteholvres Tas TpéEers els 10 SeuTepov pédos kal eficolvTes Tols ouvTeheoTds Tév fowy
Buvdpewy Tol X 1@ BUo peAGY, Aappévopey &v TpwToPfdduiov alaTnua ds Trpds Tols &yvdatous
A, By, Ay By, Ay, B, TO drolov Audpevov biber @
Ar=1 B=2 A=1 Bi=-3 A=-1 B,=2
*Avtika@ioTédvTes gls Ty (1) Tas Tipds ol Tés AauPavopey THy dvéduoiy @
x4+ 1 % x4 2 \ x—3 )

W—x+1)@ ®—x+1 ' @-x+I1F @E-x+lip
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IMepintoorg IV. Edv 10 9(x) Exn pilos mpaypanikis wai pryadusag
anlag f) mohhanhig, TOTE loyUouv ouyypdves ai TeprrTdoes I kad 11,

- Sl Tns
e —1) (& + 1y

A bo1g: ‘O mapovopaoTis Tol kKhdopaTos ypdgetar (x —1) (x + 1) (x2 + 1)?, fror éxa
pigas mparypaTikds &mAds kol wiyaBikas mohAamAds (B1mAds), &fev, cuughVws TPos Tas TrEpI-
oot I kal lll, 8& Exwper THY k&Twb dvdAuoy :

x+2 2 ey A Bix+ "l |, Bx+T,
Gl GrDEFIy - x—1 "=3T " BEl T mEhp M

A& ToAaTAaTIcopoU TEY peAdY T (1) Eml (x2 — 1) (x? + 1)? mwpoxirTer ;
X+2 = AL (R 1) Ay (1) (3 154 Bk ) (x0-1) (4 1)4 Bax+Ty) (xi-1)
&fev TeAKGS ;
X+ 2= (A + Ay 4+ Bx® + (A=A, + Txt 4 (2A, -+ 2A, + By)x® + (2A,—2A, + T)xd +

+ (A, + A, =B, —Bx + (A, — A =T, —T,).

A& ouykploews TEV GUVTEAESTEW TV Blo Towv TToAUwVIwY TPOKUTITEL TO K&TwO ypap-

HIKOV oUoTnpe ¢

'Egappoyf. Na avalvdi to xhaopa eig GOporopa kKhaoparov.

Ai+A,+B; =0

Ai—- Ap+ T, =0

2A, +2A, + B, =0

2A,—2A, 4T, =0

A+ A;— B,—B, =1
Al— Ap— I —T=2.

AtovTes T6 gUaTnua ToUTo elpiokopey :
A,l:%., Al—tl BL:—%, LS e Ry
kad &rouéves 1) Enroupévn dvéduois elvar ;

1 i 1
et PO T

X2 __i 1 __]_ 1 o4 [ - Ak
@-Dx+1 8 x—1 8 Xx+1 x?+ 1 (EriETH
E®PAPMOTAI

2x 41

In. Na dvolv0fi 10 khaopa tig GOporopa and®v Khooparmv.

EF+DE+x+1)
Avorg: Taparnpotpey 61 i Biakplvovoa ToU Tpreovipou x? + x + 1 evar &punTiks).
"Apa T KAGopa BExetan T dvdduoy :

2x + 1 __"L,Fﬁ_, a
x+DEA+x+1) x4+ X!+ x+1° )
Ex Tis (1) AcuPdvopev :
X+ 1=A+ x4+ 1)+ Bx 4+ M (x+ 1) (2
i A+ 1l=A+Bx+ A+B4MNx+ (A4T). (3)
TUVETTES
A+ B=0, A+B+T=2 A+4T=1
*Ex Tijs émAboews Tol ouaTipaTos ToUTou eUpiokoper : A =—1, B=1, = 2.
"Obev :
2x + 1 1 ot Sared
x+DE+x+1) - x41 xXtx+1°
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Enp. Toxele ebpeoig tdv A, B, T,
*Ex Tijs TautéTnTos (2) Bid x = —1 == A = —1.
» » » » » x=0 =+ A4T=1, tEfs: =2,
*E€iocoUvTes TOUS guvTteAeoTds ToU x? els dupdtepa T& wéAn Tiis (3) ebpiokopev :
0=A+B = B=1.

1

2a, Ni avaivdi 0 khdopna EIDEFD elg G0poropa khaopdtav Exoviov g

TRAPOVORATTES TOLS MAPEYOVTES ol mapovopastod tob Sobivrog.
Aborc: ‘O mapovouadThs ToU KAdopaTos ypdgeTal ©
+x)EE4+D=xx+1)x+1)

Kkal gupgdvws TTPos T& Tponyoupeve B Excopev :
1 A B x+ A

EIO@+FD X TRl T B M
*Ex Tis (1) Aaupévouey, taw Ekrehéowpey Tas TpdEers els TO P péhos
l=(A+B+Nx+ (A+T+ A+ (A+ B+ A)x + A (2)

’Ex T (2) TrpokUTrTEl 16 kéTw oUoTnHa

AvovTes Td oUoTnpe ToUTO eploxopev: A =1, B=—---§—, FN=—— A= —-

*AvrikadioTévTes els Thy (1) Tds Tikds alrds AapPdvopsy ThY &dvddvow :

1 o i = 1 i 7.x+]
WroE+n T 26F1) 2+ 1)
x!—2x—13

3n. Na avalodi 0 Khbopa g g gig GBporopa anhdv whaopdrov.

Aboirg: TTapoc'rﬂpOC'I-lW &1 6 &p1BunThs elvan moAucvupoy peycduTépou BaBuoU &rrd Tov
Babuov Tou TrapoVopaoTOU. AapolvTes 1oV &pibunTHy Bik Tol TapovepaoToU kol TpémrovTes
OV TapOVORAETHY Elg YIVOHEVOV EyouEV, TUNQLIVES TTPoS TOV TUTrow (2) Tiis § 97.

xr—2x—13 _ L 5T
—i_9x—3 =C+D+ oy
5x -7 5 L4
Epyasuevor 80 els 70 KAGOUS oy Ty, OO els T mepimTwow 1, elpioko-
uev &T1 Tolito looUTan ué: 5 :
E e
*Apo Exouev i, y 4

e e e e

1 .
4n. N& avalodij 0 khdope @—h@avr elg GOporopa 800 xhaopdrov kel

BonOeig tiic dvalboL®s tabtng va £opedij to @bporopa :
1 1 1 A Nl Yy
; T R W S T R T T
Abotg: "Exopev katd T& TPOTYOUHEVE :
1 A i B
@v—D(@v+1)  2v—1 vt 1

*Ex TordTns AcpBavouey :

1=A@2v+ 1)+ B@2v-1)
A 1=2(A + B + (A—B)
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‘OméTe :

A— B=1.
AdovTes TO oUoTnua TeUTo ebpiokoper 1 A = %, B=— _;.
“Ofev :
pr g e -l 1 !
=T vE e 2 (i;i"i'“2u+ 1)' &)
"Ex Tis (1) AauPévopey :
; 7 Ty i 1
Max v=1": j-.—3—72ﬁ(1ﬁ—-37)
. LSR8 ] 1
Ak v=2 ﬁ_T(_B__?)
1 1 1 1
M& v=3 SﬁﬁT(?_ﬁr)

ol e L] sy et & el
S SR B T3 BT D)

TTpoabétovTes Tos s dvw lodTnTas KaTd HEAT), eUplokopey :

Sl I B SR, e ol
BB L STRL ol "‘+'(25T}.(2'F-Fij‘"'f( 421}4»1)'

AZKHZIEIZ
213. N& dvehufolv els &Iporoua &mAddy KAaoudTwY Té& K&Twd prTd KAGOHaTY ;
1 3% 1 8x?—19x 4 2 1
1 - o J SRS
LT L T e ere e (R U e e
S 238 6) It e ) 7 DX T Ol y L0x? + 32
(@ it x4 1) x—1)' (x+ 1) (x* + 2x + 5)° X (x =47
214, ‘Opolws :
1 Eid ) P el I 2 ) x*
Tt vt s DE-DmiD &= 2x + 5)*
2x% + Tx*—2x —2 5x* —4 x° Tx—10
Ve Ds—mras Damm e Do e
% = . ; x4 x4 2
215. Né& dvodvbi) els &Oporopa KAGTPATOV TO KAGOPG ; S

: . Xl
216. ‘Opolws 16 =T e o

217. Tod xAéopa v dvodudij els &Bporopa 8o KhooudTwy kal T Pon-

1
G+ E+2)
Gelg Tis dvailoews TauTns va ebpelf] 1o &Bpoiopa :
1 1 1
223 34l VT DOE

1 = P
218. To alro H1x 10 KAGOUa TR xal Tf) Ponfeia Tfis dvedoews TauTns va eb-
= 5 B! 1 1 I
pedij 1o &Bporopa : I-T§+T4+§._5+'” + v(v—-i-f)"
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o 1 1 1 1 1 v
. Ael 3 — —_— —_— e ———— e
S Beordtns s teng g I Tt HED GRS S YT
. P 1
220. Né& &voubi) o kKAdoua Wﬁm els &poiopa SUo KhaopdTwY Pt Tapovopa-

aTas &vrioToixws v(v 4 1) xal (v + 1) (v4 2) xal i) PonBela Tiis dvooecos TadTng vé el-
pelfj TO &fpoiopa: i ’
1
e R il o R i e D T
3 0 3 L 1 » r
221. *AvaiUoate TO KAAOUQ TS e els &Bpoioua Slo KAaoudTwy,

kT dmolwv T v v Exn mapovopaoTiv 1O (v 1) (v 4+ 2) ... (v + k—1) kai 6 Erepov
T W+D@+3)... v+ k=1)(v+k)

IV. AIQNYMOI EEIZQZEIE

§ 99. "Opiopdg.— Keholpev Sudvopov Eficwav pé fvav dyvwoTov, xébe
dkepaiav ifiowo THs popefis :

AxE | Bx* = 0 ()

&tmou x 6 &yvwaTtos, A kal B mpaypaTikol &piBuct (cuvteheatad), ufy E€apTds-
upevol &k ToU x, pt A - B # 0 xal k, u dxépator pfy &punikof, Sidpopor dAAGAwY
kol oUyl dupdTepot undev.

§ 100. "EmiAuoig Tijg Stwvipou E81otoewg (1).— O Bei€oopey elbus
Guéoews &T1: mdsa Guwhvvpos éflowars Tig pwoopic (1) avdyerar eig vy énilvow
Tiig dwvipaoy fhwdaews Y = 1= 0, dnov v goowds dolpds.

MpdyuoTr &&v UmoTedij, &veu BAGPns THs yewikdTnTos, 6T k> pu=0 f{

1) ylverton :
L x* (Axk# 4+ B)=0
kel elvon iooSuvapos pé TO Lelyos Ty Eflomoswy :
x»=0 (2) kal  Axk+4+B=0. (3)
‘H (2) Exer pitow x=0 €els Paduov morhamrAsTnTOS P

; : B
‘H (3) elven joobuvapos pé TV @ xEH = — a0 11 Eola, &aw Tedf v=k —p,
veEN, kol — B o, Yivetau:
A
x=a @

T& mAfifos Té&v pidddv Tiis (4), mpayuaTikGy kad pryadikédv, even v, of
viogTal pifen ToU o, kol ebpiokovTan, &meas O iBwpey ls piav 1@V Emopéveov Tapa-
yp&gov, ik ToU TUTrou Tol De Moivre.

*Ev ToUTols Sues Suvdpela vér edpouey Tas pilas Tiis (4) kol dos £E7s :

v
“EoTw y ) mpwTetousa viooTh pita Tol |af, fitory = Va|, & ol: y¥=|al.
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Tote: t&v o> 0 = |a|=a kol f) (4) ypdpeTan: x¥=1y" § (%)v: 1, tvéd

tv a <0 == |a|=—a xai ) (4) ypdeeTar: x¥=—y" § (;)v=—-l.

X Vo e I . . 2
Oétopey — =y kol of 800 TeAeuTaion E§iocoels ypdgovtanr dvTioTolyws :
U

yw—1=0 () xad y+1=0 (6)

‘Emropévess 1) EmriAuvois Tis Srovipou E€looews THs popefis (1) dvdyetan
gls TN Emidvow Tis Siovipov E§iodoews Tis popefis (5) fi (6)-

Tpds emiAvgiv ToUTwy Srakpivousy 8Uo TepITTTROELS :

Mepintworg I: ’Eav v=2p+ 1, 8nA. v mepirrds, TOTE :

‘H (5) ylvetar: (y—1) (3 +y* 14 .+ +y+4 1) =0 xai elvan icobiva-
pos pé T LeUyos Tév EGiowotwy 1 y — 1 =0 kad y*@ 4y~ ..y 1=0
&k TGV Smolwv 1) TeheuTaia elvon dvtioTpogos.

‘Opolws 7 (6) yivetan: (y+1) (y»—y?*—' 4 ... —y+1)=0 xai elven ioo-
BUvapos pt TO Gelyos TowV Eglotoewy: y+1=0kal y??—y2~! 4 ... —y41=0.

MepintoergIl: 'Edv v=2p, dnA. v &pTios, TOTE :

‘H yv+1=10 ylvetaa : 4 1=0 1 yP—f—--;p-: 0, 7 omola B1& ToU peTo-

OYNUATIOPOU ¥+ —;—: z Quayetal gls E§lowow p Poabuol.

Téhos ik v=2p # (5) yivetan: y*»—-1=0 § (*—D (F*41)=0
kad elvan iooBUvapos pg 16 LeUyos Tdv tflowoewy : y? —1=10 kai yo 4+ 1=0,
txamépa TGV &Trolwy dvdryetan s plov TGV Tponyoupéveoy poppddv.

3 v

§ 101. "Edappoyai émi TGV Srwvipwy E5l0Qocwy :

Mapaderypa lov: Na émlodf 1 tdicong:
2x' 4 3x2 = 0.
Abaig: AUTn ypaestan x? (2x2 4 3) = 0 kal elvon iooBUvapos ut TO Lebyos Tév Eiod-
oevx?=0kal2x? 4+ 3= 0.
‘H mpcorn Exer ThHv SimAfv pilav x; = X, = 0.

‘H Bevtépa elven looBuvapos pt v : x? + % = 0. Bkropev X =¥ - %— kal 1) TeAeu-
Tafo ylveran : %y“+ 3 =048 y¥»+1=04 G+DGE*-y+1=0
'Ex Tons Exouev y = — 1 kal y2—y + 1 = 0, 1) émola Avopévn 8iber: y = i—ﬂ-izlﬁ

3
- A - 3 '] R 4 %
©étovies TAs TINGS TowUTas Els THY X = y 5 Exopev s pitas Tiis Sobelong :

3 3
‘/3 1+iV3 ]/3 1-iy3 ]/3
E—2e=0, A= — 5 x‘=—t21—1l-- o5 X,,:—QIL- R
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Mapadecrypa 2ov: Na imivdf 0 thiowolg:
xi 4+ 81 = 0. H

¢ N4
Aborg: Altn ypdpeton: x*-+31=0 1 (;) + 1 =20, )

OéTopey : ;— =y (3) xa f (2) yiveran y* + 1 = 0.
At yphgetan: (v + 12—2y=0 fi (y*+V2y+ 1) —V2y 4+ 1)=0 xai
elvan looBUvapos rpds 1o Geiyos Té Efiodoewy :
ye+ V2y+1=0 xad y2—V2y+1=0.
. -¥2 + i V2 X V2 +iV2
Alran Audpevan BiSouv QvTioToixws ¥ = :;—l— S oked y x! ’

B 9
i

OttovTes Tas Tipds TauTos els T (3) Exouev s pilas Tiis Sobeiong :

S LA s e s E iy D
RTINSl g -y Xy = ——— Lo Xy Lfe- h
Z 2 2 5

Mapaderypa 3ov: Na eopeboly ai wufhkai pilm tiig povadog.
Abarg: “Eore x f| xuPwi pita Tiis povados. Tére O Excopey ©

=1 § x*-1=0 A @E-1)@E+x+1=0
"Ex TaUns Eyomev X = 1 kel X* 4 X 1=0, 1 émoia Auopévn Biber :

o=

X = f_lr =k I_Y_3 . ‘Emoptvads ol EnToupevan pile elven :
—“1I+iE i
pp=1  p= 5 RS o
EdkéAws dmobeikviopey OT1:
Pyt p+ P =0 PPy =1, s = P, pri="p%,
AZKHZIEIZ

299 N& triwlouv of kaTwb Eiodats :

1) x*—5=0, 2) x*+2=0, 3) 4+16=0 4 *+T=0
5) 8x*—27=0, 6) 8x*+ 125=0, 7) 32x5+4+1=0, 8) x2—1=0.
223, *E&v p, kal p, eivor af uyadial kupikal piton Tijs povédos, Sefare &1

1) 1+ pa)'=Pu 2) (U4 pi—p)*—(l—py+ p)* =0,
3) (1 o5 2P1 =1 3P2) (1 ol 391 T 2P2) =3, 4) (1 — Pt Pz) (1 4 P "Pz) = 4,
224. N& etpeBouv ai kuPikad piZen Tis dpynTikiis povédos.

225. N& eVpefoiv of TeTpaywvikal pifan T&V apfudiv i kad —i.

Tprywvoperpiki popdi) pryadikoli aptbuod.
Tomog 1ol De Moivre.

§ 102. "Opropa pryadikod aptBpol z # 0.—"Eotw & pryodikds dpi-
Buds z— x + iy ut z # 0 kol x, yeR+ Eqouv T6TE Evvolav &v R af mopaoTdoes:

s b kai & z SUvoren va ypaph) UTtd T popeny :

Vol Sy
X

= v = 2 2. —4.—,:—_—.*4-1
e

9 129

M

WnionoBrke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



*ETeise) - B s s e T 8 gy oy

(v ) ke
ety ) T\ Very
X i

Vet+y:' Vaitye

TO fipiTovoy kaTaAAfAou ywvias @, fiTor :

BuvavTton v elvan dvmioToiyws TO ouvnuitovov kol

X % y 2
ey ™ Ve 5
Qs yvwoTdv, Umdpyouv &meipor TO TAfiBos ywvial, af émoiar TAnpoly Tds
oxéoes (2), T& Bt pétpa Ut els dkTivia Sropépouy karrd drépaiov TOAACTTAG-
atov ol 2m. 'Ex ToUTwv Umdpyer &k PP &s pio, f omola TANpol T&g (2)
kal &mi whbov THY ouvBhkn : — T < ¢=m. TalTnv kohoUuev: 6 Pacikdv
(mportedov) dpopa tob pryadukod appod z = x iy ( + 0) xai cupfolrilopev pé :
Argz (Argument = Spioua).

ouve —

Mapaderypa: M Tov pyadicov dpiBusy 7z — 1+ |3 EXOUEV TO TUOTN Y :

1 3
SO ) K}'z:- Tl e=E,

™

&€ o0 : 9= 3. dore: Arg(l+i‘f§):%-

lecopeTpiéds 10 Spioua pryadixol &piBpod z TAPIOTY TNV KUPTNHY yooviay,
ThH omolav oxnuaTile & Betikds AmdEwv Ox petd Tijs SiavuouaTikiis drkrivos
OM, Tiis wapioTdons Tov Mryadikov dpifuov z, ds EupaiveTan eis Tds TEPITITC-
o8ls T&V k&Twh oyxnuaTwv (PA. Zx. 6).

4 J
My wiva E
Mgi
3 Mon il i R
o] 3 @) i 2 e ol £
Arg (I'lV!')t—’; ArgizArg2=0 Argi=g

x 9/_;':& *

Arg(-1)<n - Arg (-14) =_¥

Iy. 6

§ 103. Tprywvoperpixi) popdi uyadikold ap1Bpol.— “Eorw els pryo-
Bikds &p1Buds z= x + iy # 0. ‘OpileTon TéTe 1) &mwoAvTos TIpd A pérpov arrou,
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|z|=Vx%+ y?=p kol 10 Spioud Tou Argz= ¢ kai loylow, & eidopev dvw-

¢ . ol X iy X 18 y s y 1
TEPW : aquve = —_')(27:‘—_312_ = ?. nue = ,7)‘2':; _y_z_ — _{3— ( )

Ex Thg (1) Eyxouev:
X=powg,  y=pnup
kal & uiyoBikds &piBuos z= x 4 iy AcuPdvel THY poperiv:

X +iy=p (ovvp + i npo) @)

‘H popo is 1o 2o0v péhos This (2) koheiton : Tprywvopetpuxty popeij tob pi-
yadikod amOpod z = x4 iy.

OUrws elvar, m.x., (PA. kol oxfipa 6, § 102) :
1=1 (ouv0+ i nu0), —1=1 (owvt+inpm),

i=1(wv%+inu%), —i=1(m(—%—)+iqu(—%)),

1+'iV§=2(0'W—31T—+iﬂu%)' —l—i=ﬁ(cruv(—34l)+inu( TTT)
y 3

-—1+i=V§(wv3TTr+1nuTTr)- —~é—+i lzq__l(cuv 23 +1nu2 )

Kdfe downdy pryadinog dolpuds z=x + iy 5 0 Eyew anoifiss plav oywvoue-
Tou)y mapdotacw z=g(ouvrp + inug), Smov o elvar 7 a:zolvrog Tiun) 10?2 (1)
dAAws T péteoy Tob z) xal ¢ TO Pacor Spwoud Tov (—n < ¢ S ).

AvtioTpdpws :  Awr xdle Saretayudvov Cetyos (o, @) mé o0 >0 xai
—n < @ =5 dndoyer dxpifiids els pryadinds doude z = x + iy # 0 ué Torywvo-
peTpuay popgiv : o (ovvy + inug ) olTos elvon & pryadixds dpiBuds pt x = p ouve
kal y= pnug.

Kordmiv ToUtwv Exouev THv Aoyikny icoSuvapiay :

oove = —, e ==

P

X = poVvQ Vx”—i— y?
<= y
y=pnpe

Mapathpnoig: 'Emabl owe = ow (2km + ¢) kal nue = nu(2kT + @), mou
k=0, 41, +2,. .-, f mapboraois (2) yphgerar Umd Ty yevikwTépav popeiv :

. z=x + 1y = p [owv(p+ 2km)+ inp (9 + 2km)] 3

EUkdAcws dmrodevieTon Tpa T koot :

§ 104. ©cpnpa.— Abo myedikol apbpol yeypappévor Hrd Tpry@vopsTpl-
xfv popeijv elvan foor tote, Kal pévov téte, dv Exovv ioa pétpa kal dpicpara Siagé-
povte xatd axéparov mollanhdoiov memoepeiog.
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‘Anodergrg Tpdypar, év EXCOpEY
PL(OWey + i nug,) = py(ouve, + i nug,),

Oc elven :
PIOUV, = P,0uvg, == plouvip, — plouvig, = pi(ouvip, + nug,)
PLTHP, = Py NPy == pj NP, = p2 nulyp, =p3(owvip, + nuig,),
Eol: pl=p? kolémeby p, >0, Py >0, fmeton: p,= p,,

omoTe O elven
oUVQ, = oUVP,
NHP; = MK
‘Aviietpigos 'Edv p = P kal @, — @, = 2k, 0& Eycopey :
OUVP, = OUVQ,, TIHP; = MU},

= ¢1= @+ 2km, ¢ 00: ¢, —@,= 2kn.

kal kat’ dkoAoubiau :
P1(owwe, - inug,) = py(ouve, + inug,).

Xpijoig Tijg TPYYWVOpETPIKTlG Hopdiig pryadikisv aptBpdv eig Tag
mpagelg.— ‘H tprywvopetpikd HOPQT) TGV UryaBikéy Sip1Buddy P&s EmiTpémer v
EKTEMECQOPEY amAoloTepoy TOV ToAAamAaoIaopsY, THY Bradpeotv kol ThHy Ea-
YWYV TGV pILEY TV Wy adikéy Gp1Opcd.

"AxpiBéoTepov foyUouv T kéTeod OewpripaTa

§ 105. @edipnpa.— To yvopevov dio HyadikGy aplpdy cival gig pyaducog
apilpog Exmv pétpov piv to Ywopevoy @y pitpov t@v pryadov, dplopa 8¢ to
i0potspa tdV dprophrov adtdv. "Hro1, gdw :

Zy = py(ovve, + i npe,) I
Zy = Pa(O0Vy -+ i Npg,)

’Andderfig: *Eav moMamhaoidowuey kaTd pEAT Tas Bobeioas B Eycopev

Zy%y = P1P2 (OUVQy i g, ) (auve, i NHP2) = pypy [ (OUvg, CUVY, — g, Nug,) -+
1 (0w Mgy + NPy oWe,) 1= pip, [oUv(e, + §a) + i N, 1 y) ].

= L)%y = Py [oov(e, - @,) + i nply, + @) |.

§ 106. Moépropa.—Eav z, — POV 4 inpg,), z,— ploove, +inug,). ..
] ooy = py (ovve, - inpe, ),

TOTE :

ZaZip oo o By =iy eee Py [OOV(Q Qo4+ @, ) -1 (e, + 0. . .+ @) ] (1)
*H amoseaifis va 5007 1& Tijs pebdSou THS pednuaTikis Emarywyfis.
'EQappoyn Na copedij to £Eayopevoy ;

[ 200 300 + 1 qpu 300 ][ Y2 (ovv 400 ¢ § n40%) |+ 13 (ouv 50° - iy S500) ).
Adorg: "Exouev SiaBoyikdds :
[2(owv 300 + i nu 300 ) ]-[ Y2 (ouv 400 + i nu 40°) ][ 13 (auv 50 + i np 500) |
-2 12 13 [ouw(30° - 40° - 500) - i nu(30° 4 400 + 500 ] —

= 276 (owv 120° + i nu 1200 — 2 16 (- é h !53,) =—18 + 3i)2.
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§ 107. @ewprnpa.— O dvrictpopog £vog pryaducot aplpoed z (£ 0) Exsr pé-
Tpov pév to avtietpogov Tob pETpov tov, dpropa 8¢ to avriderov tod dpicpatig tov.

"AnoderErg TlphypaTy, &v z= p (cuve + 1 Nue) Exouey SiaBoyIkGs :
iy el s I(ouvg —i nue) s
P(wvcp +inug)  p(owe +inue) (owe —inug)

[plowe +inue) I-'=

__owe—inug 1 iy s ot e I e ]
= o(ow + nate) p( P — inug) P[ (=) +inu(-¢)]

Katd TavuTa:

[ p(owwg -+ i nup) -1 = ; [oww(—¢) + i (=) ]

TH PonBela Topa TV BewpnudTwy TRV § § 105, 107, émetan duéows TO
w&ereobt :

§ 108. @cwpnpa.— Té wnlixov dbo pryadikdy apOpdv elvar pryodudg dpr-
Opog Eywv pérpov 1o tnhikov tdv pétpov tov kel Gpiopa v Swagopay tdv dpr-
opdtov tov. "Hrol, &v:

zy = py(ovve, + i npe,) 2, B z
: = = = [owv(p,— @) +inne,— )]

32:'92(0'“"@2'{‘”“1@2)#0 g P2 - i
. ” 2 1 -1

YrnoderErg “Exoupev: Z‘:z]-z—=zl-u K.T.A.

2

Naepadevypa Na ebpedij 10 nnrixov : i-Tin"

Abaorg: “Exopev:

=2 =240 2(owl80°4inulB0c) 2 ;
TR S R E e o yg(aw45u i nu 450 ) _‘r'_’[aw(lsohw)f
+ inu (1800 — 459)] = “(cruv135°+lrlu 1359 = — (- — =

12 i CE i) -

L

§ 109. @cwpnpa (De Moivre). ‘H viooti) 8ovapig pryoduked apidpod eivar
pyadikog apOpog Exov pétpov tiv viestiy dbvepy tod pétpov tob myddoes kai
dpiopo 1o v—ndlaciov tod dpicpatog avrob. “Hrol, v :

z=p (owg +inug) == z"=p' [ ow (vo) +inu (vp )]

=L ) [p (cove +inpe)]Y = p¥ [ovv(ve) - i nu(ve)] )

‘0 TUTros (1) & dmoios &idel THV viooTHY BUvawmy Evds wyadikol dpifuoy el-
val YvwoTds Umrd 10 dvopa: TUmTos ToU De Moivre™®

* De Moivre (1667-1754). [éANos paBnpaTikés.
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’Amoder&rg: 'Edv el Tov TUTOU (1) Tfis Tapaypagou 106 Béocouey
= Iy= =20 = p (OUVe + i ), TOTE TpoKiTTTEL & (7).

Dopathpnoigl: To Becopnua ol De Moivre Stvaton va amoderx6i xal Bi1a Tijg
nebdBou THs Tehelas ¢raywys.

Yrode1&1g: ‘H mpéraos foyuel B1a v = 2. *‘YrroBéoore 6T loyuel 81&d v = k xal 8ei-
Eore &1 loyUe Bik v = k - 1.

Hapatfpnorcll: O TUTOS Tou De Moivre foyUer xai 6Tav & v glvan dképalos dpvr)-
Tikds. Tlpdyuari, Exopey :

Lo (e + inug) 175 = ([ p (ouve + i nug) 171 = { 5! . [y ) 4 inu(—e) ]JF =
= p % [ow (—kg) + inu (—kg)], keN.
PiTar myadik@v apiBudv
§ 110. "Opiopég.— Aobévros évic uiyadixot dplipos a # (0,0) xaioiuer

vooTy pllav abrod, (ovuBoiouds : Va), xdbe peyadixor  dplfudy 2 Towitor,
dore: z¥ = a, fiTor :

v

VE:Z <= I'=2a (I)

opo

O& Belfwpey Tpa &1 UTrdpyouv piyadixol &p1fuot mAnpolvTes ThY (1).
Tpds Tolto O& dmoBelfeopey Td K&TwOL fecopnua :
§ 11l. ©@ewpnpa (0mapZewg viooTiig pitng pryadog).—
Eav a= p (ouv0 + i npo), a 0, civar toyav pyadikdg apbpoc, brapyouvv
axpifpdc v Siagopor aAkfhov viootal pilar adrob, onhadn 1 iEicwag :
z'=a 1
Exer axpifisg v Sragopoug alinhav pilag, ai dnolm SiSovtor £x Tod TOmOV

Y 0
2= Vp [cuv(f +v2k“ )—|— iqp(_e {-v2krc_)] )
Evle k=0,1,2,...,(v—1).

‘AnéderErg "Eotw 6Ti 6 wyabikds GpiBpds :
z=r (owg +inue)
troAnBeve Ty éficwotv (1). Tére, TUHPGIVS TTpds TOV TUTTOV TOU De Moivre,
EYOuEY :
r [ow(ve) +inu(ve) |=p - (ouvb + i nue). @
H (2) Speos dAndeter TéTe, kod pévoy TOTE, &V
M=p kol vp=042kw, keZ
'E€ olmédv AauPdvopey

r=1p" xal ¢= 9+v2k'n:' keZ.

v
*) Yp elven 1 Berich) vioo T pia ToU BeTikol &piBuol p.
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“QoTe :

= yE ot -] -{-v2k'n' A 8+ 21(1'5

, keZ. 3

v

'EBeiybn Aoimov &mi Umdpyouv pryaBikol dpifpol, dpiidpevor Yo Tiis (3)
B1& Tas Bragodpous dkepadas Tipds ToU k, oiTives radnBevouv v (1).

Od& Seifwpev Topa 6T1 v pdvov &od alTols elvar Sidgopol peTaly Twy, Sid
Tas Brapopous drepalas Tinds ToU k. *AkpiPéoTepov B Beifwuey &1 :

"Edv 6 ditpanos dpiBuds k AdPn Tés Twas 0, 1, 2, .., A, L, L, vl
&mo TN (3) TpokimTouy dvTioTolyws v &pIBNOL : 24, 2y, Zo,. . o Loy o oy Zyy - s g Bved
Bi&popol SAANAwY kai &T1 &v k A&Rn Tuny Sidpopov Tév 0, 1,2,...,v—1, BnA.
& k=v f| k <0, Tote 6 TpokUTTwY Ao THY (3) Uiyadikds dpiBuds z O

quPTTiTTTY TPdS Bvet TGV Zy, Zy, Za, .« - .y Zu—i-

MpdypaTi, & deogwuev kaT dpxds €ls TO k Tas v Siadoyikas Twds: 0, 1, 2
ey (v=1), ToéTE B THS (3) AauPdvopev v &PIBHOUS Zg, Ly, Zap. ..y Zay - - ey Ty
.+ vy Zy—y, Ol &rrolol Exouv TO aUTO péTpov VE), OpiopaTa 8¢ GuTioTolY WS T&

8 64 2 04 A 6+ 2ATr 8 4 2um 64 2(v—1)m
T T ’ v Ppniaiany 5 pile wiap 7 et v 3
Of v olto1 &pifuol zg, %y 2oy -« oy Za, <y By - - .y Zy—y Elvan Bidgopol GAATAWY,

81671, &v BUo TUyOvTES E6 AUTAV Noaw fooy, foTw of z; kad z, , #vba A, peZ, A# |
kad 0=A, p < v, 8& émpeme :

DA et b o 2 D
v ’ i

v

Anhadn : A—p=kwv "7 KcZ.

Elvan &peos O < |A —p| < v xai Emopbveos 0 < |[k'v| <v ff 0 < |k'| <1
&rotrov, 81411 81’ olbtv k'€ Z elvan 0 < | k' | < 1.

“QoTe : 7 # 2, N MME[O, v—=1], A#u xai ApeZ.

"As 18wuev Twpa Ti oupPaivel, &v 6 k A&Pr dkepaios TIPS EkTods TOU S100TH-
paros [0, v—1], BnAadn Ti oupPaive Bid k=v § k < 0.

'E@” éoov kg [0,v—1], tdv koAéowpey A 16 TrnAikov kad k, TO UmrdhorTov
Tijs Bicnpéoecws k : v B elvan: k= Av + k;, &mou A kal k, dxépaior pt 0=k, <w
SMA. ke [0, v—1].

“Exouev B¢ TOTE :
2OV |, 04200k |

v

;VE {O’\JU (w>+ lnp(fe_r2k£) ] =Zk, kI:O, i o8 .,V"-l-

v
uw=Vp- [Gu

v
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"Hroy, &v k £ 0, 1, 2,...,v—1, BnA. &v k=v N k<0, 161e & TPOKUTT TGOV
& s (3) miyadikds &pibuds z aupitrrer TPOS &V TV 7, 2, 2y, . ., z,_,.

Qoe, WpdypaT, UTrdpyouy dxpiPéds v SiGgopol dAMAwY dpifipoi, of &-
oot émodnbevouy THY Eicway -

z' = a= p(owbd + i nud).

OUtor &iBovrar Umrd Tol TUTTOU :

e {f;} [ow(g“‘:‘?k”_) s inu(£+ 2]_‘_"_) ] 4)

dmou k=0, 1, 2, s vl

Mapatipnore ’Ex Tou &veoTépe Becoprinatos Tpok(TTTEl ST1 KéDe Hryabikes dpi-

Y

Buds a o4 0 el AxpIBs v vioaTds pilas, 8. 16 oUpBorov Va tyer v Biagdnous Tings (Tds (4)),
elvan SnAadh, ds &Aoo Aéyousy, v—ofuavov.

Olrw, my, V&= 42 V2B=45 Vi + V2, émou 16 olpBorov Y s Te-
Tpaywvikiis pigns £xer TV YvwoThy 814 TporypaTikols dp1buols Evvoiav.

Katd Tabta :

Els T meproyiy Tév HIYoBIKeY dpiBuddy (didpn kal &v & dp1Buos a elvan TparypaTikes &p1Bpds,
SnAadn YpdgeTon oUtw a = a 4 i0 pd aeR) &g 10 oUpporoy Y SiSopev SiTTHY anpaciav,
fiTor éxpiPéarepov :

Mt Va, 6o ae €, dpiovran kel al Sto pidon Tfis t§iodhoecas 2t = a- alTan GuumitTouy
TOTE, kal pévov TéTE, &v g — 0.

Tij Ponfeta Tfis dverrépam onuaoias Tol oupPérou V¥ '#v (, Buvdpeba vi EppaowpEy Tdg
AVoets Tiis SeutepoPadiplou E1owoews: ax® + hx 4+ ¢ = 0 ue a0, a,b,ceC, 81& Tol TUTrOU *

—b 4 Vb —4ac’
X = ——
2a

3
‘E@appoyai: In: Na eopediy 1 V8,

Abvorg: "Exopev : 8i =8(crw%+ iqul;-) kal & TUtos (4) Tiis § 111 &§i8e -

s N 5 e e
318““-_ "Fs—iﬁ“_ Thy :8’( o i _‘2....-1_._k1T)
}8i= l, (cruv &5 +inp a—) = ]l' ouv = 4+ inu- TESa

= 2[0uv(€—+ %T-r—)-i- inu(%—fl-- 223)] k=012
=+

Akl s T inu%)r]fj-.‘-i

2(o'uu
A k=1: Z(qusgr -;—iqu.s_;r_)j_v:,‘__!_i
3w X 3w . J
d k=2 Z(OUU—V-Q———}-1nu~2~—)._0—21_..-—21_
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4
2a: N copediy i V2 4+ 21 3.
Aborg: "Exopev: 2+ 2i)3 =4 (aw 1; +inu l,;) kad & TUmos (4) Tis § 111 &S

v=4, p=4, aﬁfg Siber :

S v RO [ sl N s |

s Rt o M gy T
=1z °”“("1‘2" 2)'”‘“(12 ‘ 2)]
*Ex ToJ TUtrou TouTou S k = 0, 1, 2, 3 eUpiakopev dvTioTolyews :
= T 4 T N o W s 0
ne= 12 (UUV-I? =t lnul—z), =12 (°""" i LA 12)‘
: By, .. 5% B i T
1, = |2 (ow 7 +inu ﬁ_')' 7, = |2 (u’uv 5 tim— )

§ 112. MewpeTpiki] Mapacraoig TV viooTlv plidv pryadikol
aptBpoi.— "EoTw & wyabikos dpifiuds a=p(ouvd 4 inud), we vicoTds pibos
Tés K&TW

Y 6
= F-P [cuv - +”l|-1’u ]

v

B ok ‘;’5 lcw( 64 oy —\+ lnu(%--l- (v—l)%’f)]‘

TMaparnpolpey 611 wioow ol viooTal pifar ToU a éxouv 1O alTd PETPOV,
v
fitor |zp|=Vp, k=0, 1,...,(v—1), xai dplopara Towalta, dore &md TWOS
o L = CoTE
dpyikijs TIMFS — aufdvouy SlapKdds KaTd T Touto onpaiver 6T, &v AdPcopev
v

15 elkdvag alTédv My, My, My, . .., My €ls TO mryoBikov érrimedov, adton O& keiv-
Tan &7l kUKo kévTpou O kad dxrivos Vp, 8a elvan 88 kopugad kavovikoU v--Trohu-

ycovou Eyyeypappévou els Tov kUkAov TouTOv.
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§ 113. "E¢appoyai 1Gv dvwrépw cig TV Adotv Siwvipwy &€
CROEWY.

Mopadaiypa Tov: Na émivdf 7 icong: x¥ —1 =0, (¢})

Abvorg: Al ypdoerar x¥ = 1. 'Emaidh 1 = 1 (ow0 + i nu0), & TUmos (4) Tiis § 111
8idel dptows Bra v=v, p=1, 6=0:

i S S e @

Xk = ouv

Ar ikdoTny TGV TIRGY alTdy ToU k TpokUTrTEl fK Tii (2) kal pla pita Tis Eiotoews (1).

"Apaty (1) Exer v pifas, ol dmoic kahoUvTon viestai pilor tfic povadog.

M& k =0 Exopev & Tiis (2) T pllav x, — 1. Kal tmeby kerd oV TUTOV ToOU De
Moivre elvan :

2kt , 2k 2t : 2\ k
aquy - _}.lnp_:(ouv——Arlnu—), keN,
v v v v
al v viooral pifen Tfis povébos elvan al Suvdpers :
Lo oey 0, ., @

X 2m :
Otev : w:c’uv—v—-{v-lnu-T.

Zmp. Kd&e pida x) Tis povados, f) dmola Exer Thy IB16TTa v 8idn Tas &AAcs pigas ds

Buvdpers aUTiis, Kaheltan apyikn v—oath pila tig novédos. M.y, ) x, = ouv % + inuztr_s @
v
elvan &pyikf) v—ooTh pila Tiis povédos, H16T :
X: = Xo )C: = Xy X: = X X: = Xgs « = o x‘{il =X

Mopaderypa 20v: Na imhvdf 7 iLicoong: x° + 641 = 0.
Abourg: "Eyxopev:
Rl 1= —i) = _W_TI_ i _.T_Y_
Y 641 = 64 (—i) M(cw( 2)+|r|u( 2))
"Apa ) Tuxoloa éktn pile B elvar kot Tév TUTTOV (4) Tis nopois :
‘“ -%—+2k'rr — 5+ 2m
x, = V64 | oww | — = L tink ———J1 k=01,2945
Ad k=0 elvan: x, = 2(0’\:\11—1; = inu-—l'%) =Y2+vi-iV2_vy3.

LR 2(0\1\;—}-{— inu-})zﬁ(ui). AT

NMapaderype 3ov: Na émdodf W Eicweg: 29 =141 |3,

Avorg Oftopev mpdTov Tov 1 + i 3 Ume TprywvoueTpikny popgtiv. Els iy mpoker-
uévny TrepiTTwOY Exopev :

p=YI"F3=2 ka 9=Arg(1+i‘ﬁ)=—;—.
e : T T
dpo: 1+|]"3=p(auv6+1nuﬂ)=2-(cuuT—h-lnu—?).

Suvemdss & Timos (4) Tiis § 111 B v=3, p=12, 0= l; Biser -

s m
= + 2w L N R
3 .
i S R e o (S| Gt |
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'Ex ToU TUtrou TolTou Bid k = 0, 1, 2 eUpiokopev Tas {nTovpévas pifas, fitor :
1

3 g
2= ﬁ(wv%+inufgf). Z, =12 (ow ﬂ; rl-inu—:;l).

’_
Za= )2 (wvaw—é—inuDTn :
AZXKHZEIZ

226. N TeBolv o TprycvopeTpikhiy popefv ol kéTwd: uryadikol dpidpof :
1 £ i 2
o) —2~—§i, B) —3+4i, v) ¥3-3i 8) 242134, ¢ 315+ 3i,

1 L, e : 14113 '
aT) _?+?1 3. ) —13+1i, 1 —},??.9) 1 + ouvt + i nut.

227. N& ebpedij 1o pérpov kal T6 Spiopa ToU :
[1 + i+ 1'3”(1—i)]3
14+ :
228. Acifore H1&x 1@V myaBdy dpiBpdy 611 2% (=3) = —6 xad (=2) x (=3) = + 6.
229. 'E&v v Puoikds &pibpds, va dmoSery8i &Ti:
(). (owd —inu8)" = ouv (v8) —i nu (v6)
(B). (ouwvbd + inu8) ™ = ouv (—vB) + i nu (—vo).
230. 'Eav z = ouvd - i nub kal ve N, v& &moderydi 611 :
2 + 27" = 2ow (v0)
v — gV = 2inu (vB).
231. N& &mwobeiydfj &11:
@ (I+iyr-—64, By (1+4iy*=(2i)"% y) (I +i) =32

B) (3 + i)y = — 20, &) (ﬁT-H)!x= _]“i_*rir av) (__;__I_i 13 11=

2 o
I - i3
S = J =1 wrkez

232. N& txppaodij 16 nu38 cuvapTtrhoe ToU ned kal 16 oww38 ouvapTioer ToU ouvd &1
EpapHoYfis Tou TUTou ToU De Moivre.
233. N& elpefolv T& EEorydpeva :
1 5 “14+i)3 e i
o (z+2)" p (LB Y i, ) w1z 4 inuizyee i3,
234. N& tmiduoly (TprycovopeTpidds) ol kdmawb Eiacoers :
). xX*=1-iy3, PB) x°+64=0, Y) 4x'+1=0, 5) x*+48i=0,
& XM+ 1=0, o) x¢=-8-813i, ) x*=—13+1i, n) 3x5 4 24x2=0.

'285. Né& eUpebody o &xrou pifen ToU : %— 3 -i).

236. N& eVpefolv ol Térapren pilat Tol: —8 4 8i 13

237. N& ebpedij 10 pérpov kal 16 Spropa ToU &piBuod (1 + ouv 8 4 inu 6)2.

238. AfSeror: E= (14 iy3) 4 (1—iJ3)%. Aci€ore 6n1: E = — 28,
(Yrodabrg : Na yivy xpfios Tiig TPIY WVOLETPIKTS HOPQTs TGV Myabikddv dpifudv).
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239. Aeifate 8T16 wyobikds &p1Buos 7 = ouvd 4 i nub Svvarar v TEBR UTTO THY poperv :
1 iA
2 = - 1_:; » 60U A KaTdAANAOS Trpary paTikes &piBuds. N& op1affy & A,

240. N& &mobeiybij 671 :

V2
vIr

2  (+D)'+d-iy=277 o eN

yisl2

B) R =it ‘.nu% . veEN.

241, 'Edv wi, k=0,1,2,..., v—1 élvar ol v — ooral piton Tiis povdSos, v droBery 6] &
a) 1+m,+m3+-->1rwv_|=0
B) W Wy -, =],

242, Tplpare Tov myabikov dpdpdy 1 + i 13 o TPIY WVOUETPIKAY HOPQTY Kai Bel€o-
Te 6T1:
(1+i13y2=-8-8i|3.
243. Na& dvadubf) 1o prtov khdopa el &poiopa &TAGY KhaopdTwy :
1
x4
‘Ynoder§ig : Maparnprioarte é11: x4 4 = (x*—2x + 2) (=® + 2x + 2).
244. Asifore 871
(ew 70° + inu70%° 1 ;
(ouv 07+ i nudooys = 2 3+ D).
245. N& EmAvOf (Tprywvouetpikéss) 1) EElowots x® 4 64 = 0. N& onpewboly T &pi-
opara Tév 6 pifédv. TIds TapioTavovTal YewpeTpikdds ol piGon Tiis E10woecos TalTns ;
246. Nex mpooBiopiofioly & A, i, v & piyadikos dpiBuds : 12 (ow 450 iny 450 ¢i-
vai pifa Tiis Eiodioecs : X4+ 2% 4+ 3x2 4+ Ax+p=0.
247. Na ebpeBolv of pilan Tiis tEiodoews :

g

248. Aelfate 11 ol piCon Tiis tEiochoecs ;

(L2 +(—2)» =0 TapéxovTal UTd Tiis oxfoews 1 7= ieg Zl;jl M, dwou 16 k Aap-
Paver tés Tipds: 0,1, 2, ..., 2v—1.
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KE®AAAION V

OEPI AKOAOYOIQN ITPATMATIKQN APIGMQN

OPIZMOI — IAIOTHTES

§ 114, Eicaywyikai gvvolal.--a’). Awstipate. *EoTtwooy o kol B mpa-
YHaTIKOl &pifpol #) pé o < B TTe koAOTpEY :
lov. « Avouerow ddotnua dno a fws fin xai oupPohitouev ToUto ut (a, P)
76 K&Twh Imoovohov Tou R :
(@P)={xeR: a<x<p}.
T& onueia (nAadr of Tpaypatikol apifuol) o kai B kehoUvTon kad wdxpa

~ , L ey e [ 2
00 dtaotijparocy (a, B), To &t onueiov - « pedor » 1| &GAAWS  « xévroor »

2
TOU BlooTrperros. Mepartnpoluey 871 els 7O dvolktoy SidoTnua (o, P) Stv oupe-
prAcPBdvovTan Tér dxpa o kad P Tol SraoThuoTos, fitor a g (o, P) xei B¢ (o, B).
Mapdderypa (3,8)={xeR: 3 <x<8)
20v. «Kieiorop dutoTnua pé drpa a, B» xai oupPolifopev ToUto ui [o, B]
0 ST Yrootvodov Tou R :
lo, Bl ={xeR: e=x=f}.
Eis ToUro oupmepiAauBavovTon kad T Svo dpo o kal B, fiTor o, e (g, Bl
MoapdSerypa : [FL+11={xeR: —1=x=+41 jid
3ov. «Kiearov aptoTeed, dvowxToy dekud dudoTnua pé dxga a, fr xad oupPo-
MEomev Toiro pi [a, B) 10 k&Twhi rosivoloy Tod R:
[P ={xeR: a=x < B}.
Els 1 [o,p) oupepIAauPaveTon povov T dpioTepdy dxpov a, olyi Spws kal
0 B, fiTor ae[a,p), M Pelap).

* Qs yvaotov T8 otvorov Tév prrév (ovmnéTpav) xal dppriev (douppérpwy) Keerrat
alvodov Téwv Tpaypetik®v apbpdv. To oUvorov rolTo KaAoUpev kel «edleiar v oAy paTiniy
doelipiny (fv Béhwpey vex Exppacidyey ut Thy yAdooav Tiig lecopetplas) of mperyparrikol épifpol
Bewpolvrar TéTe o onpeia Tic edlelac, M T& omnuEia XpnoipoTooUpey T& alTd oUpPoia p¢
Tols TpaypaTikols épiBpovs. ‘H TauTomolnais alTn T&V TpaypaTiKdY &piBudy bt Té onpeia
mids ebdeias PaciZetan els o &Eicona Tiis dvrioTorylas THs "AveduTiiis Mewpetplas. Kot 16 &lco-
Mot TOUTO peTafy Ty TPy BaTIKGY dpiBpdv kal Téw onuelav Evds &fovos UploTaran pla duo1-
HovoopavTos dvTioToryfo, &nAabh els EkaoTov TPaYUaTIKOVY &p1Budy dvrioToiyel Ev dpiopévoy
ONUEIOV TOU &fovos kal QvTIoTRSPLS.
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dov. « Avowxroy apiotepd, xAewotov debua dudotnua pé dxoa a, fr» kal oupPo-

Alopev TouTo pé (o, P] TS k&Twh UToovolov Tou R :
(@pl={xeR: a<x=p}.

Eis ToUTto oupmepiapPdvetan pdvev T Befiov dxpov P, oUyl Suws kal TO dpioTe-
pov, fitor ag(x, Pl dAAG Be(, P

Mopdberypa : 0,11 ={xeR: 0<x=1}.

"Emri Tfis ebBeias TGV TwparypaTikGy &pifpdv Ta s Gvw SiaoTiipoTa wopl-
oTavTon pE EVBUYpapupa TRRpaTS s K&Twb

(C(, p) : [CI, B) : T

[e, PI: - (o, P1: T

Kot émékTacy Tév duwTépm SlaoTnpdTwy, EXomey kai Ta dkdAouba Bia-
oTNUOTS :
a
(—o, @) ={xeR: x <a}: ==

(—o, a]={xeR: xS a}:

(B,+o0)={xeR: p<x}:

[B.+o)={xeR: P=x}:

T& 6moia kahoUvTan «dmépavrar (&pioTepd, s T& Blo TpdTa, &vTioTOlKwWS
Be€1d, €5 T& Buo TeAeuTaia), dv duTiBéoel Tpds T TrpoTyoUpeval TA OTrola KO-
AoUvTan «memepagutvany.
Ta& Bloothpara TaUTa TapioTavTal dvTioTolyws Umd Tév BeE1X oxnudTwv.
“Yrrédpyowv &v A éméa TUTOl SraoTnpdTwy. ‘EvioTe 8& ypdooopey :
R = (—o0, +0). Eis & émdpeva 8& oupPoliiwpey ouyvd & BiaoThuarta év R
ué TO ypdupa A.
Enp. T& oUpPora — o (mAny dnewov) kai oo (otv dneigov) dév mapiatévovy mpaypa-
nikodg apBpois. Talta ypnripomoloivTar dverépw pévov mpds edkoriav els TOV oupPohoudy.
$). Ieproy) onueiov &v R. *Eotw &v onueiov ae B kai € els OeTikds &p1Bpds
(e > 0). K&be dvoiktov Bidornua THs popfis (a —€g, o - €) KoAeITOl (oepioyy
100 anuelov a pé xEvTpoy TO a xal axTiva &r.

X a & ﬂ

a-& Z'PB
€

Fevikeortepov : «/leproys) évos anueiov £» xoeiTon ke dvokTov SidoTnpa
(o,p) TO omoiov Tepiéyel TO anpeiov §, fiTol § € (o, B).
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OUrew, Ax., 10 Bidornua (1,2) elven mepioxh Tou V2, 8161 V2 € (1,2).

Y). ’Anéaracig mpaypotiked aplpod ard dihov. *Eotwoay x €R kai veR.
Keobpev «dndoraow tod & dnd o6 y» ToV i dpvnTikdy dpiBudy |x —yl, oup-
PoAiCopev 8¢ Torrny ué d(x, y). “Qoe elvan

d(x, y) == |x—y| M x€R «xai 3 yeR.

opa

AUTn Eger Tés EEfs 1B16TNTAS |
di: d(x, y) =0 kad d(x,y)=0 <= x=y
dy:  d(x, y)=d(y, x) (ovpueTona) didtng)
dy:  d(x,y) Sd(x, 2) +d(z, ¥) (rotywvie) ididTng).
'Anéderérg Al d, xai d, elva TpoQavels, &k Tou opiopou Tiis d(x, y)
kol TV yveoT&Y 1810TATwY Tév &moAdTwy Tipdy. O &mrodel§wpev 1My dj.
"ATTS THY yveoTthy 1816TNTa (ToU dpoiouaTos) TEY dToAUTwY TIREY EYOMEV :

d(x, y) = |x—y| = | (x—2) + (z=Y)| = |x—2| + |z—y| = d(x, 2) + d(z, ¥).

Enpeiooig To clvorov R TRV TparyHaTIkéY &p1Budy, pé Thv dmdoTa-
aw d, &g alrn dpiodn GvaTépw, Myopey 61 elvan els «uetpikdg xdpog» kad Yp&-
pouev (R,d). Mevikds 0& Aéycopev 8118 & atwolor E elvac elc HETOUXOG yDpOS TOTE,
xal pdvov tive, v eic xdbe Cedyoc (x,Yy) atotyelwy avtod dvriotoryf] el mpa-
YHOT0s aoilbuos d (x,y ), 6 omolog xakeitar droctacis Tav ek, y €L kai doTig
TANPOT Tds dueaTépo Tpeis iB16TNTaS dy; dgy dy

"Acknais Edv d(x,y) mapiotd Thy dwdoTacw ToU x €R &mwd Tod y eR
Belfate &1 kad ) d*(x,y) = 1%({?'(;?%5 éxel Tas dvwTépw iB1éTtnTas d,, dy, dg,

fiTol, 611 kad ) d*(x, ¥) elvaa Ermions pla dméoraos 2l ToU R.

8). Mijkog Swwotipatos. “Eorew A &v Sidotnua (v R) ug dxpa a, P «ij
andotaos |a — f| xaielrar t6 pixos Tob duaomijpatoc A» kol oupPolileTon pi
B(A). “Qoe elvoa -

RA) — [a —B| = d(a, p).

opg
Olrw 81 Thv Teproxfv (¢ — €, @ + ) Exopev s pfikos Tng TS 2e.

Mia ypioipog mapatiipnet siva 1 £&fic : “Eoreo X €R ki (x5—¢, X, +€) f
TEPIOXT Tol x, pé dxtiva e, TéTe loyve :

X€E(Xp—€ X468 <= |x—xy < ¢

Tlpds &miPePaicov TaparnphioaTe kai THY kéTwd elkdve :

é Y
X,-E X x5 JXGtE
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H ENNOIA THZ AKOAOYOIAS

§ 115, "Opropoi.— Mwpiopev 78n, &rd T& uadnuata &Y Tponyouptvemy
Tafewv, TV fwwolav THs ouvapTrioews &g emavehaPoopey dvtalba TOV Opi-
OpoOV TS :

KahoUpev ouvdptnow ut mebiov dpiopod Eva ouvolov A kal treSiov TIRGY
gvar oUvohov B (ta A, B UmoTifevton £ @) kdBe povoonipavTov drreikdviow |
ToU A els 10 B. Mpdgopev 5¢ :

[: A—> B % kai &AAws A3x —— f(x)eB.

"Eote Tidpa pla guvdpTnols o pé meSiov Spigpou T oUvorov N T&Y guaol-
x@v &p1Buddv kad Tinds &v B, alTn 0 ovpPoAiobi] olUtw :

o«: N—> B 1 xal &Mes N3v—> a(v)€B.

Kabe ouvdptnais ds 1) dveoTépw o keheiton «pia axolovbie stovyciov tod
ouvdlov By. Eifikéds, &v B C R ) dkohoubia o xaheitan @ «dxohouBin npUypa-
TKOY aprOpdvn.

"QoTe : dxolovdia mpaypatidr dolfudy eivar xdlle covdoTnats ué medior dor-
a0t Ti aivolor N 1@y guoudy aplfiudy xal Tiuds els 16 advoror R taw ToaypaTiHdy
doiludw, BNAaB pla povoaijuavres dmevedmote toi N eic o .

Thv tiwivy a(v) wds drodoudios o ouvnBifopev v Thv oupPorilwusy pé
Sy, YpagovTes SnAadh) ToV puoiKdY &pPIBRSY v s k&Tw BeikTny TOU & Al Tipal
HiGs dxooubios o koholvTon «hporr adTs kol Suvdpedo v KOTAXWPIowpEY al-
TOUs el Evar Tivaka s K&Two! ¢

els OV dmrolov TrapodeimeTan GuViBus 7 TPWTT ypappt) kai ypdgovtan pdvov oi
Spor Tis dxoAoubias, fiTor:
(e ST e P DI (G
‘O 6pos o koelTal Tp@ETOS Spos Tiis v Aoy drkohoubias, & o, BevTepos
Opos kai yevikdds & o wocTds T pevieic Spos s dxohoubics (1).
Els & émopeva 0& XPNOIHOTIOIGMEY TTOAAGKIS TNV &xSAoubov Ekppaov
«f) dworoubla ay, oy, ay,. .., @y ,. .. D
AV UTis évvoolpey, 8T1 Becopolpey TNV drkoroubiov a: N—s R opigo-
HEVTIY OUTe :
a(v) = o, B k& veEN.
ZuvTtopdTepov pia drkohoubia maploTaTanr kad olTw :
o, v=1,2,3, ... | kel &AAws o, , veEN,

O& Scowpey Tpa pepIK mapabelypata drkoloutiddy TrpaypaTikédy &p1-
Oudv.
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L. "H drohoubiar Tév guoikev &piBpdov, fitor f droroudia :
e e T
THS &Troias vicaTog 6pos elvon © dpifuds v, ftol a, = v,

2. ‘H dkohoubia :
1 5

L, i gy — s
12r31 v

B o y ; 1 " 1
TNS omolas viooTos dpos elvar & dpiBuds o e B

3. 'H drorovtia: 1, 1, 1, . . rmel iasiaiech
4. ‘H droroubia: ¢, ¢, ¢, . . . e (8vba ceR).

‘H drodoubia Tou mapabelypatos 4 kaheiTan otallepd dxoioviia a, = ¢,
v=12 .. » ‘OB 7] dxoAoubia ToU TapadetypaTos 3, elven ) oTafepd do-
Aoubiat o, — L v=1a2 0

1 1

L3 3 ’ " v l
5. ‘H dxoroubia : -1, ki (=1) S

6. "E&v dmeikoviowusy Tovs MEPITTOUS PUTIKOUS &p1Buous els ToV &p1Bpdy 0
Kai Tous &pTious puaikoUs els Tov &p1lpov 1, 6 wpokiywn 1 dkohouBia :
Ol 0=l sim DR TSeU 8
Zuvnifes 1 @5 dve dkohoubla oupPoAiZeTan cos EEFs :
1, & v é&pTios

Nov—> a, = =
0, &v v meprTTds.

7. ‘H dxotouBic : (ot ;?_L?, v=1,2 ... yp&esTon txTevéds :
i
ot W 2v
o B P T T s i

"‘-‘!Wtﬁpnmq. "EvioTe 6 BeikTng v ToU av AappaveTar olTws, GoTe v SroTpéyn Tés Tipds
01,23, .., ondre 1) dxodoubia ypageTan

ST ST ST WTIE - S

% 8¢ 8pos av— | glven TOTE O «roaTds Gpocy Tijs dkoAoubias.

§ 6. rpadui Tapacraocig dxoloubiag. —"Eorew o, , v=1, 2, ..
pict dkohouBia TPAYRaTIKGY &pibpdv. To Sidypoupa aUThs elven TéTE TO
oUvoloy :

1lody, 2o, TS i), L 1=
TO OToiov elvar Yrroouvolov ToU KopTeoIavoU yivopévou N x R kal oUxi ToU
OUVOAOU TGV Trpary parTikEdY &p1Buddy. Ta orotyeia Tol ouvdhou S efvea (rpopa-
v@ss) Bidgopar petall Twv kai TaploTavTtar 81d «pepoveptveovy onpeiwy  Tou
KopTediavoy émiméSou R < R. Té alvohov aldTédy Téy Hepovwpéveoy onpeiwv €l-
val f) ypagiki mrapdataots Tis drohoubiog Qy =il 20 . .
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Eis 7o k&rwb oxfjua rapioTavTal tvvita Gpor ds dkoroubias o, ,v—1,2,. ..

Ix. 8

Edv Becoprjowpey pdvov T TETOYHEVES TGV onueiwv ToU Emimédou, &1’
v TapioTaTan ypagikds 7 dxodoubia oy, v—1, 2,.. ., ExouEV THv ouvnidn émi
Evds povov &ovos TapdoTaoy Tis drohoubias o , v — 12

Obras ék ToU dvawTépw oyfipaTos éyopey :

hl (o R VR Sl o 0 O Oy O oy oy y
AZKHZIEIZ
. ; : - . ; w2y ]
249, Mphyate ToUs TéVTE TPWTOUS dpovs Tiis dxoAoubias : ay = a2t o
250. Mpdworre Tous 6KTG TrpdaTous Spous Tijs dkohoublas : Bv = 1'[1 o= | b
251. I'p:'xq;crrs ThH &kohoubiav Tév &pTiwv puokiv &piBudv : 2, 4, 6, 8, . . . Umd THY pop-
NV ay, v=1,
252. I'pouporrs ThY drohouliov Tév TeprTTdY guomGy dpiBudv: 1, 3, 5, 7, ... Gmo ™V

wopefiv Pv, v =1, 2,.
253. Mpéyare Tos irré mpdTeus Spous TﬁE dxoAoubias :
TV
a, ( ) — 4 —— A=l P2

254. "Ouoics yppaTe ToUs dvvéa TprTous Spous THs dkoAoudias :

=]y "H e

255. 'Ouoiws ypdware Tols mévTe TTpdiTous Spous Tijs drxoloubias :
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§ 117. ®paypévn dxoroubia.— @’). "Eotw | dkotoubia o, = %, v=1.2....
Sl i

,—é‘, 3,..., u,...

LA i dveotépw drohoubiay TapaTnpoUMey 8T1 ioyUer :

1

aV:Tél Bid kB v =1, 2,. ..

EKTEVGDS 1) :

fiTo1, &A1 of Epor THis droAouBias TaTns elven pikpdTepor f foor ToU TperyporTi-
KoU &p1fpoy |- Meyopev B¢ &1 1y drodoudia alrn elvon «Qpaypévy npds Ta dven
&md ToV dpiBuoy 1.

Tevikéss : Mia axolovlia moaypatix@y doludy a, , v=1, 2 ... xadeita
PPoYREVY npdg ta dve Ev R T0TE, nal pdvov Tdve, dv Ymdoyy moayuatixds dpe-
Buoc s T0t0UTog, Wate va loydy

=5 3 veN,
‘O dpiBpds s kaheiTan v podypa tig dxolovdias ay , v— 1,25 o 0 00
. ; 5 ; . ; 1
TWS, & &p1fuds 1 elvan dveo ppaypa Tis dxkoloubiasg c(v-:T, V=il
TTpogavéss, &v s elven &v &ve Ppéyna s dkooubias, TéTE kod kdBe &AAos Tpa-
YHATIKOS &p1Bpds HEYoAUTEpOS TOU 8 elvan émriong de epdrypa Tiis dkohoubios.

F). Ev dvmidéon TpOs Tés dwoAoubias, of dmoia elvon pperypéven Tpds T
ww &v R, dmépyouv drohoubict, Tév &mofwy &Aot of &pot elven peyaAUTepor i
[oo1 évog TparypaTikoU &piBuol: A.y. 7 dkohouBic o, — ARSI P R T
ves : &, 76, B B Do i
A& Ty dxohoubiaw TaUTNY ToapaTnpoUpey 811 loyUe :

2=0,=2v Bid kdbe v= ;20
Abyouev B¢ &1y f) dkoloubic alrn elvon «ppaypévy mpdc té kéro» &Td TOV
Gp1fucy 2. Fevikddss : Mia dxorovbia mpaypatindy aoludy ay , v=1,2 ... xa-
Aetrau Ppaypivy mpog ta kdto v R vive, xai udvor tdre, dv Smdoyy moayuare-
%0 4piuds ¢ vowivog, dare va loyon:
c=a, M velN.
‘0 é&piBuds o koeitan «xdre podypa Tijc drolovbiag a, v =1, 2,. . 5.
). Téhos Umrépyouv drohoublon, i ot elven kai TPOS T& dwew Kol Twpds

'réru KETW ppaypévor v R Ax. 7 drorouBia «, = %, v=1,2,.. ., 6ién

loyver :
Oéav:‘l—él VVEN L hL % 3
v

o

fiTol, 8Aoi of 8pot Tns &dviKou els TO KAEITTOY Sidotnua [0, 1], Ayopev 8¢ &g Ty
TEpiTTWoW alThv, 8T1 4 drohoubla alTn elven «ppaypévyy.
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FevikGss : Mia dxolovlia avaypatiedy dplucy a, , v—= 1, 2, ... =aleirw
opaypévny &v R vore, seal uivov tdte, dv 1) axolovlia ality elvar xal mode td dre
zal mpds Td xdro poayuiry v R, fitor, &v s elvan Bv dvew ppdypa THs dkohou-
Bias o, v =1, 2, ... kol o TO duTioToryov k&Tw Ppéyus, TéTe loyUer :

c=a, =8 Bidkdle v=1,2 ... €))

"Av Topa @ elvan &piBuds peyohUTepos f foos T@V o| kad [s|, ToTE 03
ouveTTdyeTal, &’ Evos pév

aG=Es=[s=0 ¥ VveN
&' Etépou Bt :
a=o=—|0|=—¢ A VeEN.
"Apa foyel TéTE :
—p=Sa, = Y veN (2)
1| looBuvdipeos :
=g W veN. ®

"ANAG Kkad GuTioTpdgs, &v loxun f (3), ToTE Tpogavas 1 dkoloulia «, ,
v=1,2,... elvon pporypévn, 86Tt 7 (3) elvon fooBlvapcs wpds THy (2). "Edeiyxbn
Aorrov 6T :

Mia axolovlia mpayupatidy aolucw a, , v=1,2 ... chw poayuévy &v R
(1) xai @Aws «damolitwe goayuivy év Ry ) vdte, xal pdvor tove, v rLdoyy oy pa-
Ttx0¢ agifpis ¢ towdtog, dote va loydy

|oo| =@ Birawdbe v=1,2, ...

‘O dpibpods @ kaelTon gpdyua, dxpiPéotepov ¢dndivtoy godyuar Tis dKo-

AouBlagie, =i 2 & R,

Dparyuévn drxoroubio elven .y, 1 2335‘37, v=1, 2,..., 8iom foyle :
|2nwv |_ 2|nw| _ 2
| |= =

| i —v“§2 Sid kdle v=1,2, ...

‘Opolws 1) dxoloubia

— Eq;:%, = I e L R G 1O
Vimoupse | digtySyl . 4 IR TR WG e
\o(\.‘[,.. = S, S% S kdle v=1,2, ..,

*AvTiBéTws ai drohoubic :
s 1 L s SR e L e
Kai 1OMELORIEI0R, o o 10 o
Bev elvan ppayuévan (Siati ;).
§ 118. "Eorw pia drodoubic mparyy. dpifuév a, , v=—1,2,. . ., .. T) QKO-
79‘;8. TEPATTPOUHEY
ém, dvv=1,2,3,...,998 1o, &v ve{l, 2,3, ..., 9981}, 1) owvbnkn a, <

AouvBia a, = '\if’ v=1,2,. .. kal pia cuvdfkn T.X. 1 Q, <
7 1
998
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8&v mAnpoUTal, avmiBétas &v v = 999, 1000, 1001, . . ., ATo1 &v kaAéowpey
1
=998
poUTAl Trapd ToU Spou a,, Myopev B¢ eis Ty TEPITTWOW TNV &T1 ¢ wrediedc
1

0r0 0t Bpot Tie axolovliiag oy =—, v=1,2,.. . adnooty Ty de dve avrlijznyy .
7

Vo = 999, TéTe Sik kéde BelkTNV v = vy = 999 ) cuvdrKkn : & — —\—1)— TTAN-

Fevidds : v o, v = 1, 2,... elven pia drodoubia TPAYUSTIKGOY &p1fuddy,
& Mycopey : «Tedixdg Ghot ol Guot Tijs dxolovlias ay , v — 1, 2,. .. adgoody play
aorlly TR, . it ; Ty Diton 8o 3R . -
YuEny a) iddtyray Ttite, xal pévov tote, dy i aulijxy 1) ) iddTye aineoiTad
TALA TG doov ay dua wdle delxtiy vEN éfapéoer fvos memepac névow
% - A\ ’ z. n e ’ ~
TUOLOL DeinTdiv, Bnhal ToTe, xal Hovoy TdTe, dv vrdoyy els delxtng vy €N Tow0i-
T0S. 0Te diat sealle deltny v 2= vy, 8 foog ay ainool Ty vl 7) iwTyTa Tadtyy.

§ 119, "Eorwoay Suo droAoubion : oy, v=1, 2,. .. kol Bioive= 1,2
EKTEVEX o -

Ol e Ol O et

Bll IBZ' BI]!' R ﬂ\' e

MeTa€l avrésy dplovron T& kéosd: -

Toortne Al o, v= 1,2,... kol By, v=1, 2,... kehoUvTan joa TOTE,
Kal povow TéTe, & loyim o, — Py B1& kdbe veN,

hAﬂpourp a tijg o, v=1,2,. . kal By, v= 1,2,. .. xaheitan 4 dkolou-
fiex (ov+p, Nv=1.2,.. SnAadh f: oy + By, oy + Par 0+ By .y Py e

AMagopartiga,, v= L2, .. petov P, v= 1.2, .. kodeiton N dxolouBia
uv—!':\.,v_—l,z...,aqhaaﬁﬁ:al—;al, O — Bty o= Buy.

Cwvopevov ivdg mpaypatikod aplOpod & Eni ™y akokovliav a,, v_- 122 50m
KahelTon #) drooubio : Sav, v=1,2,.. ., tkTevéds | droroubio :

ga[l gazl---, §Ofv....

I'wopevov tiiga, , v=1,2,... éni v By v=1,2,... koAeitan 7 droroudia
OB, v=12,..., Bnhodh A afy, B =t G D

Mndikov <fig @, , v=1,2,... &1 B, ve=1,2,... né P, #0 N veN,
KaheiTal 1) dkoAoubia, 1) omola éxer Spous T ke TESY &vTioTolywv Spv TEY

v Aoy w dxohouicdy, BnAadh # dxohoubia o, v— 1, 2,. .. &Tevés 1)

Bv

oy o 08 Ay

Bia=Ress B
.]-gtpa‘{(ovmf] piCo dxorovdiug oy, v=1,2,... p& o, =0 M vEN, koAeiTon
7l arohouBice: Va,, v=1,2,. .. tkrevéss s

Va—ll V&zl AL V&?'_r
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MHAENIKAI AKOAQYBIAI TIPAFMATIKQN APIOMQOQN

§ 120. "Oplopdg.—Eotw fi dxoroubio o, , v=1,2,... ué yevixdv épov
oLyt % fitol ) dxohoubia :

1 1 1 1
114 _T' -—3--, —-'—4—, S (—1)"1-7,

AUTN TaploTaTal ypapikds s els TO kaTwTépw oxfina tupaiveTan.

"As Becopriompey Twpa Eva BeTikoy &dpiBudy €, .y, Tov e= 0,17, g Emiong
kai Tas eUbeias pé E§iocdgers y=e=0,17 kai y=—e=—0,17, ai omwolcu
elvan TrapdAAnAol Tpds ToV &fova TAY x kal dpilouv Emi Tou EmiTréBou Tév &E6-
vav piow «ramiary (PA. Zx. 9).

=047

=017

g Sx. 9

MaparnpoUpey &ls TO dvawTépw oxfike, 6T1 T& onueia My, My, My, M, kai M
KevTan EkToS THs Taviag, vdd T& &md ToU SeikTou v= 6 kai «mépar» duTioToKa
onueia, fiTor T& Mg, M, Mg,. .. ebpiokovtan Gha évtos THis Tawias T&Y Buo
TropoAAfiAcy eUBeddy y = € kai y= —e. ToUuTo onuaivel 8Ti ai TeTaypévan Tév
M, M,, My, M, kai M;, fiTor of 8pot oy, o, oy, o, & THS & Adyw drohoubics
keivTon EkTds ToU &voikTou SiaoThuaTos (—eg, +£), EvE ol &mwd ToU SelkTou
v =6 kol mépav &utioToryor Spol, fiTol of : o, dy, O,. .. KeivTon Bhot eig TO
dvotkTov Sidotnua (—¢, € ), SnAadt el piav meploxfiv Tou pndevds, kaBdoov
6 (—¢, +€) ypdeTon kai oUtw : (0 —g, 0+ ¢).

“Qoe : —t<< o< +E Y v=yy= (e=0,1T7)

) loobuvdpeos :
low| <& N v=yy=6.

"Edv Topar AdPoopev Evar dAAov BeTikov dpiBpov g, pikpdTeEpov ToU TrpoTyou-

ptvou, .. TOV £= 0,09, kai EmavoddPoopey TA Qv Tépw, TOTE KATOATyOMEV
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els TO ovuTépaoua &1 T onueia My, M,,. .. kad My, xeivtan éktds Tiis Tatvias
T6v 8o TTapaditey euBadv Y = &= 0,09 kod y=—e=-0,09, && T& &md
ToU BeixTou v=12 xal mépav &vtioTorya onueia, fiTol T& Mgy Myg,. .., My . L.
eUpiokovTan dvTdg THS &v Adyw Tawvias, SnAadh ol TETCYpEVEL TGV onuelwv ToU-
T, WTOL OF SPDL 2+ Gy, gy s T s TiS &v Adyw droloubias keivton eis TO
QVOIKTOV SidoTnua (—¢, ¢ ), fito1 foyer
—t <oy < +E Mv=y=12 (e=0,09)
7 loobuvépes :
joy| < € Mvy,=12

‘Bx T&v dueotépe maparnpoluey 8T el ExdoTny &Aoyfv ToU BeTikoU &pi-
Buou € Umdpyer €l Seixtng vy, & Smoics EopTdTOn &mo TOV €, fiTol Vo= v, (E).
Olre, B1& €= 0,17 Eyopev, ds EAExBn dveoTépw, vy = v, () =6, & Bk £=0,09
Exouev v, = Vo (e)=12.

Ty & Adyq droroubiav oy, v=1, 2,. .. u o = (—1)—t. —1-—, 7| omoia
v
TANPOT T& dveoTépw XapaxTnpifopey s «pndevikiy dxolovbiayy.
Fevikéds : Mia anolovbia mpaypatidy aolludv a, , v=1, 2, ... xaleita

undeviy grcodovlia xai O avpfloAllwpey Toito pé a, — 0 dve, xal pdvov Tére,
W oo wde ¢ >0 Sadoyy delwrng vy— vo () (E€apTiopevos, &y yivel, ik Tol €)
T00TT0S, digte vi foydy :
lay | <& o xdle »= ().
ZuvTducos, pi XPAOW TGOV yvwoTdv uos oupBoiwy, & Splouds oUTos Bi-
BeTan dxg £€Rs

>0 = Me>0 Avy=ve): o] <s \ V=V,

opo

§ 121. Napadciypara pndevikdv dxoAouBidv.
lov. “H grafieod dxolovlia a, = 0, y— 1, 2, ... el undevee) dxodovia.

1
20v. “H Grolovlia a, — Y= 1,2, ... ebar umdevinr), B16m1 Si1ix TUXOVTX

OeTiov dpiBuoy ¢ Umépxer BefkTns vy = v, (), kai ds ToolTos Slveran v Angbij

15 i : ; sl 5 : o 1
€53 elg PUTIKOS &p1Buods MEYOAUTEPOS TOU %) TOIOUTOS, COOTE BIA KEPEV =V, > —
€ €

1l ol 1 o S 1 1
T\=%§*<s,810-nek'rng Vo> — = — < g
|

foxver: | q, |=
) v ooy, € Vo

"Qoe E5eiydn &1 :

Bt
FE>0 Fy= vy (€) (dpxeivc‘x?\nqﬁﬁuog ~1—):|cxv |=l—‘17 <e M v=y,

€

rn.l —

* TolTo oupTepaivopey, S16T1 foyver : | e, | = Tl <E <= v>
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“Apa ay :71 - 0.

1
Tnpeimorg: ‘H dxohovlia o, = e v=1,2,... Umevbupiler T&s &mooPevvupivas

varrnbroes mds EAaoTIKs ggaipas ¢l dvog EmiméSou. To Uyos els TO dmoiov duepyeTat 1y
opaipa €l tkéoTny dvarmbnow Elven HIKpSTEPOY TGV TrpomyoupEvey Kal tehikdg f) ogalpa
looppoel &l ToU émiméBou ool (Uyos &vamndfoews undév).

3ov. ‘H axolovlia ay= (=1)" - _L — 0, 81671 M e > 0 Umdpye v, (¢), xad
o X

5 = . ey 0 T . ; ; 2l
¢ TolouTos BuvaTon ETions va An@dfj els puoikos &p1Buds peyaAUTEpOS TOU o
(Brari ;) Tololros, doTE v& foyim :
1 1
o |=1] (1) - e i Si1&x kdbe v = v, (g).

Eypeiworg: ‘H dxohoubia Tou Trapadelypatos (3) UmevBupiler Tas &mooPevvupévas
adeoprioels Evds Exkpepols 7| Evos Earnpiou mrepl Tiy Béow iooppoTrias oTou.

1 At :
dov. "H daxolovlio a, = _]_F_’ v=1, 2, ... elvar pmdevixy), B16T1 Brax TUXOVTQ
=

BeTikdy &p1Budy € UTrdpyel SelkTng vy = v, (€), kai s TolouTos duvarar va Angdi

= Lo ; ’ =t - s 1 1
E86 els puUOIKOS APIBUOS HEY TAUTEPOS TOU g+ POIOUTES, BITE: Bra ke v =v, > -

1 1 1 1 1
loyver: |oy|=—=——<g bkt vy > 5 => —==—<¢
X | ! W ]/;’D n 0 €2 VU’ an

“Qoe £Beiyln 611 :
1
Me=> 03 vy=v, (g) (épkei ve Angdij vy > ?12—)1 = ‘_VV <e M v=v,.
"Apa o= ,L_,_ — 0.
v

IAIOTHTES TQN MHAENIKQN AKOAOYOION

§ 122. "1816Tng 1. — Awa piav éxorovliav o, , v == 1,2, ... mpayputikdv
apipdv ioyost :

Eava, >0 <= —a, >0 g xai |a, | >0

'‘AnoderEig: Tpdypar 56T, &v | av | < € TOTE O elvon Kai ¢
| —oy|=|ov | <€ ko Emions kal ||oy|i=|av| <&

Aviietpooog: dv:—a, > 0, T6TE | —ay | < g SnAabi) | ay | < E dpa
a, 0, émdTe kal | oy | = 0.
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§ 123. "1816Tng Il. — Eav M axolovbia a,, v=1,2, .. . sivar pndeviiy,
t0TE Kal 1) tpokdnTovea ik tabTyg S npocliixng ij duaypagiig ivog MENEPACREVOLD
nhflovs Gpov sivar Eriong pndevikn axolovlia,

Mapaderypa: ‘H a, = %—> 0, Té1e kati 1) dxoAoubia : B, =- 1 = | -
v+
EKTEVGS 1) : ! ] :
S 1 B TR T
1) omoia mpokUmTEl B Braypagfis TGV Teaodpwy TphTwY Gpowv THs @, — —l—, w=12 .
v
elvan érriong HnBevikn) dxoroudia.
§ 124. 18166 11l.— Kabe pndeviky axokovbia civa Qpaypévy.
"Hron : ‘Eav a, -0, tote e,,v=1,2, ... giva opaypéviy.

'AnoderEig "Ag EQOPLOTWHEY TOV Oplopdy Tfis un8evikiis dxotoubiog
Bi& = 1> 0, TéTe Umdpye delkrng Vo = Vg (€) TowoUTos, doTe v foyun :

lav [ <] N v> v, (1
"Eotw Tdpa A= max (||, logl, <o |l )
TéTe 64 EXCOMEY :
lov [SA<AH T & VR AR g (2

‘Ex tav (1) ked (2) TpokumrTe: :

rcr‘.|<A+lEq> N veN.

O0ev 1) av, v=12,... elvan gporyptvn,

Mapatipnore ‘H GvooTépew  iBi1dTns Biv avTioTpégeTal, fiTol Kébe
Pparypévn drkorouBia v elvan TrévToTe undevikr). Tept ToUTou PePaioupebor &mrod
TO EEfis TapdSeryua :

"Eotw f) drohovBia i @ = (=1)Y, v — 1,2,. .. &Tevids 1) dkoroubia :

=1, L =1l e )

AUTn elven gpaymévn, B16T1: | | = =Dl = i1 Ak = 9 8 v

& ToUTors Sucos ot Stv elven undevikn (Sierri ;).

‘ 1
"AvTiBéTaos 1) dxoroudia oy = (—1)Y - —, y— 1,2,... elva pévn, S16T1
= ppoyuévn

loyue
[

[ =1y %‘;—‘lj—él W VvEN kal ouyypévaws a, — 0.
[ |

©§ 125, 18166 1V.— Té d0poropa i 1 dlagopa d%0 pndevikdv dxolovtrdv
elvar pndevicy axohovbia.

0
*Hon : Wy = o, + >0
B — 0

153

WnoionoiBrke amod To ivotirouto EknmaiSeuTikrg MoAmkrg



'An6derEurg Emadh kot v Umdleov ai oy ked Py, v=12,...
glvan undevikad dxooubict B Eyopey, OUMQLIVOS Trpds TOV OploudV undevikiis

&xohouBias : A ke € > 0, dpo kol Bk —;— > 0, Umépys OGeikTng vy (—%)

kad vy (%), doTe va loyum ¢
lo| <5 Bia ko0 ugv;,(—;-)zu;) )
1By < 5 Bix ks vEY] (%)Ev;;, )

e , s . ot o f € il B x “
Edv kohbowuev vo(g) TOV PeEyIoToV TGV V[ 5 ) K 0 e B av

vy(€) = max(vy, vy), TOTE I k&8e v = vy(e), ai dvigdtnTes (1) xai (2) wAn-
polvTal gUYYPOVes Kai ETOuEVCs B& Eyoopev : ;
€ € 5
}avj:ﬂv{éjav1+1ﬁyl<—é—-}-7:5 Sk kd@e v = vy(e),
fitor: o+ Py | <e xal oy —Bv | <& Biakabe v > vo(E).
Al TedeuTaion &viodTNTES WES TAnpogopouy 6Tt ol dxohouBian : o, + Py,
ked oy — Py, v=1,2,... elva un8evikal.

§ 126. 'I6l6‘n'|'g V.—Tb yvépevoy pndevikiis dwodovdiag ini gpaypévny
glvar prdevixiy axolovbia.

a,—> 0
“Hro: ‘Eav ] = ap—>0

B.,v=12,... gpaypévn

'AnbderEug: “Eotw @ & ppdyua Ths &rohoubios Pv,v=1,2,... Tote
ExOMEY |By | =9 Bi& rabe 9 = 125000 (L

*EE &\ov, dmeidhy o > 0 == 3/ > 0, &pa kai Bix -»3)— > 0, Umapyer SelkTng

E Lt o Ay (]
Voi= VU(F) ToloUTos, doTe va foxun :

1av|<% 51k K4 V= v, )
Téte B, Bid k&BE v = v, Exopev Buvamer Tév (1) xked (2) 611
€
Bl =lav] 1Bl <o ®=E

"Qoe Edelybn 6T
M e>0 3 vozvu(%) 3 lowiPuli e N vEY.
"Apat o« By > 0.
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§ 127. "1816mc VI.—To Ywvépevov dbo, §j yevikdrepov Evic TENEPATUEVOL
niifovs, pndevikdv axokovBripy elvar pndeviki) axorovlia.

3 a,—> 0
Hvo : *Eav } = ap, > 0
B =0

'AnéderErg H Byu=1,2.. . 5% unBevikn drxoAoubia elvon (i8ioTns 1)
Ppaypévn, &pa 1§ a, Bv, v=12,..., ds ywéuevoy Hndevifis éml ppaypévmy
elvan (181815 V) un8evikr) dxoAoubia.

f 1
Hupa&ctﬂla: O;V=T-—+O,E3v:~j——>0=>. C(vﬂv:v—lz — 0.

‘Acknois: *Amodeifore Ty dvewtépw 1816TnTR Gue€apTiTas TéY pon-
Youptvwy iSloThTey, EAAG pbvov T BonBeiq ToU dpiouol undevikfis dxoAoubias.
"Ex 1év 1810w IV ki V EmovTon dpéows of kéTwh Suo {816t Tes -

§ 128. 186G VII.— 'Eav ay = 0, téte Ea, > 0 81d kabe £ eR.
3 1

OUres, & Tfis i—-)0 = —=3.— (.
v v v

§ 129. “1816m5 VIIl.— Avi ka0e EneR, av ;" 43} == &a, +np, - 0.
v >
§ 130. 18166 IX.— *Eav By —> 0 kai Sua piav dxorovdiay [1 8 V8 |8 7
loyon: |a, =, | Bdwkabe v=1,2,... oz 1 dxokovlia a,,v=1,2..,
elvan rndevik).

lov S| | 3 veN
B.—>0

“Hro - Eav j = a,—=0

‘Am6dervErc: *Ex Tog 6T B, — 0 Emetan: Ay kéBe £ > 0 UTrépyel
Vo = Vy(€) TOIOUTOS, GoTe vt foyun :
[Bv|l<e &i&xkade v= Vo ().
TéTe Spcg Exopev :
[ow |S By | < fiTol | oy | <e Sk kdbe V= vy (e).
“Apa : o, — 0.

‘EQappoyn: Acifarebn: o, — 0.

PRy ag
Mpéoypar
1 1 1oy e ;
| o |= PRI = o < T Kl KaTa T dvaTépa 1816-

TTa (Emedi) % =>0) evar o — 0.
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§ 131. NMapadeiypara édappoyfis TRV AvwTépw idloTiTwV.

Mapaderypa lov. Asifate dm i dxolovlic a, = o, v=12,... pt o otabe-
pov mpoypanikov appov kei o <1 elvan pmdeviki.

*Anodeibig. a). M w = 0< 1 evan TpoPaves.

B). A& w £ 0, Exopev: Bl <1 = > 1. "Apa ‘—2}‘ =1+4+86 06>0
kol ETroptves :
e 1
lav |=|w|=]|w|v= aTey ¥ veNlN. )

AN &rd THY yveoThv dvigdTnTa Tou Bernoulli (§ 28, wapb. 2), fitor THY dwicdTnTa:
(1+8y=1+vh

Eyopey : (L+6)y>ve ¥ VvEN

TéTe %) (1) Bider: , ;

1
liotl = [leh| === as ¥ oveN.

"Emeidty _\11__’ 0, Buvépe Tév iBloThTwy VII kai IX glven kol @, = w' —» 0.
“QoTe 1 dxooubia :
o 0aY, 8 e, @Y . e

e |w| <<l elvar pndevikd.
1

mv,v—-l, S T R

OUte, m.x., ai dkolouicn : TEd 1

elvat waoar undevikal droioubia.

Mapaderypa 20v. 'H axolovdio: av= aov ,v=0,1,2,... p¢ (@] < 1 xaiaeR,
fitow f}: @, oo, 00, c@,. .., QOY ,. .., glvar pndevikn.

Tpérypart: Buvdper Tob &vwtépw TapabelypaTos kal T iBieTnTos VIL

Mapaderypa 3ov. Asibote Gnt N axolovbia @y = ﬂﬁi- ]rvz—}- T, V=, Zi..9.
elvar pndevui.

¢ 22
*AnddeiErg. Elvan yveoTtov 6T X —y = i_F\_V Eav Beowpey x=Yvi2, y=Jvi+1,
EYOUEV ; " . )
| oy | = l Pv3+ = ‘r\,m | = (V\«'—’ﬁ)’Lg Vjigz, [ e ___1,, — l_ _l_
! | 1 | ]lszQ L v‘;ﬂ,;r'l- ‘V’V1+2 B I(VZ 1 sz +’1 v

*Apa, &meildh %—9 0, Suvdper THs iB16TNTOS X, TPOKUTITEL 71 kad 1) GkohouBia :

av = 42— v+, v=12,... e pnBevik.

AZKHZEIZ
256. Aeifate 671 ol k&Twd dkoroudial elvar undevikad :
v (=L 1+ Vv -
e P Sple T 4 23— Y2 g
D) Vivil' 2) CEN ) 3) 7 Yy YerE3 — Yersl

257. ‘Opoiws al dkoAoubial :
‘ 3 S
1) Tw_:l:r:ﬂ), 2) V"":'(]{J‘-—ﬁ—‘l—v“), 3) Y\)-{-l—}rux 4) v ( ]{U‘+4—Vz).
v
258, Aid £ > 0, v& pooSiopiofi Selktns vy = v, (£), OaTe Bix v = v,(e), vaelvan

!Gv|<<£,
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Sroury ey, i 1,02, 0 ETNERS:

2 Wi _ M ouviv 3
1) @y = T 2) ay = 4vi_oy" S lop =" ”7\"7_” - 4) ay = }"\;2.;_2 5
259. 'Eav 1) dkodoudia av, v =1,2,... evar nBevikr), B elvan pnBevikg kad 1 Yiov .

ZYTKAINOYZAI AKOAOYBIAI TTPATMATIKON APIOMON
ENNOIA TOY OPIQOY.

§ 132. "Opiopég.— "Forw 1) droroubia :
g S

v

A& Ty s Guw drkoloubio TEPATNPoUpEY 61 foylel @ o, — 3 - %, fiTor 1)
droroubic o, — 3, v — L Gl undevikn drodoubia. Eig THY TEPITTTWaIY
! ; g vl o P
TaUTNV Aéyopev &T1 1) droloubia - TR 1,2,... «ouvykhiver npog tov api-

Opov 3».

Fevikéds O Adycopey «) drodovbia a, ,v=1,2, ... roayparidy dodudy
SuyKAIvEL g TOV TpaypaTikdY apOpdv o ) dAAws teiver TPOS TOV TpaypaTi-
KOV apthpov o kai 0 oupPohifwuey ToUTo pé: ap — o TaTe, xai pdvov Tdre,
v 1) dxolovlia (a, — a), v — I, 2,. .., BnAadt 1 drohoubia :

o5 i O e T CR TR s S
elvar HOEvLe).

Tov dp1fpsdv o kahoUpsy «@iptovy f) «Oprakily rpiv» Tiis drohouBics lodlyy pvik—
=1,2,... xai ypdpouev: opo, =g 1 &AAws lima, = a.

Té lim elven oguykotn Tijs AaTvikis Aéecos limes - bplov kol ypnoiuo-
ToleiTan G1s0véds.

"Ex ToU avwtépw dpionol ouvdyetar &1 :

o, v=12... €va pla HNBeVIKN dkoloudic <== oy —> 0 <= lim ety =0,

“Obev 6 dpropos Tijs ouykAouans dxehoudics SiaTutrolTan OUVTONWS 0UTw ;

limo, =a <= lim(a, — @) =0
opa

Olrw 81 16 mapddarypd pog EXOUEV :

41 3v 41

lim-3u 3, &iom Ijm(— L 3) = lim _1,_._0_
v v

. § 133, MpéTacig.—H opuxiy nypi) g ovykAvoieng axorovbiag civar po-
vosnuavtag dpopéve, ok, kale ouvykhivovsa drolovfin Eyer arpPig Eva Gprov.
'AméderEe Edv ouvPaive o > o kad OUYXPOVEs o, —» o it o £ o
TOTE Ok Empeme ol ay—a,v =1, 2,. .. kol o o Gl i TR o un-
Bevikai akohoubial, ouverdis kai Blagopd Twv, fiTol 1 dxooubia :
Bp=(v—a)—(w—a') =a'—a, v = I
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elvan pndevikn® alTn dpws elval oTaBeps, fitol Py = a'—a Sia k&e v =1,2,:
elvan 8Bev pndevikd) TOTE, kad povov Tote, v o'—a =0 (Bai ;).
A T ouyKAlVOUTOS &rohoubias ioyUe TO kT :

§ 134. @cwpnpa.— (loobivakol Spropol ouyxAwolons drohoubias).

"Eoto ., ,v=12,... pia axohovdic TpuypeTIK@V GpLOpdY’ al katobh mpo-
taceig elvar icodovapol

(i). "H axokovbio a, ,v= 1, 2,... ouykhiver mpdg TOV npoypatikdy amopov o,
ijtot lima, =0, @ cR.

(ii). Ard k@0 € > 0 drapyer deiwng vo = vy(£) (BEaprdpevog ik 100 €) towobrog,
aate va loyoy :

Lo, —a| <& S kibe V= Vg
"H 6rep 10 o010 :
a—¢ <o, <a-te da ke v=v,

‘AnodetErg (1) = (ii). Tlpdypory lim &, = o = lim(ay — )= 0,

16 &Troiov, Buvdpel ToU OplopoU TS pnBevikiis droloubias, onuadvel 611 :
Mt € > 0 3 vy= vo(e) TOW0UTOS, GoTe Bid k&be v = v, loyuer :
oy —a] <& <= a—e <o < a+E

(i) == (i). TTpdypaTy: Buvéler ToU Opiopol  wfis pnBevikiis &rooublas 1
mpoTaos (1) Snhoi &T1 f dwodoubia o — o, v=12,... elven undevikr|, TOTE
S, KaTd TOV SpIapoy THS ouyKhouons &xohoubios, grreton OT1: limoy = .

Maopadeiypota guykiivovodv Kai pi) oLYKALVOLCAY axohovhdv :

lov: ‘H dxorovbiaay = 1,v=1,2,..., BrAadh f) dxorouBic: 1, 1, Lo s 1,... ouykhlver
Trpds TOV dp1Buov 1, BiéT1 1) &rohovBia av — 1,v=1,2,... clvon pnBevikn dxohoubia.
evikdis kade «oraleoa dxoiovBian @ €, C) Crevvy G- Si1& ¢ € R, ouyxhivel rpds Tov &pi-
Budv c.
i ; 2v—1
2ov: Agifate 6t | axokovdic ov = e v=12...
guykhiver mpog Tov apbpov —-;L, fror  limay = lim %E]—=%
'AnodeiEr. “Exopev :
2v—1 2, 1 1 1
A== 3 vk
kal Emeidn :
: 1—;0 EmreTan li 2v—14i
R T 3‘- L T
, ; ) Ay = I !
Oupoiws elvan : lim s (Brerri;).

AiBopev kaTwTépw Kai Blo TapabelypaTa drohoubiov al omoicn Btv ouyxhiivouv & R
TpootfaTe THV &mrodei§v
3ov: Asifate 6n 0 dwohovbia a, = -0, v=1,2,... B&v ovykkiver &v R.
'AnobeiEre. YwoBéowpey 6T1 1) drohoubia o, = L= L2 ouykhver TTpos T
&pifudv x ¢ R, Tore Bi& k& £>0, &pa xal Six e= —; , Uttdpyer BefkTng voe N ToloUToS,
oaTe véa loxim :
\(_l)v—x]<% OV Ve
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Ei8ikéss :
1 ;
| (—l)v’—xl<*2 ked | (=1yvett _y | = ;,
B16Tt vy = vy kal vy + 1= Vo. TOTe Sucos Exopev :

J(~1>“°—(—1)"“i=i(k1)“"—x+x—(—1>'“~+‘%§Jck1)“ux!+Jxﬁ<-1)“-+'1<—§*+ §-=1.

fiton : | Yo — 1yt | g, [6))
"ANAG : [ (1)Y= pyvet! | = 2. @

‘Ex Tédv (1) kal (2) gupTepaivopey 871 2 < 1, &rotrov, ‘Emeibh #) Umébeors &1 1 dwo-
AovBia (—-1)Y, v=1,2, ... ouykAiver &v R 68nyel els &rotov, oupTrEpaivopey 811 alTn Sév
ouykhiver &v R.

dov. Asifate 61 1 drxodovdic a, =V, v-=12, ... 8 cuykhivet v R.

"Anodeitrg. Ymobéowyey 1 fj dkodoublar : 1,2,...,v, ... ouyKAlver pds Tva dpiBudy

1
yeR. Tére Sobévros ¢ = —, Umdpyer Belktns voe N TololTos, dore :

3
1
,"—y|<—3* Ao V==,
Ef8ixéss :
|U—)«'|<i Kol ve+1— |<~1
o 3 o y 3
516 ; Vo=v, kod v, l=v, Tére Spos ExOpEY :
1 N
l=](vo+ 1)—VDF§_|V0+ l-y|+ ly=—v| < 3 + R
2
> e
fiTot 1< 3
'Emeis 1§y Umdbeats STt f) dxohoubic & =v,v=12 ... ouykhivai tv R b8nyel elg

&romov, oupmepaivopey ST1 aUTh ¥ dkohouBia Jdév ouykAiver &v R.

IAIOTHTEZ TQN ZYTKAINOYSQN AKOAQYBION
§ 135. "1816mnG I. — “Eoto 1 dxolovdia @, v=12, .. Tote ioyoer:

Eav o, >a = —gq,—>—g

‘AmoderErg Tpdypar dmady oy - o — (oy —a) > 0, TTe Spews
(§122,15. 1) xad §y — (v —a)=—oc+a,v=12,... cvar undevikr &xoAou-
Bia, fiTor : —oy— () >0. "Apa: —o,—>»—aqa.

§ 136. "1616mng II. —"Eoto 1) dxolovdia a, , v—1, 2,... Tote ioyver :

[ By a>e = Ja[>a| |

To avrierpogov div ainBeder mavrote, dnhadn 0 yeyovie, éni 1| Gxolov-
bia |a, |, v=1,2, .. cuykhiver mpdc o |a| 82v ovvenayeron 11 a, —» a.

‘AndéderErg Mpdypar &md o, > o —» (ov—a) >0, TéTe Spoos
(§ 122, 18. 1) kad | av —al = 0.
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ARMG o | — ol = oy - > 0, &po ke (j o | —[al) = 0 (§ 130, i5. 1X)
ToTe dpws : lim| o |= |«
To &1 16 &vTioTpogov Btv loyUel TAVTOTE Sewwuel TO EEfis Tapaderyua:
‘H dxorovBle: 1, =1, 1, =L,.., (—1)v+L,. .. Bty ouyxhiver (Bl ;) kol
Spws ) droroudio : |1, AT =T e ekl 0E 1],... ouykhiver gleTd 1.
Mapatnpioerc: 1) Eis Thy mepimTwow kad’ fiv #) dxodouvlia av , v 1,2,... givan
pndevikn, TéTE 7y i616TNS I, cog Beiybn § 122, qvmioTpégeTal, iTon, av | ov | — 0=> a— 0.
2). "Ex ToU QUpTEPETUATOS Tijs dvwTépw 1B16TNTOS |l suvayeTen &1t EMITRETTETAN v& ypa-

PMEY
lim | av | = lim o

fror: To dprov g arolbTon Tilg Mg akohovliag TPUYRATIKGOY AplUpOY, igobtal pe ™My
arnohutoy TRy tob opiov abriic.

§ 137. "1dwomg 1. — “Eotocay i dkohovlim ¢, v— 1,2, ... wai
A Tote loyvet :

y a, —> S .
"Eav = a—p >0
g, —>a

‘Anoderrc ﬂpc’xyf,tcrrt, graidn oy — @ kal Py —a, V 1,2,... elvan
pnSevial dioroubial ki 1) Sragopd aUTdY
(o —o) = By —a@) =& — B, we= 1,2,
elvon pior pnBeviky) dkoroubia.

§ 138. 1516 g 1V, — Kabe guykhivovoe &v R dxolovlia gival gpoypivn.

*Hroi: r’E(’zv a, > a = Oy, V= 1,2,... eivar gpaypévn l

‘An6derbic Tpdyuom &mod o —> & = (ay — ) >0, TOTE Opeos
Cls. 11, §124) ) o —o V= 1,2,. .. elven gporybévn, fror UTTEPYEL POy HATI-
Kos &p1fucs 6 > 0 ToloUTos, aTE v loxun :

|y —a| =6 Sk kébe v=12,...
PANAG lay |—|al = |av—af

&pa karé peifova Aoyov Eyouev

!uv{4§u|§9 Si ke v=12,...
SnAadr : oy [ =] a|+0 S kde  v=12,...
kil lov =0 Serkefe =102

édmou @=|a|+8

*Apat 1y axohouBic ay, v = 1,2,.. elven PPIXYHEVT).

Mapetpioes : «@). ‘H 5ot 1V loyupileta &1 pio droroubio 1) Smola ouyKAive Ev
R elven gpocypévn. To &vtioTpogov Siv dAnfeve TévToTe, BnAcbT k&Be gpaypévn drohoudia
Biv efvon TavToTe ouykAlvouoa. Tlepl TouToU Pepatotpeba &mo 16 tEfjs mopdBayna @ "H dxo-

Aoubia (=1)°, v=1,2,..., & ol elvon gparypévn Biv ovykhiver (PA. ps. 3, §134).
op
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B). “H 18i6tns IV elven Etrmiong yprotos Tpokepivou v& drodeifwpey &1 Opropivar dro
AouBica Siv guyrdivoww & R. OUres, 7 dxodoubic 1,2, ..., v, ... Biv ouykhiver &v I, 814
alTn Eév elven Pppaypevn (Siori ;).

§ 139. 18166 V.~ To @Bpowopa ij 1) Srepopd to cuyiiivovody arolov-
0oV suykhiver avriotoiywg npog 1o aporopa ij tiy Sragopav timv dplav adtay.

"Hron: Eav uv+a} = & £f—>aLp —{
Be—p

‘AndderErg O &mobeifwuey THy BlomTa pévov Bier o aBporopa,
avehdy s Epyalomedar kad Sick THv Sigopdv ay — By, v =1,2, . .
Tpdy o Emeidh o, — o kad Py — Br v=1,2,... elveu unSevikad droroubic
ol TO &poioud Teov ;
(o = &) (Bv*ﬂ) = (ot + By ) — (¢ +P), v = 12,
elven unBevikd) dxooubicr.
"Apa: A+ Py = a+p.

Hopar nphoerg: 1) ‘H GuewTépe 181dTng YpégeTan ouvhfes s ECfis :
lim(ay 4+ By ) = limay + lim Bv .

"Htor: To dprov adpoiopateg (avuotoiyng Sragopac) dvo cuyklivouady arokovhdy {sobtm
Pog 1o @Oporapa (dvnistoiyme Sragopav) 1@v dpimy adtdv.

230 °H dvartépe B16Tns foyle kal Si aeregaapévas o aiijlog auyrkhvoloas dxoAouBiag,
fitor: Hmoy + By 4 -+ + xv ) = limay 4 lim Bv + -+ + limxy .

SR GvaTipw 1B16TS Biv oyle Bid ouyrAwoloas dkoheubics dmelgon whijbovs. Tepi
TOUTOU Tre1ddpebor k Tol £Efis apadelyparos,

"Eore eUBUypappov Tpfipa AB prikous faoou PSS TV povdBa, 16 Grreioy Siaipolpey els
v ioa uépn, fvbe o €N. Tote 16 &Bporopa

1 1 1
Sl gtk
tqv éxn v Tpooletious, G efven foov Trpds —$~ v=1, &1k kdfe veN.

'Edv tpappsoeapey iy dveotépa IBISTNTE Bik Té s dves EBpoioyia Exoue :
N e o e L - )
]““(T Fre b st 77):]1[1:—\]—--%111:17 + o+ lim = 040 et L0 = 0,

AT01 Weubks, kol Soou o eUdUypompov Tufiua AB EAfgBn e Bijkos foov mpds Ty ovdda,

§ 140, 181615 VI. — "Eote 1 dxoloulia a,v=12,.. . Térs ioyoer

] ‘Eav @y >e¢ —+ dg, = da M lel{]

AnbéderErg Tlpdypoar SidTi 1) droloubia :
Acty — At =AMay—a), v L
elven undeviki), kebdoov 7 dxoroubia o, — aQ v=12. . vy unGevikr.

17 161

WnionoiBrke amd To ivotirouto EknmaiSeuTikrg MoAmkig



Mopoathpnorg: *Ek ToU oUPTIEPATPOTOS Tfjs dvwTépw {514 TNTOS CUVAYETX &1 -
TpETETAL V& YPAPLUEY :
lim(A-ov ) = A-limay, Swxkdde A ER & A= otadepdv.

OlTe : ]im—5——=5-]imL=5-0=0.
v v
Ex 6 iBroThTov V kad VI EmreTon eUkOAWS 1 ¢

§ 141. "IdoTg VII. —"Ectacav ai dxolovbiar av, B, v=12, ... Tote
ioyoseL ¢

Eav “‘"‘”} — Ea, b >Eet b N BUER.
B, — B

§ 142. 15165 VIIL—Td nvopevov d00 GUYKALVOUTEY axorovhi@v ovy-
Khivel mpog TO ywvopevov 1@V opiov ovTtdV.

a, —> o

po—>P

‘Eav

*Hrol : ] — o, p >0

'Am6derErg Tpaypatt f axohovbia
o By — P = o By — By a+ Bya—oB) =P (o, — @)+ B —PB) v=12,..

cfven pnBevikt, BiOT1 &g EVOs pEv f a—a—>0 kad Bvs V= 1.2, 004,65 oUYy-
Wivouoa glven ppacymévn, &pa Pu (aty — @) > 0, &9’ grépou B¢ Pu—P >0 Kol
o oradepd, dpa x(By —PB) > 0. ‘Etroutvess i o Py — o V= 1,2,... elvan pn-

SeVIKN &xohouBia, cos dfpolona U BEVIKGV &rohoubidv, 60sv @ Oy Py —> ap.

MapoatnpioELs: 1). To GUTTEPOT U TS qvwTépw 1816TNTOS ypageTar auvifug s
EERs lim(ay - Pv ) = limav - limpBy .
"Htor: To dprov tod Tvopévon 400 GuyKhivouo@®Y axolovbdy igobral nPOS TO YLVOREVOV
@y oploy 1OV TapuyovIOV.

2). ‘H dveTépw i5107Tns loy Vel YEVIKWTEPOV H1& TTEPITTOTEPOVS TaplyovTas, GARG TETIERC-
outvov T Afjfos, fiTol: lim(ay - Bv - Yv -0 Xv ) = limow - lim Py - limy, ---limxy .

To 611 ) dvwTépod {516ns Btv loyuer, Srav TO TARBos TGV maporydvTev Biv elvan TreTe-
poTHEVOV, mredopeda ik Tol EEfs apodelyparos ¢ "EoTw 7 drooubia :

A T T e B i

Kard Thy 1BomnTa VIII B Eyeopev :
- Lo S =y Hl)---nm(L».l)
lun(l—{——v—)—lm( + v)~im( = el
&Ah&  lim ( L %) = 1 4 lim —iﬁ 1 4+ 0=1 xal T ywopevov SAwv TOV TOPXYOVTWY

.
elvan Toov Tpds TV povéda, Gpa lim ( 1+ T) _ 1, émep &roTrov, BioTt & B& TBeoMEY KO-

Y —‘]7—)5' o — 2,7182818. ..
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§ 143. 'I6|6'n]g IX.—Eav B, > B £ 0 kai By # 0 dui kabe v— 1, 24 g

TOTE 1] dkolovlig T3 s V=1,2,... ovykhiver mPpog 1oV apilpdv —;4, ijtou :

L
TR TR

'AnoderErc Mpdoynat, Exopey

W e e -
Poii By BB PRl v=l2,

) dxoAoubig Sucos B-By, v=1,2,... dic ouykAivouoa Tpds TO B* elvan parypévn,

OmoTe kad 1) droAoubic B —IB---, v=12,... evor ppayptvn (Brarti ;), € &Ahou 1

Bv—Piv=12._ ey piec pnBevikn) dxohoubic, &0ev kal T

1 1
T — s v=12,.
Be B
elvan HNBevikn dxoAoubia, @5 ywdpevoy unBevikfis &l ppaypévny dkohoubio.
" 1 1
Apa: im —=—_
B P

§ 144 18166 X.—Eav a, - o Py —> B £ 0 kai givar B, # 0 dua kade
v=1,2,..., téue oy e

Yrnosereve ‘H Amddeiig &whousTdtn, &v Angfotv Sy ai i816-
™7TES VIII ket 1X,

§ 145, 18166 XI.—Eav sio axkolovbior o, Kkai Bo, =120 ovy-
KAivouy kai oy o, =P, v= L2,... tote 0g Eyopev : lim a, = lim B
A0S ente *Eoteacom o Kkai B T& Spra TGV o, v — 15255 el B

=120 dvTioToixws, fTol lima, — o kol imp, = B. O& Belfeopey &1
a=f.

"Ev mpdatorg Exopev By — o, = 0 S1d kdBe v — 1,2,... ’EE &\ou 1] dkoAou-

Ola By —a, - B—a. Tolto onuaiver é11 Si K&le € > 0 By ey ;
. (B—a)—s<l3v—cxv<([3~o:)+e Vvi:vuzvo(e).

'Edv fito a > B, Té7e a—P >0 kaif QVWTEPW dViodTng Sidk ¢ — a—B>0

yiveTa
2B —a) =z B — o < 0 Bidk K&be v =y (g),

SnAadn) Py < o, TeAGS &1’ Shous Toug SeikTas, dmep dutikertan els THY Umédheav,

"Apa o= B.
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Oewpolvtes TV By, v=1,2,. .. A Tiv a, , v = 1,2,... s oraBepdv &rohou-
Blow Exopev dvT.oTolyes T& kéTw Topiopara:

Mépiopa L—"Eav of por dxorovdiog a, , v=1,2,... glva ino tvog deiktov
kai wépoy puepotepor ij toor apOpod B, tore ioyoer ¢ lim o, = .

Uy —>
“Hror : gy i } —_ g =f.
o / =
ay, = ﬁ, SV" V=V,

Moépiopa Il. —"Eoto 1 dxolovdia P, , v=1,2,. .. Tote ioyoe :

po—>p

"Edv = a=f=Ilim
a =B, vy, ] p P

§ 146. "1516ng XII. —"Eotwcav ol dxolovdim a,, Py, 1, v—1,2, ...
Tote ioyier :

i pp—>a, 71.>a
¥ = Uy >
v S0, Sy, v=1,2... !

'AnbderEug Ao By = o EmeTon: Sickdde £ > 0 Umapyer Selkns v, (¢)
To0UTOS, SaTe va loyin : a—e < By < ot & Biakdbe v vy (€).
‘Opoiws &md yy =+ o Emetan 81 Gmépyer Sefkrng vy(€) To10UTOS, CoTE vék foyun
a—e <Yy < ate Bixkdbe v=v,(e).
ToTe dpos, &&w vy = max [v,(e), vy(e) ], 6 Exoopey Sid kK&de v = v,

C—E< PSSy, <ais

fiTol a—e<oy <ate
1} iooBuvdmieos |ov—o| <e  Brdxdlev=y,
"Apa lim a, = «.

§ 147. Mapadeiypara Epappoyfig TGV dvwripw iSoriTwv.

Moapaderypa lov: Asiate 6mi:
R la =T, 2
vz 1 3
Avoig Awnpolpey &pibunThy kol TopovopaoTiy ToU KA&TpaTos Bi& TS
peyatvrépos dvvduews ToU v, B, Bid v kal f dxohoubia YpapeTan ;

Ao 7

beyis dy =i ) ?,i_f: Vs
v -1 3.4 l0
E
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o 1
Kad _Vé'jT v 1

Al dkohouBicy Sucosg “i——tl- Lv, V=P, %,u: L2

‘Emroutveos Exopev ko oEIpd ;

v=12,... elvan 8o undevikad dxoAoubia.
4 7 b 4 7
T N ke “m(z"*’u‘_ﬁ)
lim——_ """ _ |im =
3241 g im (3 1
e e L T
_2+11m7—l:mF7 2.10-0 2
= e DO T B v
3+ lim o i .
2 =
‘Qote: lim ﬂ:‘g—,‘,—%l—l:—g— = uE TOV Aoyov TEV cuvTeAeoTEY T
meyorofaluiow dpwv &pdunTol kol TAPOVOUTTTOU.
“Oray 6 faluic Tod douyrod ehvar looe #é o fabusy toi mago-
Olul'ml'

Mevikéds :
VORATTOT, 10 widopa Exee Gpoy Tov Adyor taw auvreleordy ti peyotofa

Gowv aolntod xai TAPOVOUATTOD.
. 4 1] onoia

Mapasery pa 2ov: Agifote 611 1 drolovlia oy v=1,2,.

opiletar Hno tob tomov -
vi—wy2 g

elvar pndeviiy,
AbVeorg Acupoluey &pibuntiv kol TOPOVOUCOTNY ToU KAGoUaTOs B1ck Tii
HeYaAUTEpas Buvdpeos ToU v, BnA. B v8, bre AauPavopey 16 loodlvapoy Khdoua:
1 1 1

R 3

ye
gy
e
T oy e LU i gl sl s i) .
AN lim (_vﬁ- =t 7;): lim T lim —5 lim e 0-0+0=0
K lim (1 +i_%): el el 0 12,0 3594,
v v v Vi
Tote, Suvdper Tfjs 5161 TOS X TGV OUYKAIVOUT GV dkoAouBIGy, EXOMEV :
1 1 1 3 1 1 1 )
i el el DU e E (‘T ST A 0
o= A e s R A T
14+ = — == lim (l + — — -—;.-)
v : v o8

Fevikés : “Orar ¢ faluos toi dpbunrod elvay Juxgdrepos b Pabuod Tod

ragovouadtod 1o xAdopa et Gpwor TH pydéy.
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Mapaderypa 3ov. Na edpedij 1o Gprov tiig axolovbiag a, , v=1,2,...pé

v

a.=Va, Ev0a a>0.
Avorg (i) Oewprowpev THy TepimTwov ka® Av a > 1, TéTe elvan kai

v v
Va=> 1. Ottovtes Va=1+¢,, Smou g > 0, éxopev: a= (14 &))"
fi, katd THV &vicdTnTa Tou Bernoulli (BA. tpapuoyn 2a, § 28),
a=(1+4e)" =1+ ve > ve
OToTE : 0<£v<u-T.
AMG lim a - —%— — 0 xai kot &koloubiav (§146) lim & = 0.

“‘O8ev lim Va=1lim (1 +&)=1+4lime,=1

(ii). "Eotw 6T o < 1, ToTe elvon kai Va< 1.

Ottovtes Vo =- I 417 =i > 0, Eyopev:
1 1 1 1 1
S R S SRR il el
R (1+e) = 14w =T £ Taies S )
! -vl—-_ Llim L: kad Etropéveas lim g, = 0.

AMAG lim — - -
(eai A a

“‘OBev  lim {/5_—- 15
(iii). A o= 1, TéTe {/&: 1?1: 1, &pa lim fh::lhn\?l': 1.
Agigate Gt

lim ]v/?: 1. g

’Ano6de1&ic ‘Ev mphdTols waparnpoUpey o1 ioyxUe Vv>1 &i& kébe

Mapadervypa dov.

86ev Suvdpeba va Biowpey :

(1 Vv= (1+35,)% &mou & >0 Bikrdde v=2,3, ..
Ex tiis (1) Exopev : Vv= (1 +8,)" f kot ThHv dvicdtnTa ToU Bernoulli
) Vo= (1+8,)" =148, > vb,

Vv 1
e ————-
v Vv

— 0 (PA. Tps. 4, § 121) xai ouverrds lim 8, = 0.
(18,02 —>1-1=1.

Vi 2O

n

PAAAS lim —
& Ve
Tére Speos 148, —>14+0=1 kal

"Obev ¢k s (1) Exopev: lim Vv=1.

166
Wniono\Bnke ammoé To ivotirouto EknmaideuTikrg MoAmkrg



Mapadeiypa Sov.
'Eav limo,—a, 0,>0, a0 = lim Va,= Va.
’Anoder&rg Tlpopavés foyuel :
0 < L < !
Voo +Va = Va
- oy —a | 1
1 Va,—Va }:- l—“—‘-:( — |y —al.
Voo +Va VY«
AME ay — a0 (816 a, > a), xai ouverdds Ve, — Va— 0.
“Ofev : lim Vo, = Va.
Mapatpioeg :
1). ’Ex ToU oupmepdopaTos ToU TapadelypaTos 5 ouvdyeTar T EMITPETETAN VA YPAPUMED:
lim Yav = Jlim av
fiTo1: t@ oopfora lim wkai | Empémetar vi évodldcowviar apiotepa i Gxohoubiag
av, v=1,2,...
2). Mt &g Urrobéoes Tou rapaBelypaTos 5 ioyve yevikdTepov
k k
lim oy = Jlimay , &0a keN (Sioti;).

‘Etropéves :

AZKHZEIZ
260. N& eVpeBolv, tav Udpyouy, T& Spia v drohoudiddy Pt yevikols Spous :
IETE P aiBi e ghiat fen SV
1548 2w —5v + T’ Gy .\'(l g 20 o
3
1\: 20 —3v + 2 V’ 82 4+ 5
4 = e e = o — oty
e (2 I v)' 2 Svi 7 ' &y 8¢ 64vE 4 v 4 1

261. Awx e > 0, va pooBiopiodij SeikTns v, = Vy(€), GOTE Bk v == vo(e) v elvon
v 41

e

262. Acifare &T1 i dxohoubia a, = (=1)".v, v=1,2, ... Biv ouykAiva &v R.

263. ‘Opoiws 1 dworoubia o, =v8, v=12 ...

2 2
264. Eivan 1y dkohoubla a, = va Tl 1,2, ... gpaypévn ;
265 'Eav # dkohovBia a,, v=1,2, ... elvar ppaypévn, Beifate 6T kal ) dkohou-
1
Bia : - % V= 1,2, ... elvar ppaypévn kal foyxuer :

lim %— a, = 0.

v—4dw 4+ v+ 6 1

. 266. Acifare 6T : lim g T e e
267. 'Eav 1) deorowbio o, , v=1,2, ... ovykhivn &v R, Seifate 81 xal 1 dxohov-
gic B, v=1,2 ..., 6mou B, =a, ¥ veN, ouykhivei &v R xod loxler :
lima,, | =lima, |
v
268. Aeifate 611 lim vt + v =1,
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MONOTONO! AKOAOY®IAI
§ 148. "Opiopoi.— ‘H dxoroudia o, = 2", v=1,2, .. ., 8nAadh 1) dkorou-
Bl : e e
Slatnpel wpogavéds Thy Sidraliv Tév PUoIKEdY &p1Buddv, BrAadn loyer
v o= D=, < =20,

levikéds pice drodoubior mporypomikdy &pifpcw Giamnpolioa, s Kol 1

oy=2",v=12,. .. v Sidrafv TGV puokiy Ep1dudy koelTal «yvneing ai-
Sovoan. "AxpiPéoTepov Bk piav dxohouBlav o, , v=— 1,2,... 6pilopev :
‘H arolovlia a,, v=1,2, ... xalefras yvisiog atifovea tdre, xal povor

vdze, dv loydy @ o, < any; St wdfe v=1, 2, . .,

Kat® dvehoyiav opifopey :
‘H darnolovdia a, ,v=1, 2, ... xaleita Tvioiong ebivoveo Tdre, xai Hovay
TdTe, Qv logly : @y > a,qp dud xdle p=— 1, stk

1 7
OlTws 1) droloubio o, = = L, 2, ... elvan yvnoiws gbivouoa, Bi6T

s 1 1
S méw v elvan ; Q=== S
v v+ 1

"As Bewptiowpey 157 v &rohoubiaw ; L 122,58, .. . MiE v év

Adyw droloublav TopaTnpoluey &t loyver :

v u o= oy =g
Aéyopev 8t els Ty mepimTwow adThy &Ti f drohouBia av, v=12,.. . evan at-
Eovoa.

‘AxprpéaTtepov : 0d Aywuer dre 4 drotovlia a, s v=1,2,... elvar atEovou
ToTe, xai udvoy Tdre, dv ioydy : a, = Gy Oud wale v=1,2, ...

‘Opolws: “H axolovlia a, , v= 1, 2,... ehar gBivoveu rdre, xal povoy Tdte,
v loydy © a0 = ey Shxdle v=1,2, ...

1 1 1 1
N R e
(i) cdifouoar). Kerrée TaUta Aéyopey émi pia dxoroubic o, V=12, .. eval
Tvising povotoveg TOTE, kad pévov TéTe, du altn elven yvnolws atfouoa ) yvn-
olws phivouoa.

"AvtioTolycws B¢ Aéyousv &mi B oy v=12,... elvon povétovog, dv ol
elvon alifovoa ) gBivousa. TTpopeavdss ke yvnoiws povéTovos dxohouBicr elvan
xad povdTovos, Bty ioyUel Suws To évrigTpogov (Biarti ;)

A va SnAddowpsy T6 el§og This BovoTovias pids dxoAoudiag XPNOIUOTTOI0UEY
T& KATwH oUpPola :

o 1‘ <= oy tlvar  polos abfovoa

Olrew, A.y., fj dkoloubia i, elvar @bivouoa

Oty l < a, elvar  pmolws glivovoa
av + <=+ a, evan  adtovoa
o <= o, ehon  gfhovea.
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‘H dxohoubic : «, o @ ..., & ... pé Shous Tous Spous Tis Toous pt o TuTro-
pei vax BeaopnBfj dos ) ( povadiks ) mepimTwoIs dkohoubias, fy dmole elua oUYXpo-
vas atifouoa kai pdivousa. Anhodi) foyle :

‘Ha,,v=1,2,...slvmn otafepi «= Nao,,v=12...slvm TAVTOY POVIDG
abfovoa xai @hivovoa.

Elvan mpogaves &11 1dbe alifouoa drodoudia elven wévtoTe ppaypivy k-
Telev P ké&Tw ppdypa Tov TPETOV Spov TN, Evd kébe pbivousa droloubic cl-
val eporypevn dvoobey pi &veo PPy TOV TpdiTov Spov altfis. "Oev daduig
KQTWTEP®W Aéyopev &1 : pio povéTovos dxohoubia elvan pparypéun, 83 Evvoolpey
TAVTOTE : &v pév elven alfouaa f yvnolws alfovoa &1 aly Exel Kai &v live
PPy, &v 8t elvay @bivovoa fy yvnolws edivousa &11: alTn Eyel kol &v whrw
Pp&y L.

§ 149. To povérovov kal 1) oGykhiolg arolouBiag.—As Becoprioco-
uev TPATOV ThHy dkohoudioy v v="1, 2,.. ., firor #u:
Lds 9016 e
kol Selrepov Ty dxohoudiow v_-‘lj——li‘ v=il, 2., fiTol e
) 5D 3 v
ot 3 T,...,—-;v_i_l,...
AV dugotépas waparnpolpey &1 elven atfouoan kol pdiota yvnolws atifouaa

drohoublar. *Ex TolTev 1) TpTN Stv elven pporyuévn (rpPA. § 117), otire B¢ ovy-
KAivel Trpog TEMEPAOTPEVOY &p1Bpdy. AvTibéTeos 1) Beutépa, Bnhabt) 1) droroubla

U‘:_ v =1 2,... elvar gporyutvn, siém : T}_—J:%f—é‘l Bix Kkdbe
v =12, Emi mwhéov TapoaTnpoluey 11 ) dkodoubia alitn ouyiMver kal pd-
MoTa limv :~1= 1

TS yeyoveds 811§y alifouoa kad pparyptvn  dkolouBic = _': i v="12...

ouykMver Trpds mrperymaTikdy dpiBudy Seyopeda 6T loyver yevikéds Sid kéde
alfoucay ki gporymtviy dkoloubiay. *AxpiPtoTepov Beydpsho o dkdAouBov
S&€ioopa :

§ 150. "AEiwpa.— Kabe povbrovog xai ppaypévn dxodovlic o, , v=1,2,...
elvon evyxhivovoe 2v R.
 Tlaparnpoiuey 611 0 dvoatépw dEiopa Eaopatile Ty Urepbiv Tou dplou
eis TO oUvorov R wids drodovblas a, , v=1,2, ... Umrd wproptvas Gmobéoeg. Aty
Traptyer PePaics obBepiav Evdaiiv mepl Tol Trads 0 UmroAoy 1067 oagids T Epiov,
OmreoabijroTe Spws elvan arouSaiov v yvepllopey els ToAds TepITrTdoEs &Ti
pla dioroubia ouykhiver &v R, 81671 ToTe eipeda mEpoodTepov elg Bbow v Grro-
Aoylowuey THy dprokny Tipnv Tfis drohoublas,
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"Ex Tol dveotépw &icparos Emovtan ai eiSikdTepan TpoTdoss ;

@). "Edv pla dxodovbia ay , v=1,2, ... elvar aitovoa xai &et & dvew podyua
Tov dpblucy s, Téte elvar ovyxdlvovoa wal loyder @ lima, = s,

) v I3 5 I3 fa \ ¥ [ ’ 4

B). 'Eav plo dxolovbla ay ,v=1,2, . . . elvar pblvovoa xal &yer & wdro podyua

oy dgibucy o, tdre elvar ouyxdivovoa xai loyber: o= lima, .
o 2 A= o

Mapaderypa lov: ‘H droroudia e R 1,2,... elvar mrpopavéss

alouoa kal pporypévn (Blc')'n: \)7:1 =1 ——‘]) < 1), SBev ouyrAivel pds &pi-

Ouov uikpoTepov ) foov Tol 1. Afdopey els T karrwTépw oy fiua ToUs TEVTE TrRcTOUS

Spous Tijs droAoubios v_—v-_l' N L

i y=1

iy Ix. 10

Mapaderypa 20v: ‘H drxoroubia 1+—‘1;~,v =1,2,... elvan mwpogo-

véds gblvouoa kol gpoypévn, pE v kdtw epdypa Tov dpibudy 1 (51671:

¥ o 11
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Il —1—-\17 B xdbe v=1,2,.. .), ETTouEveos ouyxAiver Tpds &piBudy peyahy-

Tepov f| foov ToU 1.
Eis 16 oyfjua (11) Tis fvavm oehiBos BiBouev TOUS &mTTd TrpwTOUs Spous

Tfs dxohoubios o, = 1+ %, P

Maparfqpnorg. Eis v TepimTwow s avfolons kai pd PpayuEvnS
drohoubias o, = v, v=1,2,..., f| &moia S&v ouykAivel TTpds TPOYMATIKOV
&p1Budy, Meyopev &mi almn drepiletar Detixdic. "ANG kol YevikeTepov S1& plav
abfouooy kai un ppayuéunu dkodouliaw o, , v=1, 2,... B& Aéywpev 6T1
altn «daepilera Detinddon, T &GAAwS «ovyxliver 7005 10 + con | drdun «relver
Qo5 16 + 00y (Td cUuBohov + oo QY Iy VOOKETAL : «atw daetgory).

Kot dvaoyiov 81& piov gBivoucav koi pf ppoypévny dioroubiow Tpa-
YHOTIKEY &p1Oudy oy , v=1,2,..., 0& Aycpsy &1 alTn wanewiletar Govyri-
#ig» | &AAws «ovyilve 7edG T6 — S0 Ty dwdpn «relver wpos 0 — con (1O GUp-
Porov — w0 dvaryryvdroxeTan «day dmeovn).

§ 151, "Edappoyai émi TGOV povoTévwy dkoAoudidv

Mapasder YRro lov. "Ectw 1) dxoloubia Tédv EpPadidov Tdv el Sobévta

KUKkAov &y yeypaupévioy Kavovikéy oAUy VWY, fiTol 1 droAoubia :
s S

émou E, & EnPadov ToU Eyyeypauutvou Kovovikol TIOAUYGVOU [E v TTAEUpSs.

EUkdAcos BiamioTolpey 611 -

B by B e B R =

fTo1, 1) dxoroubic E, v v=73,4,. .. elvea yvnoiws atfouaa. *Etrl Atov o0t elven
PO T &uen PporyHévn) Ut Gved ppdyua Tov &piBudy, SoTis TOPIOTE TO EuPaddv
€vos oloudnroTe TIEPIYEY POppEVOU €l§ TOV KUKAOY KUpTOU ToAuywvou. ‘Obey, Suvd-
HEL ToU dveoTépcs &EidopaTos, ouvdryouev 6T1 1) &v Adyw dkohouBia E, | v — 34 ..
oUyKkMvel mpds fva mparyuaTikoy dp1Budy. Tov TPy PaTIKOV aUTOV &p1Budy, Sn.
T6 Splov Tig drohoubios E,, v=3,4, ..., KoAOUMEY, (o5 yvwoTdy &k THs [ecope-
Tpias, fuPadov Tol kUKAou.

Mapaderypa 20v: Mehetiioars TV dxolovliay :

0=V2, 0,=V2+V2, 0,= Vit a,= 2+ V24 V2,....0, =V2ZTa,...
g mPOg Td povotovov kel iy cOyKLIGLY.

Aborg: Tpopavéss Eyouey : o < o "EoTw 6Ti: oy < Qkt1, TOTE
24+ o <240 A V24 o < Vr2ﬂﬂ-r-0fkr-::r Enhobh oy +1 < Qppa. “Apg,

Buvapel Tou Bewp. THs TeAelag emoaywydis (§ 28), 0& Exwuey : o, < Oy B1d ke

v=12,..., fitor ) dkohoubicx ot, = V2+ &y, v= 2,3,. .. elvan yvnoicws al-
Eovoa (povoTovos).
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*E€et&lopev Tdpa TV dkoloubiav &v elvan gperypévn dveofev. Tlpdypet
o, = V2 < 2, fore Tivad qy_; < 2,T6Te 24 oy < 4, 8600 V2f oy <2
BnA. o, < 2. "Apa, koTd THY dpyfv Tiis TeAelas Emaywy s, loyver: o, < 2 Bix
eporypevn dvwlev. .

‘Etropéves, Buvdpel ToU &€icopaTos § 150, 1) s &vw dxoroubia guykiiver rpos
TpaypaTikoy &pifudy, domis 8 elvan pikpdTepos 1) ioog Tou 2 (Siartl ;).

"Eote Aorrov o= lima, , ToTe AapPavovTes T& &pla GUQOTEPwY TEWV He-

AV THiS oy = Ve Eyopev (Emreldn lim o = limay 1= &) @
limoy = lim V2 + oy = V2 + lima,_,
i a=V2+a il o —a—2 =0, éx Tijs omolas eUplokopey :
a—=2 kel ==l

‘H pla o — —1 &moppimTetan, 81611 16 Sprov a mpémel var elvan BeTikog
&piBpds, kad’ Soov Ehot of Gpor THs avfouons éxodoubias oy, v=1,2,... v
BeTikol dpifuoi.

“Ofev : lim o, = 2.

Mapadervypo 3ov. Aeifare 61 1 dkolovlio a,, v=1,2,... pé:

U= 72{1\;3:&_4 Kol a, = 0
ouykhiver &v R. Ilotov 10 éprov tilc &v Loy dxolovliag;
; 20 +

’AnoderErg Tlpogavds o < ap (Sloﬂ Pap=0< 0‘13! s *"_;,4—) ;

"EoTtes 8Tl oy < oy 11 ONA. o1 — ok > 0, TOTE elvan kad o 1 << ot 2, B16T1:
2041+ 4 20+ 4 2(ct 1 — %
RPN I R N CREL S I

"Apat oty <y Bid kéBe v=1,2,. . ., fiTo1 #) drodoubia ot , v=1,2,. .. elvon ad-

Eouoa. AUTN elvan kol gpoypfvn pE B dve gpayuna Tov dpifuov 5, fitor
| oy S5 N v=12,... Tpdypani: j oy |=0=5. "Eotew 671 logler: |og | =5,

O Bei€eopev &1 kal | ok 1| = 5. Tlpéypor® Exopey :
(2ot 2ot 2544 14
ISR ot - i o b e
“Apa oy, v=1,2,... gpaynévn dvebey, ¢re1dn 8¢ elvan kai atfouoa, katd TO

&Efcope Tis § 150, ouykAive tv R wpos dpibudy wkpdTepov ) ioov ToU mévTe.
"Eotew x =lim o, , TOTE EXOpEv :
" . 2a,+4 2x-+4
x=lim oy 1= lim = e e

i 3x == 2x - 4, & THs 6dmoias AauPdvopev 1 x = 4,
"O8ev fy o, v=1,2,... ouyKhivel pos Tov dpifpov 4, nA. lim «, = 4.
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Hapaderypa dov: Meletijoute tiv drorovliav: av, v—1,2,... pé
A .3 { 1
Ay = 7( ay -E Kal a; =

.T(okgu%), Evla 0> 0,
@G mpdg o povétovov kel Tiv ebyrhiow, Iofov 1o Bprov tijg dv Loyw axohouliac;
Averg Taparnpoluey kat’ &pxhv 6T o >0 S kdde v=1,2,. ..
"E€ &M\ou Eyopev, dmd Ty yvwoThv dvicdTnTa : X—_g—y = Vxy, vba x,y>0:
"Emrions #yopev :

v—1

B
UVLI‘—-Q\,:_.;_,, (qv%- c(3 )—ﬂv:
flTon ;

v
o=

20,

= V3, fitor o, = V3 81cx ke v =132

2
v

S0(Bun: @=3«+=3-a2=0),

Syy1 01X K&e v=1,2,..., BnAadi) 1) &kohovbiax «, , v
elvan @Bivovsa. *Emeidn 8¢ elvan kai ppaypévn ék TGV KETw, 16T

= L
a=V¥3 Mv=12,..., 6&ocuykhivgtv R.
"Eotw x 10 lima, , TéTE elval xaf :

x = lim Ay = -

0 3 1 3
7 (‘"“ iy ey ) 7 (' ?)

fi x%=3, & Tfis émolos AapPdvopev: x= V3 kal x=—V3 (&moppitrreTan).
“Ofev :

lima, = V3.

FENIKAlI AZKHZEIZ ETI TON AKOAOY®IQN
269. Mplyare Tous TéVTE TPDTOUS dpous TEW K&Twdh drkohoudiddy :
1
« 14— v=1,2,...,
v

B) ad =15, v=1,2..., ¥) Sl A 172
V14 v?

- it |
Vt;i_lT'v=]'2""' ) )" aw' T v=1,2,..., oT) e ,v=1,2,
270. TloTen & Tév drohoubidv av, v = 1,2,..., ai éwoic Splfovral Umd THY kéTwh

TUTeov elvar ppayuévan kel Trotan St elvan
2v vnu v
1 ) = 2 e s 8
7 vi4 1! 2k v 1!
1 ™
4 _it
) av=——nu

3 e T 1
) Ay — —
——2 ' 5) oy = v:3—v ’

6) ity B B

v Yu

274, Toicn &k Tév drooudiddv s Tponyounévns dokroews elvan povdéTovol kad Troial

Btv elvan ; KaBoploare 1o el8os povorovies §i1& Tés povotdvous ¢€ abrésv. Toicn elven auykAivou-
oot kol Trofon ol dprakad Tipal Twv |

272. “Ymohoyloate Tas dpraxds Tinds TGV dxkoAoubidy ay , v — JE9
3v 4 2
i Al =

a5 e 32 -5

yar 4

- & yEvikoUs Spous :

3) av:(Qv’—:i

7))
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4} e | 2R Ve

= #
v v 1" %) av_W_H' B e eV
7) Gvi(VV_—ﬁT—V\J—)“,"‘v-&-—;—. 8 a=Vvtv-VisTy.
273. “Opoiess :
RS _ 4 3v—1] vi L2 2ys_ 3
% T e e 45D e

vied T 1
4) ay = ﬁ.{ﬁ_‘,, 5) av = H_2+__ﬂ

Iz+22 . _,‘|_ v
= 7 6) oy = e
274. 'Eqv lim oy = « wod p € N, Belforre 41 : lim(af) = of, &naA. lim (o) = (limaw)?

275. Ak € >0, v& Tpoobiopod Selkrns vy = vo(e), doTe i v = Vo (e

Smov ay,v=1,2,..

) av =

), v elvan
|ov | <
elvan :

1 v—1 nu + 2ouvSy — -
IR T G e T R
‘Eapuoy? S e = 107",

276. Na& &mrodeydi) 61 :

3
: T » . vi4 v—1] 1
1) lim T e 3, 2) 0 5lim ‘f‘ AT
277. N& &mobaybij ém1 of dxoroubicn ;
_ 21 _v+3 4v—3
%=ty 2

B T i
elven ouykhivouoan kal Exouv kowow Spiov.

278. AiBovrar ol dxoloudia :

oy = V3,

By = v, Yv =
Né &mrobeiyij &

=, v=1,2,...
@) lim oy = lim By = limyy = + a0

Gi)  lim E‘“

v

= o Hmalt o p el gim Y
B
ety iy el e e R
YV Qy v

279. lN'vwoTtol évtos, &T1 lim (1 -+ -é—)v

= e, v& eUpeBolv T Spix TV drohoubidy
ay,v=12,..., al dmola opiGovran UTrd TGV TUTWY :

1 uv=(l+-217)v, 2) uva(

14 V—]_—l)v o B0 iy v (1 __;1‘_)"_
280. Na& dmoderydfj 6mi:
; 1 1 1
| e ] =
('Yroder8ig: MpooBéoaTe kard ptAn Tés TpoPavels dviodTnTas :
i e Sslil
vty T ek T el

k=1, 2,...,v «al tpapudoore Ty IBiétnTa XII, § 146),
174

WniomnoiBnke amoé 1o ivotirouto EknmaideuTikrg MoAmkrg



281. N& Aubi 1) dviodTns :
| .. vi4 3 lEY
| 11n1m+x <-—2----

282. Aeifote 671 ol kéTwi drohoubicn elvan povéTovor kel ppaypévan :

283. Aeiore 61 1) diorouBia ay , v =1,2,... ué:
ayp1 = F1+ oy Kai =11
elvan yvnolws abi€ouoq, ppaypévn xad é11:  lim oy = 1—4—2]@ s

2B4. AiBetan ) dohouBic oy, v=1,2,..., ¢ avi1= [day + 3 kel @ = 5.
N& Bery67) 671 elvan ouykhivousa kal vé eUpebij Td Sprdv g,
(YwoBeidis : Aeifare 11 elvan pivouoa xal ppaypévn kéredey Umd ToU |3 kTA).
285. AiBeron fy dkohoubia a,, v=1,2, ..., es Thy Smolav evon :
1 Az
G =0>0 kad ayy1= o (u\,+ = ), Ochcliv=12,...
N
N& Bery8i) 61 eivan ouyrAivouoa kal va ebpedii To 8p16v Tns.

c2 L
(Ymé8eigis : Zrnpiyiite i THs yvworTiis dvicdtnTos '2 ¥ = xy xal Selfote &M
N & Aoye dxoroubia elvan ppaypévn kai pbivovoa).

286. Acifare 6m ) dkohoubia @y, v= 1,2, .. pt: ayig — 3—“—"—4_|_ L

van alifouca kal ppaypévn Tpds T& Evw o THS povédos. Tlolov 16 dpiov Tiis &v Adyw dkoAou-
Blas ;

kal o =0 el-

(YmoBeEs : TpoywproaTe ds els T6 mapdderyus 3, § 151).

287. Acifare 611 1y dxorovbia oy, v = I, 2000 b oy = F?au kal o= 1 elven od-
fovoa xal ppaypévn. TTolov 16 dpiov Tijs &v Adyw dxohoubias ;

288. MeAetrioare dos pds TO povdTovow Kad TH oUyrkMaw Thv &kodoubiav: Py , v=1,2,. ..

3p, —4 Lre
ME: Pyl = '-ﬁ-s--- — Biakdle v=1,2,... kal B, = —3.
Toiov 1o piov Tiis v AMdyw dxohoubias ;
289. Aeffare &1 1) drohovbia: ay ,v=1,2,.. pé:
2 : 5 1
vl =a+a ka a=a Smou l<Ca=s—

4
elvat yvnoiws atifouoa kal 811 cuykAiver els Thy wikpoTtéipav pifav Tiis Eiodoews : 12— { +a=10
290. Acifate 6T 1) drorouBia :

1 \v
ct-,f(l%-—), vi=il02. .
v

291. Né& ebpeBolv, tav Umdpyouv, al dpraxad Tipal Tév dxohoutiv pé Yevikous Spous :
ISRl i08icts il ol g8 2vi(v —3 + 4ut)
1 y = ————— | 2 = A
) e " 1 S e e e I
292. MNvwoTou dvros &Ti: lim (1 + T)v= e, va eVpefolv T Spla TéY dxohoubidy

av, v=1,2,..., ol dwoian épifovran Umd TGV KéTWh TUTrEV |
I - 2\ 30Ny
By w=(1-2)" 2 a=(1+2) N a=(1+-2)

175

elven yvnoiws abfouoa.
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293. Acl§ars 11 4 &xoroubia :

v4-1
a = (1+ LA s
slvar yvnoiws gbivouoa,
294, N& drobery0ij 6mi:

1) lim (1 4 —})”:w, a € R}

= g 1 \v
yvwaTou Gvros, 6Tt : lim (l + T) = e
295. ’Eav o, PeR* Belbate 611
lim (Vv + ) (v + P)—v) = 9.4.2" B

296. Acifare 71 ol drohovBiocn ay , v= 1,2, ..., al dmwoic SpifovTan Uird Tév kdTwh
oy, elven mdoon pundevikad :

2 vl AR
AR i
émou 16 oUpPohov v! (v TapayovTikdy) mapiaTE TO ywépevov @ 1.2.3 ...y =yl
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KEPAAAION V1

IEPI TPOOAQN

OPIZMOI — IAIOTHTEZ

§ 152, Eioaywyf. —Eis 10 wponyoupevov KepdAatov dpioopey THY Eu-
veiav THs drohoubias kad GrreBeiapey Tas kuproTépas I1GTNTAS TRV droAOUBIGY.
Eis 16 mapov kepéhaov & pedeTriowpey Tpels elbikds karnyopias dxoAoubidy,
EKGoTN TéY dTrofwy Exer kal plav yapaktnpiotikiy iB16TnTa. "Avaddy s Tiis Ya-
PAKTNPIoTIKS TadTns 1816t TOS Biaxpivopey Tas droroubias cltds, Tés drolas
KoAoUpEy pobdovg, s : o) *Aplpnuikes npoddovg, B) ‘Appovikig mpoddovg
kol 7) Tsoperpicag npoddovg.

I. APIOMHTIKAI TIPOOAOI

§ 153. ‘Opropoi—~"Eotw a,, v =1, 2,... ula d&koroubic TPAYHTIKEY
Ap1BpdY. O& Abywpey 6T «1) dxolovlia :
L (L e B T (1
elvar pla apOpn ey mpdodog 1) wpdodoc Katd Sagopiav vdte, xai pdvov e,
v &xaorog dpog e (BkTOS ToU TPWTOV) w0ty €x 10T mponyovuivon Tov did
npoaléoews fvos xai Tod adrov atallepoi doluot ».
‘O oroBepds auitds &pibuds, SoTis wpoaTifeTon els k&be Spov Tiis wpodSou
B1& v& Bedor) Tov Erdpevov, KaAeiTal «hoyog» Tiis &p1fp. TrpodBou kal TapioTaTon
ouvnBus ué 1o Ypduua . Oi Spot Tijs drxorouBias (1) koAobvra bpor tfig am-
Opnrueiic mpobdov.
Olrew, m.y., f dxoloubic :
5 L9 13, 15,17, (2)
elvan piax &piBun Tkt pdodos pt Adyov w — 2.
‘Opoiws 1) droAoubia :
19 16131 O] Fimd ST, =072 5es o 3
elvan pior dpiBunTikd TpdoBos pE Adyov = —3.
"EK ToU épiopol Tiis dpibunTikiis TpodBou, oV drrolov SieTutrdicaiey dveo-
* Téped, ouvdyopev &Ti: v oy kad oy elval SUo SiaBoy kol Spot &piBunTikiis
TpodBou ut Adyov w, TéTE O Excopey :

=0+ v=132. .. 4)

"Ex Tijs (4) mpoximrTel: oy — o, = w Kol ToUTO Bi&k K&l v — |
12 177
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*Evreufev Emeton 6 EEfjs looBUvapos Opiopds Tis &pbunTikfs TpodSou :

*Aplpnnikn) mpoéodog elvar pla axodovlia dpludv, Tijc dmolas dvo oiwvdr-
note Stadoyixol Spor Tne Eyovr dragopdy, 1 dmola ioovrar pé TV adTov MAVTOTE
dotbudv, Gotis xaleirar hbyog Tijs dotbunrixnijc mpoddov.

*Ex ToU dvwTépw dpiopol ouvdryopey Topa T EETS:

a”). "Edv & Adyos w elvon BeTikos &piBuds, ToTe a1 —ay > 0 f) o1 > oy Bk
kéev=1, 2,..., 8nA. f) Tpdodos o, , v=1, 2,... elvar yvnoing alitovse (&pa
kai afouoa).

B). 'E&v w < 0, toTe oy < @, S kébe v=1, 2,..., SnA. f| mpdodos
oy, v=1,2... clvar yynoing @bivoveca. Oltws A dpBpnTIKh Tpdodos (2) elvan
yvnoiws aldfovoa, tvé f (3) elven yvnoiws pivouoa.

Mapatipyois. Eis v tetpippévny mepimrwoy ka®® fiv w = 0, 1) &pifun-
Tikf] Tpdodos elvan piar drohouba fowy &piBudy (oTafepd droloubia) kal dog
TolaUTn) elvan TETE, kad pdvov ToTE ouyypdvws atifovoa kel gbivouoe, dos Eréxln
kol els TO mponyoUuevov kepdhaiov.

‘1816 Teg Tiig Ap1BuNTIKijGg TTPpOSSOU

§ 154. 1816 g I.— ‘O vioatdg pog @, &mbpntikiic mpodSov pi mpdtov Gpov
o, kai héyov ® edpiokeral, v eig tov npditov Bpov adriig npoatedij 1o nivopevov tod
Abyov Eni 16 mhfiog tdV npornyoupévay abted Gpwv.

*Hror : ay = oy +(v—1)m (1)

'Anodaibie. Aidv = 1 1 (1) wpogavids &AnDever.
Aeydueba 611 &Anbeder Sik v = k, fitor &1t loyler: o = o + (k— 1) w.
*EE alrriis, S1& wpoobioews els dpgdTepa T& péAn Tol Adyou @, EXOMEV :
o+ w=a;+ (k— 1) @+ . "ANG oy + 0= oy 1 (Sp1oucs &pidu. mpoddou).
"Apa: ogp=a+ (k—1)w+w® f| o=y +ko=0+ [(k+1)—1]w,
firor 1) 1&16Tns | dAnfever kad Bi1& v=k+ 1, Emoubvess, kaT& THY dpyAv Tiis Te-
Aelag émarywyfis, dAnBelel ik kéde v=1, 2,...

‘Egappoyfi: Na copedfy 6 1506 dpog tiic ambpnnkiic npoddov 7, 15, 23, 31,..

Avorg : Evraifa Exopev : o= T, w = 8, v = 15, o5 =
A’ tpapuoyiis Tol Tumou a, = o, + (v—1) o ebplokopev :

=T+ (15=-1).8=T7+14.8=119.

Mapatnpioeis: a'). 'Ex Tfis dvetipw 1616105 ounmepalvopey o1 pla &p1BunTikf Tpdo-
Bos elvan TeAelws Gpiopévn, dtav Bobij & TpdTos Spos TNS & Kal & Adyos Tns w, BioT ToTE ol
&pot Tns B elven dvmigToiyes :

los &pos, 205 Spos, 305 8pos, 4og &pos, 505 &pos, . ..
oy, o + w, a;, + 2w, a, + 3w, o + 4w, ... (2)
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B’). O Timos (1) elvan pia Elowots petall Tév Teoodpawy HETaPANTGY a, oy, v, w. ‘Qs

TPOS Ek&oTny peTaPAnThv f) eiowais elven TpdToU Pabuol &pa tdw SoBolv ol Tinal TPIGY &K TGV
TEOOGPwY peTaPAnTdv, Buvdpda vk mpociopl-

owiey kad THY TeTdpTny, EmiAlovres piow tEiowow J
TpWTOV BaBuoy.
7). "Ex iis dveorépe maparnpnioees (B) o S Gy

nebat els piow apewperguy napdoracwy Tév Speov
TS &pBunTikiis mpodSou pt pdTov Spov TOV a,
kai Adyov w, Mpdypar® &s Bewpriowpey opboycoviov
oUaTnua &évewy Ox, Oy xal & AdPwpev trl Tol

[« F

&ovos Ox T Siaboyikas Tipds ToU v, EnA. Otk __ = o | l}
vi= 19g | | i
Znuetolpey dkohovBoos T& onuela : | ! i
| ]
A, ué ouvTeTaypbvos | kad . & i | j i
Ay » » 2 kad oy =0, + @ i | : H
Ay » » 3 kal oy = + 2w x 0/ 1 ? 3 ! £
............................ /]
Ay » » v okal o, =0+ v=1)w Y Iyx. 12

T& pepovaudva ot onueia BiSouv plav yewpetpikiy TapdoTaoty Tdy Spwv THs &pi-
BunTikfs mpodBoy BE TPdTOV Spov TO @, Kal Aoyov w. Ak va Exwper THv oo s
YPoUUTs (e0Beias), f dmoin Bifpxeton &md T& onueia A, A, ..., Ay voo., Gpkel els TOV TU-
mov (1) v QVTIKATAoTHCWEY T v ué T X xkad TO a, wE TO Y, TOTE:

Y=o+ (x—-1) o 6]
§ 155, 18166 Il. — Eig nicay apOpnnuciv npoodov pi mENEPATPEVOY

mhii00g Gpwv, o iOporopa oo Hpoy lodmag drexoviav (lsanexéviov) t@v ixpov
sivar ooy npdg 16 Ebporopa TdV «ixpov» Bpov.

"Anédeitic : "EoTw i &piBunTixg mpdodos i TETEPAOHEvoY TAfiBos Speov
xad Adyov ¢, *Edw fi TpdeBos Exn v Epous oy, &, . . ., oy, @, » TOTe o Spol «; kai
o elven of dkpor &por. Avo 5& Spot Tiis TpodBou AdyovTar «loanéyovregy TGV &-
Kpwv, & & elg Exn Téoous Spovs Tpd alTol, oous & GAAOS PET® aToU. OUre,
A.x., of &poy o, kol oy elvan loarréyoves. ‘Opoiews of : o) X,

Naparnpobuey Tihpa &1

A+ o 1= (0:1 i 03) + Gy = oy + (uvfl b (0) =4 a

Gt ay2= (0p+ @)+ A 2=+ (3 + ) = &+ Ay =0 +

o+ Sty_3= (0:3 2 C\)) + tv—3 = o3+ (Cfv-J O C\J) = o3+ Qy—2=0 + O K.0.K,
“Qae, éw of v &piBpol q, Cy, Ogyv . vy Ay—2, Ay, A, GTTOTEAQUY &PIBUNTIKAY TTpdo-

« Bov, TOTE :
(et av—1) = (o + Gy2)=- =+ .
OUte, m.X., of okt &p1Bpoi : 3, 5, el Dl B i eUp1oKOUEVOL By c’xpleun-rmfj
mPoodw, MANPOUY Ty dvwTépw 1816TTe, B16T1 elven :

3-F17=20, 5 15=120, T-13=20,1 9L 11— 20
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IMapetipnoig : "Eav Umépyn «peoatog Gpog», fitot Spos ponyoUpevos kal
EmOuEVos ToU alrol TAfBous Speov ( ked ToUTo O& oupPaivny dadkis T& TAfBog
TéV Spwv Tiis Tpoddou elval TEpITTOV), TéTE TS SimAdoiov Tol pegodou Spovu i-
goUTan Tpds TO &lpotopa T dxpwv dpwv. TIy., & Bewpfowpey THY &p1BunTi-
xf|v wpdooBov &k TV mévte dpwv: 3, 5,7, 9, 11, Téte 34-11=5 +9=2.7.

§ 156. Mopropa.— *Avaykaio xai ikavi ouvOnkn iva tpeic apulpoi a, B, v
elvan Sradoyikoi dpor apOpntikiic mpoddov, kald’ fiv takwv ypagovrar, sivar :

g

Al ; 2o A o+ £ e AL -
Els thv mepimTwow altiv 6 B - -2—}/- KoAEITal aprlpnTikog pécog TGV
o Kal .
Fevikéds éav éyaper » doilpots ay, ay, . . ., a, ralotuer apOpnTIKDY pEGoV Ty

v adtdy aolludy xai mapioTdupey TodTow pé My, tov mpaypariy doiludy ;

M= ﬂl-]—(xz-t...—f—(lv (2)

§ I57. 1816 g l1l.— To &0poropa I, — a0y ... @, 1@V v TpOTOV
dpov apilpnnikiic npoddov Sidstar bnd tod THmoL :

(e ta)v

ByEecsias M

"Andderlis. Avvdueba vé &modeifawpey Tov dvwTépw TUTTOV 81& THS pHebdSou
s pabnuaTikils émaywyds, 1 amodebis duws alTn, s eUkodos, EmagleTon eig
TOV dvaryvaaTny. Od Scoowuey pioy GAAny dmwoBefiv, N omoia oTnpileTan g
TNV Trponyouuévny 816N Ta ¢

Fpogouev &g vds: 3, —oq +ay dog 4+ + a2 + oy, + ay
kol &g’ £répou : 2y =0 + o1+t toy o + -
TpogbéTovTes Tas SUo TaTas iodTNTAS KAt PéAN Aappavopey

2zv = ( o3 + oy ) F (0(2 +‘ vafl) "" P + (av—l ’+“ O:E) = (0.’,. “{’ G])

Aémadn oy f o=yt o=+ ==, + oy (Adye Tis iGidT. 1)
kad af roapevBéoes elvon v T TATifos, B& EYLEY :

Z,=(qto)-v f ZF=-tT i’V

Mépropa.— To &bporspe X, 16Gv v npdrov Spov aplpnruciic npoddov cuvap-
Tijoer 100 Tp@dTov dpov @) = a, Toli Aoyov ® kel 100 whifovg v Ty Bpwv, didetan
0o tod tomov :

g = M‘;ﬁ”ﬂ 2)
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Maparipnog. O 8o TUTO!:
(o, +a, ) v
a=a+@-Do xl =1
TEPIEOUY TrévTe dyviaTous, ToUs ay, &, , @, v, £, .
"Eawv hotmrdw pds 8obolv ol Tpels &€ adrdv, TéTe ol dvertépw BUo TUTTo1 &roTeAoTY oUoTNHa

Buo Eg1ocoewy pt Blo dyvaaTous, AVovTes 8t TolTo eupiokopey ToUs Utrohoimous Blo.

’Egappoyn. "ApOunnikiis npoodov 6 npdrog dpog elvar 2 xai 6 éviikatog 92. Na zope-
0% M npoodog kai o G0poropa OV 20 mphrToV Gpov adtiig.

Aveic: “Exouevia, = 2,05, = 92, =, = 3
'Ex 10U TUmOU @, = oy + (v—1) w Exopev Bix v =11, 92 =2 4 10 . w, & of: w =0,
"Apa 1) Trpdodos elvan : 201520020 38 &)
EE &Ahou ék ToU TUTTOU ® Z\. — [2e -+ (v; l)__m] i, Aappévopey S1&x v = 20
Sk . .
LI T N,

§ 158. MapepPori) apBunTIKGV EvBiapéowv. — ‘Opiopoi : O &piBo
X1 Xpo o, X, kahoUvTan apilpnricol véiapeoor Sobévtwv &piBuddv o, T ToTE, Kai
HOVOV TOTE, & 1) TeTepacuéun &rkohoubia ;

O X, M T

elval pla dpiBunTik Trpdodos.

Dobivtoov SUo &pIOudY o, T kahoUpey rapepPoriy p apipnuikdv Eviopiocnv
Ty elpeov y &pOP&Y X, Xa,. . ., X, ToloUTwy, oTe 1) dkoloubic :

&, Xy, Xy o0y X, T V& Elvan GpiBunTixn mpbodos.

Awix iy elpeov Tév ds dve EpiBun Tk EvBiauéowy &pkei v Uroloyiowyiey
TOV Adyov Tiig &plBunTixils TpodBou 1 a, Xy, X jonsiass’s Xins T

"Eqv mapaoTicwuey pt o' Tov Adyov Tiis rpodSou aUTRis, TOTE, Eeldn T
TATiBcs TS Spwov NS Elven w2, & T 8& elven & Gpos & KaTéywv THY P+ 2 TéElv
Kai ouveréss 66 looUTan pé: ok (U2 —1) w' = a (m+ 1) w'.

“Qoe T=a+ (b+1)

"Apa

‘O TUmos oUtos kaheiton thmog mapepfoliis ap@pntukdv ivdapicny 1
ouvTOuws throg tiig apbpntuciic mapepfoliic.

‘OpiodivTes, &k ToU TUmou (1), Tol «Adyou aagepflodijor ', ol {nToUpevor
dp1fuol elva of
T— & L= T—Q

Xp=0+4+ 2 —

Xy = a4 -[_._l ;l‘—l- 4 2 “_!_.1. yt o
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’Egapporn : Metald tdv apbpdv 9 kai 41 va mapepfinboiv 7 énbpnrixol Evérapcoot.
Avorg @ ‘O Timros (1) Tis § 158 Bide1 B1&d T=4l,a=9,p=17

4] -9

S e

kal 1) {nTouptvn Tpdobos elvan 1 :
LR [ R Ty SRR O L el D s e ey SR B

§ 159. Zupperpiki) mapaocracig TGV Spwv aptBunrikijg mpoddou
nemepagpévou TANBoug Gpwv. — ‘Emedn els Sikgopa mTpoPAfpaTta dpi-
BunTikGY TPodBwy elotpyovTal Tpeis fi TepioodTEpol &yvwaTol Bid TouTo Trpds
TIEPIOPIoNOY TGV GyvddoTwy, (Bia 6Tav bideTar TO &Bpoloua TGV &p1buddv, ol
omoiot elvan Siadoyikol dpor &pibunTixfs TpodSou, ordmipov efvan v Eywpev
U’ Syiv Tds EEfjs BUo TrepITTTUOCELS

IMepintworg In : "H npoodog Exer nepretov nhijog dpwv.

’Eav | mpdodos Exn (2v-4 1) Spous, TéTe UTrdpyel peoaios TOV Sroiov
TapIoTEOWEY E Ev ypdupo Ay 1é x kol éqv 6 Adyos Tfis TpodBou elval w, ypdgpo-
Hev THV Trpdodov s EERs :

X—vw,...,x—20, Xx— 0, X, X+ ©, X+ 20,..., X} ve.

Iepintwoig 2a : "H npbéodog Exer Gpriov nhijfog Gpov (Eetw 2v).

Eis v mepimrTeogiv ety Umépyouv SUo « peoaior » dpot Tos dtrofous Tapi-
oTduey PE: X — A kal x4 A, 6Te & Adyos w Tiis Tpoddov elvan :

w=(x+A)— (x—2A)=2\. Tote ) TpdodOS ypdpeTon cos EERS :

x—(2v—1A...,x=3\ x—Ax+Ax+37, ..., x+ @Qv— DA
Tpémer v& onueleddi) 671 els TH Tepirroo aUTiv 6 x dév elvar Gpog THis &pdy.
TpodSou.

"Egappoy : Na edpelobv tpeic dpifpoi, ol dmolor elvar Swedoxikoi Bpor dpibpntikiic
npoddov, v dnoiwv 1o piv Gbpowspa clvar 33, 1o 8¢ yivopevov 1287.

Abeg : "Edv pt x TopasTiowpey Tov peaaiov Spov Tiis mpodbou kal pE w Tov Adyov, of

Tpefs &pifpol 8& elvan:  x —w, X, X + . Katd Thv tkgovnow 8& Exwuev 16 ovotnya
x—w)+x+ (x+ ) =33 = 3x =33 )
(x—w) x- (x+ w) = 1287 X (x*— w?) = 1287 2)

‘H (1) 8i8er duéows x = 11. ToTe N} (2) Avopévn dos Tpds w 8IBe1:  w = 4 2.
“Apa ol {nTolpevor &piBpol elven s 9, 11,13 § 13, 11, 9.

AZKHZIEIZ
297. Mpdwpare ToUs OkT TrpdTOVs Spevs Tis dplunTikils Tpoddou, Tis dmolas & mpdiTos
&pos kal & Adyos elvan pllan Tijs tfiocdoeas :  x?—5x + 6 = 0.
298. Nd evpedij & Adyos dpBunTikiis wpedBou bdw oy = 3 kal o, = 80.
299. N& elpebi] 10 &Bporopa TGV v TPOTWY QUITIKGY &p1Buddv.
300. N& &mroBeiy8ij 6T 1o &Bpoioua Tév v TpwTWY TEMITTGY &p1fpddy looltar Tpds T
TeTpywvov ToU TAfBous alTdiv.

301. N& ebpedfj 1o &Bporopa TGV TETPOYWVWY TGV V TPOTWY QUOIKDY &piBpddy,
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(Yrodargig : Xpnowomomoate Ty TautdTnTa : (x4 1)* = x3 4 3x? 4- 3x + | xkai 6L
oaTte BiaBoyikds X = 1, 2,.. ., v &mi Théov AdParte U Sy To dmoTedeopa Tiis doknoecs 299).

302 'Edw 3, = 19 4 28 4 39 4 ... 4 3 kal Z,=14+24+34 ... 4 v, UmohoyicaTe
TO I, dvaywpoUvTes &K TS TauToTTOS ¢ (X + 1) = x* + 4x® 4 6x% 4 4x + 1 Kod dkoroU-
Bus Beifare 611 T, = (T,)%.

303. N& epebij 7o &Bpoioua T@v 25 TpdTwy ToAaTAaciwy Tol &piBuod 11.

304. Els dpibunTikhy mpdobov Bibovtan #k Tév mivte oTorkelwv oy, w, v, a, , Z, Tpla
olabfimote. TMéoa Bibdpopa mpoPAduaTta uvdueba v oynuoTiomuey ko moia; Els ikaorov TpS-
PAnua vé Umohoyiodolv T& dyvwota ouvapTioe TV EKAOTOTE yvwoTéy Kal vi yivy, émov &-
TaITElTaN, 1) oxeTiky Siepedvnois.

305. ‘Opioare Tov k olrws, doTe of k&Twh &piBuol &roTerolv BiaBoyikoUs Spous &pifun-
TIKTIS WpooBou ;< «(i) Bk, k+4, k-1, () 33k-7 k+2 12-2k

306. Asiforte 811, 2w of &pifuol @, B, y elvan Biadoyikol &potr dpiby. TwpodBou, TéTE Kai ol
&pbpoi ¢ X=a—Py, y=P—ay, z=7y'—ap
elvan GraBoy kol Spor &p1funTikiis TpodSou. Tloios & Adyos TGV Adywv TV Yo aUTédY mpoddwy;

307. N& eUpedij & mpisos Spac kai & Adyos &piby. TpodSou yvwoTol dvtos 811 TO &bpor-
oHa TV v mpdyTeov Spuwv abTiis Si1& TEoay TRy Tou v looUTen mpds 1 3vt +- .
308. N& Umohoyio6ij o kéTewh &potopa ik v Spwv ;
2=14203F2.-3.44. ..

(Yroderbrg : Maparnphoarte 871 : o, =v @+ 1) (v+4 2) = v + 3v2 4 2v).

308, N& mapepPAntolv petafy Tév &pibpdv 9 kal 34 doBunTikol bvBidpeaor oltws, dote
V& POk pla &piBunTikn Tpdodos ut 11 Spous. Toior civea ol épor olitor;

310. Aci€ore 671 1y Ikav) kel dvarykaia cuvikn, Tva ol dpiBuol o, B, v, kad’ fiv T&Ew Bidov-
Tal, dviikow els dpifunTixfy TTpdoBov (xwpls kot dvayknv va elven Biaboyikol) elvan : 1y EI-
TWoIS

s p-s _y-p

x+1 el
EXel dxepaday kal BeTikiy Mot s Teds X, y, Bvba x elvan Td TARBos TEV Spowv Tifs &p1BunTIKiS
TPooBou Tév evpiokoptvey MeTalY a Kal B kal y TéY elpiokopivy peTaly P xkai y.

311. "Efevdoore &v ol &pibuoi: |2, |5, |7 &moteholv Spous (claodrmoTe TéEews) s
xal TS abTiis dpiBunTikis TpodEou.

312. Tléoous dpiby. évbiaptoous TrpéTel v& TrapepPdhoper petafy Tév dpiBpdy 1 kal 19,
@aTe 6 Seltepos tvBidueaos v £xn TTpds TOV TeheuTalow dvBidueaoy Adyov foov pé 1/6.

313. Na& ebpeBoiv Téooapes dpifipof, of dmoior elvan SiaBoy kol Gpot dpiBunTikis Tpodbou,
TV SToiwv Té &dpotapa looUTar Tpds 26, T Bt &bpoloua TEV TETpay eV Twy wpds 214,

314. ‘O Térapros xai & SySoos &pos dpibu. TpodSou Eyouv Gbpoioua 18, of 5t KUBol Twy
Exouv &Iporopa 3402, Né& ebpedfi 1) pdodos,

315. N elipeBolv mévTe &pibuol, &rotelolves SiaBoyikoUs Spous &piBunTikils mpodBou, ddv
yvepiloper 511 16 &poropd Twv sivan 45 kai 16 &Bpoiopa TéY dvTioTpdwy Twv elvar 137,180,

316. Els piav apibunTiiiv wpdodov 1o afporapa Iy TéV v mphdTv Spev altiis Sid maoav
Ty 10U vEN Bideton Ud ToU TUToU 1 By = Bv? — v, N& elpebii 1) Té€is 1ol Spov, & drroios
Exer Tiphy 263,

317. Té &Bpoiopara Tév v wpdTev dpwv Buo dpiBunTIkdY mpodBw Exouy Adyov L::I-_*T_Tz
B1& oo TipAY Tou v € N. N eUpedfj 6 Adyos T@v éuTTwY dpwv TEY BUo TpodSuwy,
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318. "Edw ol fetikol &pifipol , B, y, 5 &moteholy SpBunTIKiY TpdoBov, v dmobeydii &1
dhnbede 1) oyéos :

a- & 4
T > Japys.

319. TMpooBioploate T& a kal P olrws, doTe af piCot py, py Tiis tE10coens X2—ax 4 P = 0
kad al pifat py, p, Ts x? — (5a—4)x + B =0, ypagépsvar kard Thy Té&Ew Pu P Par Py Elvan
SiaBoy kol Spot &piBunTikiis TpodBou.

320. Né dmAudi) 1) tEiowots x?—3x2 — 13x L 15 = 0, tav yvepifwpev 611 al pifar Tng &ro-
TEAOUY dpiBunTikiv pdodov.

321. Nar ebpedi) f) oytors perafy tév o, B, Y, @ote of piGan Tiis BrreTpaydvou oo @
axt 4 Bx? + y = 0, v& elvon SiaBoy kel Spor dpifunTikiis TpodScu.

II. APMONIKAI TPOOAOQI

§ 160. "Opiopdg. — Mia dxolovlia mpayparieiy aotlpd

T e (1)
elvar Gppoviki] mpoodog Tdre, xal povoy TdTe, av 7 dxoioviia
Lienel 1 !
i g L e (2)
oyt oy a,

elvar dplbpunria) nedodog.
OUtws, 1) dxohouBia TGV &piBudy :

L s s
3 [ [ 7 ' A
elvan dppovikh) Tpdobos, B1éTi of dvtioTpogoi Twv, Ketd TV alThy T&E,
S i e

drmrotedolv dpibunTikiy wpdodov (ut Adyov w = 2

"Ex ToU dveotépou dpiopol Tiis dppovikiis Tpoddou cuvdyouey, &t InTiuaTa
dpopddvTa &ppovikiy pdoBov dvéyovtan els Emiduoiv {nTnudmeov TS AvTl-
oToiyou &piBunTikis Tpoddou. “Eveka TolTou O MEAETTCwEY KaTwTEpw TS
KUpLoTEPas 1B16TNTas TGV SppovIKéY TpodSwv G1rd popehv Epappoy &y TéHv i810-
TATWV T&Y &piBunTikéY TpodSwv,

§ 16l. Elipeaig Tol vioorol 8pou pmidig dppovixiig mpoddou Tijg
émroiag Sidovrar ol 8o mplitor Bpot. — "Eotw 1) dppoviky mpdodos :

Clyp oy i Dy oo ¢l
1 1

1
ToTe, kardt TOV dpropdy TadTns, 1) droAoubio : ——, — e (2)
oy oty
1

; 1
elvon dpiBunTixd Tpdodos pE Adyov w = T
2 1
"ANG 6 viooTos épos Tiis (2) 8iSetan Umrd ToU TUTrOU (1) s § 154, fjror :

1 1 1 1

feea s Ba ot lie D) (o) mnh T (PR )
LS e oy, T oy,
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"Apa & viooTs bpos a, Tiis &puovikis Tpoddov (1) elven TdTe & -

a, =

oy
o, (v—1)—a,(v—2)

3

§ 162. Xuvefkn, iva oi apiBpoi a, B, v elvai, kara v 8oBciocav
Takwv, dradoyixoi dpot dppovikijg mpoédou.

"Eq’ doov of &pibuol «, B, y elvan, kard TV Solbeivav T&Ew, SiaBoyikol Spot

; - ; L ; 11 e ;
APHOVIKTS Trpodbou, ol dvTioTpogol Twv o = kaTa 1oV Sobévta Spi-

ouov (§160), even BiaBoy kol Spot &piBunTikfs TpodBou kod ouveréds (§ 156) B
Eywpey
1 1 1 2 pan 12
2. wa: —u— —}- —\-{- il p_—’li]_ﬁ
L ¢

. 2a
Apa; p= 3 _J{

M

AN kol duTioTpdpas, B aAnbelm 1 (1), T67e of Tpels &pibpol «, B, y
elvan Bradoyikol Epot Gpuovikis TpodBou (Siartl; ).

‘Ofev : “Ixavi) kai avaykaia oovliikn, iva oi apbpoi a, B, 1 civar, kata Tijv So-
Ocioay TGy, Sradoyxoi Gpor dppovikiic npoddov elvar 1j iootng (1).

Eig v TEPITTWOW aUTNY & P keAeiten appovirdg pégog TV o kal y.

Cevikéds : Aolévranw » agludy ay, ay,...,a, xalobuer appovucdy pécov
abt@ xai vov gupfodilouer dia My , Tov Gpludy :

v
My =

1
& 2L o e @

o ay

HNaparipnerg : ‘H oxtots (1) Sbvatar v A&Bn THY popehv :
a a—p
Y B-v
Katd tabte, 1 avaykaio kai ikavi} oovBijky, fva of apipoi a, b,y elvar, kara

. Ty dobeioav takwv, Sradoyikoi Gpor appovixiis mpoddov, sivar of apbpoi o, B, y
Vo arnotedobv Gppovik v avaloyiavw

(8reeri;) 3

§ 163. MapepPoriy appovikcv évdiapéowv.— Of dpifuol Xyp Xarin
X, KahoUvTal dppovikoi Evdiapesor Sobévreov &p1Buddv o, T TéTE, Kai uévov ToTE,
Gv 1) dxodoubia : o, Xy, Xg,. .., X, T elvan GpHoVIKT) TTpdobos.
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AoBévtoov TGV &p1Budiv @, T kerhoUpey rapepfoliv p appovikdv Evéropéony,
THY elpeoiv p &pIBUGY X, Xo,. . ., X, TooUTwWY, MoTe | droroubia a, Xy, X,,. . .,
Xy, T va elvan Gpuovikr) TpdoSos,

TifeTon Todpa 1O EEfs mpofinpa :

Metabd t@v apBpdv a xai T ve, napepfinBoby p dppovikoi Evéiapecor.

TTpds TolTo dpkel v& TapeuPAnBoly u &piBunTiol EvSiduecor peTau TRV

: o Al L st Sy s e A
ap1Bpcdov R kal % Ex ToU tUmrou (1) (§ 158) Tfis &pibunTikfis TrapepPoiiis eu-
plokouev &v Trpoketpuéve ;

. T d & a—T
wt1 (it Dar

‘0 TUmos (1) kodeitan throg tijg appovikiic napepfoliic.
‘OpiodévTos éx ol TUmrou (1) Tol Adyou w' elpiokopey ToUs u &p1BunTikoUs

O

] 1 ; : . :
tvBiapéoous TG — Kol = omoTe of dvtioTpogol Twv B elven of InToUpevor

H &puovikol EvBidpeoot TG o kal T, ol B EYCOMEY :

1 1 1
"lzz‘?- "2=I';2 TR A "‘”zm‘i_—r‘j
o "+ Dor « Tt Dot a T (tDar

5 y
'Eoapporyi. Merafd tdv apbpdy ;- Kai i va napepfinboby 5 dppovikoi Evira-
HETOL.

A boug. Tlpds TolTo apepfdiopey méve dpibunTikols EvBiaptaous peTabl v dvrioTpd-

v TAY Sobtvtwy ,fiTol petafy %- xal _1_5}..
iy L] e & TR
O TUmros (1), Bk Tl = p=>5 5i5e: o' =45
2 11 7 138 =10
Téte ol mévte &piBunTikel dvBidueoor TéV - kal 5 elven ol : T0° 1; 1" 5 10

kard guvémelay ol ZnToluevor dppovikol BvBidpecor elven of &vtioTpogol Twv, fiTor:

10110 S

S Vg gt
kal ) &puovikd| Tpdodos elvan : —g—, I.TO, 1, %g—,% —ll—g-. Tﬁf
AZKHZEIZ
y 1
322. Né& elpebij 6 3log Spos Tiis dpuovikiis Tpodou 55 ilf’ EIT" .. xai & Bos &pos Tijs
Tpoddov: 1, %, %,. e

323. N& mpoobiopiadij & k olrews, dore of dpyol: 1 + k, 3 + k, 9 + k, kad’ fiv T&€w
BiBovTan, elvan SiaBoyirol Spor &ppovikiis TpodSou,
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324 ’E&v o, B, v, 5 elvan BiaBoyikol dpor &ppovixiis Tpoddou, va &mobeary b7 &t :
EL el A

op yd
- 1
325. 'Edw i‘f_ﬂ_’ ; i 8 elvai GioBoykol 8po &piBp. wpodBou, TéTE of &
i=w B By X po1 &p P By

elvar BiaBoy kol dpor dpuovikfis TTpodSou.
326. N&t mrapenfandolv 19 &pidumTikot bvBidpeoor xai 19 &puovikol dvBidpeool petall TG
&p1OuGY 2 ke 3. Edw 5¢ € elvan el apifunTikds tviidpesos kal 1 & dvTioToiyos apupovikds O elvea :
§E+ —=05.
327. *Edw ol dpiduol a, B, y cuvioToly &puovikny mpéoBov, TéTe kal ol &piBjof

a B Y

Bry—o' yTa-p «ip-y

TUVIOTOUV Erriong &ppovikny TpdoSov.

328. "Eav ol dpdanpor &p1buol o, P,y &moTeholv dppovikiy mpdobov, vi SeryBij ém :
a+pP | y+P
-t >4
1) TP B
2) Prle—yr =20y B-a)+ o (y—P)*].
329. "Edw of o, B, y ouviotolv &ppovikiv Trpdobov, va Bery 67 &1 :
R o Bepy

p-x "y "
330. ’Eav ol &pibpoi &y Xy ., O, ETOTEAOTY Sppovikiy TpdoBov, vk &rredeybij T :
00 + G0ty - - o 8= (@v-1) e,

331, Té &bpoiopa Tpiéw BiaBeyikddy Spawv ds dppovikijs Tpodou elvai %()3_' TO B¢ &-
Spoiopa Ty GuTioTpdPwy Twv elven 15. N& UmoAoyio8olv ol TpETs &p1Buod.

332, Ng EmAuBi) 1 £Glocoois 15x3 — 46x2 | 36x — 8 — 0, YvwoTou dvrtes &1 ol pifar Tng
eUpiokovra; ¢y &PUOVIKT] TTPodSew.

333. Eav ay, O, &, O & elvan Spot &pibunTikiis TpodSou kal Bii Pas Bar Par By elvan Gpor
dpHovikiis Tpodou kal foylouwv : oy = B, = a xal o = Py = P, v& elpeBf TO ywdpevov oPs.

334. 'Eav 4y TapdaTaots & (B—y)xt 4 B (y —adxy + y (= —P)y* elvon Téhetov TETpa-
Yovov ol dpidol o, B, y elpiokovTar v &puoVIKT] TTpodBiey.

335. 'Ed&v ol apibpol a, B, v elvar Epor dppovikijs Tpoddou Tafews A, p, v &vmioToiyws, vé
Bery9 1 lodrng
=—a+ @E=N)B+ A—uy=0.
336. Edpere Thv ouvBikny, Tva Tpeis &piBpol «, B, y elvar dpor &puovikfis TpodBov, olyi kat’

dvdryxnv Siaboyikol kad el Ti péoer Tijs ebpedeions ouvBrikns E€eTdoaTe tdw of dp18pol é “ %, ;ﬁ

dvrikou els dppoviky TpdoBov kai Tolav.
337. ’Edv ol piCon X, Xy, X, Tiis t610d0ecs 1 X3 -+ 3ax? + 3Bx + y =0, B # 0, dmoTe-
Aolv &puovikiiy Tpdodov, B elvo
3apy — y* = 2po.
Il. TEQMETPIKAI TTPOOAQI

§ 164. "Opropoi— "Eorw o, v=1,2,. .. pla drohoubia TPAYUOTIKEY
ap1Bucov, Srapdpawv Tol unBevds. O& Aéywpey &t 1) dxolovhia :

Ay Upy v v ny Uy guus (1)
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elvar pin yewpeTpel npéodog f) npoodog katd Tnhikov tdTe, xai pudvoy T0TeE, v
£raatog dpog g, and Tob Sevrépov xal Epefijs, mpoxtnry fx TOB moonyOLULvOY
Tov Ot woAdawdaciaouod éni éva xal Tov adtév oraleody dotdudyy.

‘O oTodepds aliTds &pifuds kaeitan Aéyog THs yewpeTpikiis TpodBou kai
TapioTaTal ouvnrifus kol alTods pd Td YPAUUX .

Ot Spor Tiis droroubias (1) kaholvTan kai Bpot THs yewpeTpikfs TpodEoU.
OUtws 1) dxoloubia :

2, —4, 8, —16, 32, —64,. .. (2)
elvan pia YEWUETPIKT TPoodos pé Adyov w= — 2.
‘Opoiws 7 dxoroubia :
1 l 1 1
1; o 3 SETS Sy 3)

elven pia yewpetpixny wpooSos pi Aoyov w = ;-

"Ex ToU BoBévtos Opiouol THs yewueTpikfis mwpodBou ouviyousy &Ti: Ed

oy kal oy elvan 0o SiaBoyixol 8por yewueTpikfs TpodEou ut Adyov w, O& i-
XOOMEV :

Q=00 v=12,. . . (€))

"Ex s (4) mpokUtrTel: oy & =w xoi ToUTo Bix k&fe v 1, 2,. ..
"Evreulev EmeTon 6 EEfis fooSUvauos OpIoPos TS YewpeTpIkijs TpooSou :

leopetpen) npéodog elvar pia dxodovlia daoludv, tijs dmolas 6 mniixov
ay i1t ay Odo oiwvdijmote dradoyuedv Sowv The loofras pé Tov adtov mdvrote apt-
Oudv, ¢ dmoiog xaleivar Méyog Tijc VEWUETPLXT]S 7Tp00dOV.

"Ex ToU dverTép dpiopol ouvéyopey Thpa T EERS

(D) "Edv o] > 1, 1é7e |oyyi| > | | Bk kB v=1,2,..., SnAabh f yew-
METPIKA TTpdoBos ay, , v=1,2,... elvan Gmoldrwg aiovoa.
OUrtws 1y wpdodos (2) elvon dmroAliTws alfouoa.

(ii). 'Eqv o] < 1, T6Te |oysy| <o | Br&kdBe v=1,2,. .., nA. f) yecoue-
TpIKN TPOoBos o, , v=1, 2,... elvon dmeditmg @Oivovoa.

OUrws ) mpdobos (3) elvan dmoAdTws @bivovoa, 8i1dT [co| = 21 Sy

Maparipnowg. 'Eqv jw | = 1, dnhabdn w = + 1, éxopev:

(i), A& @ = 1 1y yewp. wpdodos elvar pla dkohoubio Towy &piBpdv (oTabepd dxohoubia

ay =0, M v=12,...) kalds toiairn elver quyxpévws alfousa kal glivouoa.
(i), Ak = —I 1 yewperpixr Tpdodos elvan dmoAUTws oTalepd, H1&T! @
Javil| = fav - @|=|ov|=]o| kal ds Tora elven ouyypdves dmohuTes alfovoa kal
plivouca.
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1816mTeg Tiig yewperpikfig mpodSou

§ 165. "1816Tng |.— Eig nasay yeopetpkiy npdodov Exaotog Spog tng icod-
TOL PE T0 ywvdpcvoy tob np@rov Gpov abtilg Eni dbvayiy tod Loyov, Exovcav ékbérny
©ov apilpdv, Sotig puvephdver o nhijlog t@v tponyovpivey adtod dpwv.

"Hror:

@ =y wr=l, M=1.2, €Y}

"Anodaig : °H {516Tns Tpopawds loxver Si1x v= 1.
Asydpeda &1 dAnOevel Bi1ax v — k, fitol 611 loyler :

EE altiis mpokumTel oy - 0= oy +wk. AN o - W=k (Opiouds yew.
Tpondou).

o =0 - Wkl

"Apa: 1= 0 - Wk =gy -+ k+D-
fito, 1516715 ddnbBever kad Bi& v =k |- 1, Emopbvas, kot THY dpxhv Tfis wodn-
HOTIAS Emarycoyfis, dAnfeler Sid kéBe puoikdy &piBudy v.

Loappoyai. In: Nicopedi o Tog Bpog tiig yeopetpikiic npoddoy : %——, 1.2, 4,.

1

Abagrg, “Exouev oy 5 w=2 v=17 o=

it

Ar tpappoyiis Tol dvwTipw Tumou (1) eUpiokopey : a, = -—é- 22832,
2

@ Na eopefi) o nhijlog v tdv dpov mag TEWRETMKTG nmpoddov 1 dmoia Exer :
a =06 w=2, a, = 3072,
AVvorg Elg Tov Tomov av = a; « wv-1 Bétopev &vtl TowW &, W, ay T& foo Twv kai
Exouey 3072 =6 . 2% ! f z\hl = 512,
‘Emeiby 512 = 2¢ #) Teheutaia iodTns ypdeetar :
=2, ol v—1=9 A v=10.

Meputipnag : 'Fx il dveotipe 1816105 ounmrepalvopey 871 pla yewpetpuer TpGodos
sl‘vefi wehelos dypropévn, Grav BoBT) & TpdTOS 8pos TNg oy Kal & Adyos TNs w, Bi&T TéTE ol Sporms
0 elven dvrioTolyes :

log 6pos 205 &pos  3og 8pos  4os Gpos  Sog Spos . . .
ol o, a,w?, a,w?, oy, . K.O.K.

: § 166. 1816 g 11.— Eig yeopetpuciiy tpoodov pé nerepacpivoy mhijfog Gpov
1:>- -ﬂ.‘.,mw‘,m, dvo Bpov lotxig areydviov AV dxpov, icolitar npoc 16 Yvopevoy
OV aKpov dpov, fav 8¢ 10 niijfog t@v Gpov sivar mepirtov, tots & necaiog Gpog
slval pécog avaloyeg tév Expav Gpov.

"Anddertis. a'). “EoTw pia yewp. Tpoodos pE v Spous: a, o

2ot = ; sy Gy, Qy
Kol Adyov . TMaparnpoUuey &1 loyer :
oty
oy = (W) - | = ) = oy,
w
o
ay + aya = (oyw?) - (" _v_) = oy
w?
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kol yevikds, e & els & k Spous pd aUTol, B elven foos pé: oy - wk, TOTE O

o« S, \ ¥ o o~ \ . ~ "
Eywv k Spous peT’ auTov & elven Yoos pé : ?‘;— auveTréds TO yvopevov Té&v &Uo

o : o
aUTéY Spwv elvan 1 (ot ) - = )= S

B'). “Eote 811 TO Afifos TéV Spuov elvon TepITTOV, TOTE UTIAp)EL Heodios
8pos, Botw & oy . 'EE Spiopol elvan o = o1 - @ Kal oy = 3?:.31.
’EE oTtédv AapPévopey :
2= (1 * @) - (a—;i): O] » Ol = O Oy,
fitor & pecaios Spos elvar péoos dvéhoyos TGV &xpoov Speav.
§ 167. Népiopa I.— ’Avaykeia kai ikavi} ouvBikn, va Tpeig apiOpoi a, B, v,
xa®’ fiv taEwv ypapovror, elvar Sradoyukol Spor yewperpukiis npoddov elvan :

B2 = ay (¢))

Ets v meplmroow abthy &6 P xoAelTan yveopetpikog pécog T péoog dvahoyog
TéV o kal Y.

Tevikéds : KaloGuey yeopetpikdy péoov v* mpayuatindy apilpdv ay, ag,. . -,y
xai ovuPoACouey Totvov pé My, Tov mpaypatixdy doudy, dotis dollerar obtw:

v

Mr= Va0, ...0ay )

§ 168. Mépiopa Il.— Td ywvopevoy II, =@, @,. .. 6y 1OV v 1pdTav dpov
reoperpuciic mpoddov didetar drd ol THmOUL :

= (o,-a,) ¢))
Enueimog. ‘O dvwTépe TUos Slvaral vé ypagi] xal dos EEfis :
v(v—1)
M=o} -w 2 ,&mouwdibyosTismposbov. (Mal;). 2

§ 169. "1616Tng 11l.— Td G0poropa Ly = o, + @, 4 - +a, TV Vv nphTOV
dpav yeopetpikiic tpoddov pi Léyev o # 1 didetar vnd tob toHmovL :

_ a0—a
5= 20— M
*Anbdetig ¢ TToAAamhaaidlovTes dpgdTepa T& pEAn Tiis lodTnTos :
=0+t -t @)
¢mi Tov Adyov w eUplowopey :
WE, = 0G0 - Oy 4 -+ - W 3)
* BeTIKGV.
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"AganpolvTes kaTa péAn Tés (3) kod (2) xai Aappdvovres v’ oy &1

;o W= Oy, MW= &y,..., Gy 1WO= a1, ,
eUpiokopey :

W, - =aw—o f (co—l)-Ev-——c:Vc.o—cxl.
"Ex Tfis TedeuTaias iodTnToS, S1& w0 £ 1, wpokdrTe

Ay —
I R
w—1

"Acknois. Na amodeaydij & Tumos (1) Tob dBpoloparos B Tis peddSoy
Tiis pofnuamikiis Emerycoyds.

§ 170. Népiopa.— Té &dporopa X, = @Gttt a, Y v npdrov
Gpuv yewpetpieii mpoddov pE Aoyov @ #£ 1 diderar SLVOpTicEL Tod TpdTov pov
@y, 100 Adyov o kai toD TAiBovg v TdV Epmv Tov Ord Tob thmoy :

3

; ¥, =% (0¥ —1)

w—1 (0

‘0 TUmos (1) 8i8er 1O &Bpolopa TG v TpddTev Spwv THs yewp. Tpoddou,
Xwpls v& mapioTaTan dvdrykn v elpoopey TOV viooTdy Spov aUTiis.

’Egappoyi: Na drokoniodii 10 &Bpoiopa tdv dxter npirev dpov tiig npodbdou :

2,6 18, 54, ...

Adog : Els Tov Tomov (1) (§170) 8érovtes o, = 2, w—3, v—8 AapPévopev ;
230—1)  2(6561 1)

Mapatnpiioeg: a). "Edv els piav yewpetpikny mpdodov elvan @ — 1 ol imor (1) Tév
§ 169, 170 51& 16 Sy Btv Suvavton vé& tpappootoly (Siocrl;). Els tiv eldknv alriy meplrrreo-
oW, BnA. v w = 1, 1) wpbobos Exel Shous Tous dpous Tns Toous put Tov Tp&TOV Kal ouveTids T
GBpotopa Tév v TpdTwv dpwv looUTa pEt By = o, + a, f ... + G =v-a.

B"). Ol 8bo Tumor:

5, =

v—I1

oW — oy
Q, = o0 ) kal T, = -

@)

TEPIEYOUY TrévTe &yvaiaTous, Tous oy, @, @, v, Zy . 'Edv Aoimdv pds Boboly ol TRETS £§ alTIY, ToTE

w—1

Buvdpeda v ebpwpev ToUs UrodolTous SUo EmiidovTes To oUoTnua TGV EiowoEswy (1) kai (2). *H
Emiduois Tou dv Adyw ouoTiuaTos elval, & yével, elkohos TANY TGV EEfs Buo TEPITTTWTEWVY ;
(i). "Edv Znrolvran of ay kal . Téte T oUoTua Tév (1) Kal (2) 8l8er T EEloway :
(Z,—a) @' —% !4 a, = 0. 3)
(ii). "Eav Znrogvran ol o, kol w. Téte 10 ovoTnpa TéY (1) Kal (2) 5ibe Th Eicwao
@’ —Zw+ (£, —a,) = 0. (4)

Al thiccoers (3) kai (4) elvar v PaBuol ked bdv piv 8 v =<4 adra tmiAUovTan,
5 v > 4, wodyua ouvnBéoTepoy, TéTe Btv kaBioTaran Buvarth f) EriAuots ouTév pt Tag
Be1s yvaagers Tis *AAyEBpos.

Mepikdr &mrd & Trapouatalépeva TpoPApoaTa EmAtovTo e T Ponbeicv v Aoyapibuwy,
Ty Becwplav Tév dmolwy dvamrTiooouey els v TdY fropveov kepoAafwy.

tdv Speos
OTOIYEID-
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‘Egappoyn 1n: Teoperpikiic npoddov drotelovpivig £ dktd bpwv 6 tedevtalog dpog
g igobrar npdg 384 xai 6 Loyog leobrar mpog 2, Na ebpedf) 6 npdirog Gpog tng kal 10 &0por-
opa 1OV Gpov Tng.

Abeg : "EoTewoav o 6 mpddTos pos, w & Adyos kal a, & vioaTés Epos Tijs yewp. mpodEou.
x,W — o

= : ik w==2, v=8, a, = 384 AapBévopev

*Ek Téov Tmev @, = o kai =
AUTIOTOIY WS &
384 =Y iy el B S O ey
'Ex Tijs wpwTns Exopey oy = 3.
AvrikedioT@dvTes els Thy (2) 1O «; ki T Toov Tou ebploxopey :
_384.2-3
2—1
*Eappotyy 2a: Eig yeopetpienv npéodov pd npdrtov Gpov 1o 5 6 Efdopog Bpog g ioed-
T mpog 3645, Na e0pe0ij 1) npoodog kai va dnokoyielij 10 G0poropa thy Enta npdrov Spwv g,

5, = 765.

] a, W—o

Aberg : 'Ex Tév Timev a, = o’ kal Iy = T Sid o, =05 v=17, kai
o, = 3645 AapPhvoyev GutioTolyws :
3645 = 5. @t (1) xad 3, = 354i'_‘1°]_:§ @)
*Ex Tiis (1) Exopev w® = 729, 8 fis: w= 4 3.
Mi& w = 3 7| mwpdodos elven: 5, 15, 45, 135,... (3)
A& w = — 3 f) rpdcos elvan 5, —15, 45, —135, ... “)

‘H mrpadrn elvan yvnoiws abfouoa, 1) beutépa Biv elvan olte alfovoa olte gbivovea, slvan
Spes dmroilTws alfouoa kal pahoTa yvnoiws.
*Ex Tijs (2) 81 dvTikaTaoTaoEws ToU w pE Tas Tipds Tov -3 kal —3 elplokopev dvmioToiyes
s 645 (—3)—5
5= —3—6—4%5— = 5465, o= l—-—(TiL — = 2735.

To wpéTov &Bpoioua dvagépeta els Thv wpdodov (3), To Sebtepov els THv Tpdodov (4).

§. 171. MapepPori) yewpeTpikGyv évliapéowv.— ‘Opiopoi. Of &pifuoi
Xy, Xop- - -4 X, KoAOUVTON ye@peTpikoi Evirapeaor Solévtev dpbudv o kal B, ToTE
Kal pévov TéTE, &v 1) TETEpaTpévn droAoubia :

SRRy i, B ¢9)
elvan yewpeTpikn Tpdodos.

AoBévTwov BUo dapiBudv o kod P kodoUpey mapepforfy p yropstplcdy Ev-
Srapiomv TN eGpeciv B EPIBPGY X4, X, . . ., X, TOWOUTWV, GOOTE fi droAoubia :

O Xyqy Xope - oy Xy P V& elvan yewUETPIKT) TTPGOBOS.

A& T elpeciv TGV G5 Guw yewpeTpikdv EvBiapéowy &prel v elpwuey TOV
Adyov Tijs yewpeTpikiis rpoddou (1). 'Eqv mrapactiicwpey pé w Tov Adyov Tijs
Tpoddou aUTiis TOTE, £meldn TO TATOos GAcwv TGV Gpov TN elvan p+-2, 6 P 6&
KaTéxn) TV B+ 2 Btoww kol ouverrdss O Eyoopey :

(u+2)—1 ﬁ -1

P=a-w P=a . "
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"Apa: 1)

O TUTOS (1) koAeltan tomog mapepfoliic YEORETPIKAY Eviropécov 7 ouvTd-
HOS TUTOG tilg yeopstpukils rapepfoiiic..

‘H TOpepPoAt) YEwMETPIKOY EvBlapéowy elval BuvaTr) els SAas Tdg TEPITITC-
Oels, ATV Tfis TepITTwoews kaf' fjv ol SobévTes dpifuci a, B elven étepdomnuon
(aP < 0) kol 16 TARGOs TG mopepPaioptvey Spwy TEpITTOS &piBuds (BlocTi; )

‘OpiobévTos ik ToU TUToU (1) ToU Adyou w, of {nToUpevor dpiBuoi elvan

weelfB nme(VE) e (VE)

Egappoyiy. Metaid tov apOpdy 3 kai 48 va rapepfinbody tpeig yeop. viiapsaor.
Aborg : Ex To¥ TUmou (1) B1d o= 3, P = 48 kal u = 3, happdvopey :

4
4

/48
w= 3—-7-'\[16, BE ol e 2

Zuverdds of {nrovpevor yewpeTpikol dvBidpeoor elvan ol : 6, 12, 24.

. § 172, Tupperpiki) mapaoTacig TGV Spwv pidc YEWpETPIKTG Tpo-
68ou memepaopévou mANBoug Spwv.— TTpds mepiopioudy Tév dyvdoTev el
Slqu)opcc TROPBATMOTS YEWHETPIKGY Tpodduwy, idia étov 6i8etan To Y1voeEvoy
ToV apiBuddy, of émeiol elvan SiaBoyikol dpot yewpeTpikis TpodBou kaidv elven
VA EX ey U’ Sy Tas £6Tjs BUo TrEpITTTOOES

Mepintmerg 1n: "H npdodog xer neprrtov mhijog Gpov.

Eav 7 Tpdodos Exn (2v-+ 1) Spous, TTE Umdpyel peoaios, Tév STroioy
UpBoliCousy pt x kal éav & Adyos T TpodBou elvan o YP&PouEY THY Tpdodov
TRUTY Gs €T ;

X XYY 5
TR L S e X, Xw, Xxw*,..., xcp”.
Hzpintweic 20 : “H nphodog Exs dpriov nhijlog pov, Fotm 2v.

Eis oty iy mepirTeow UTEp)ouy BUo «ueaaion bpol loaméyovTes Ty &kpoov
!

e N d X ] i
Tous omolous mopioT@uey pé: - kal xA, 8Te & Adyos w THs yewn. mpod-

Sou elvon: o= xA: ;\ = A? kai 1) Tpdodos ypdpeTan TéTE g &Efis :

X X X

’W,.. .y '?\73', T, X?\, x?\"’,.. o XAV l.

Aéov va onpeicodj 611 els THY TEpimTTRoW ol 6 X div sivan Bpog TS yeco-
HETPIKTS TTpodBou kai O Adyos Tiis TpodSov, s EAéxOn, clvon AL
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'Epappoy . Na eopelody téooapeg npayp. apiipoi, oi énolor eivin dradoyikoi dpor
YEML. TPOOBOV, EGV TO YLVOREVOY TOV toolTor mpog 729 kai & tétaptog icoltar mpog 1O Yivo-
REVOV TOV 600 peEcaiov.

Aborg ¢ Katd 1& dveoTépw, TepimTwais 2a, Taptot@uey Tos fnToupévous &mbuols s £fis
X X
— 2 X A
Al A

*Emraidi) o yivopevov Twv loolTan mpds 729, 0 Excopey

:3 . ?\ - XA-XA3 = T29
f Y= 7729 = 972 . REGUG X I 53

'EE &Ahou, kard TV Ekpawvnaty, Exopsy @ XA — ( ; ) A =2 f N=x, &
Tfjs Otroias eUplokopey : e ]4'3.

A x =3 ll3 Kal A = V3 ol {nToupevor dpibpoi elvan : 1, 3,9, 27,
Aixx = -3 }"3 kad A = — |3 eUpiowopsy méAw Tols iGious &piBuols.

§ 173. "ABpolopa ancipwv Spwv amoAiTwg $Oivolong yewpeTpl-
Kijg mpoddou.— "EoTw ula yewueTpii) Tpdodos ué TpdTov Gpov TO o Kol Ad-
yov w, fiTol éoTw 1) Tpdodos :

(oo (o oo (s LSRR 1 e NG, )
"As aupPolicwpey pe Z, 16 &poroua TGV v TrpwTwy Spwv T (1), TO dmoiov, dg
YvwoTév, &ideTan UTtd ToU TUTIOU :

5 a(w—1)
w—1

"EoTw Tpa 6Tt & Adyos w THs (1) mAnpol v ouvdnknv: 0 < |w | < 1, 8nhadn
A (1) elven &moAUTws gbivouoa yewpeTpikh Tpoodos, ToTe ioyUel TO kaTwh
Becopnpa :

§ 174. @edpnpa.— Aid kabe Ostikov appov & (boovdimots pikpov) drdpye
deikTng v, = vy(e) torobrog, date va ioyiy :

| a

‘ E - i <& O kabe v=v,
)
Wy @ N Bl s @
H &mep 10 alT16 : lim 2, — Y
v—> & 1-o0
*Anodelis. TMpdypori: I, =af awt « -+ aw' !
aw’ —a o a
7 . = e ) 3, = e
N i w—1 1 T =@

‘H drohoubia dpes ¥, v=1, 2,. .. pé |w| < 1 elvan undevikr (PA. Kep. V
§ 131, mapdderypa lov).

p ) o
Sivm lim——— - w¥=0.

“Obev : lim %, — T = ?

V—r 0 == V—)Gl]'
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Ex ToU dvwtépw Bewpriuatos 68nyolpsda els To vd Sdhowper Tov €5
OpIopSY :

Kaloduer G0poropa t@v dncipov dpov tiig dnokitaug pBivobong TEMPETPIKTg
nPO6OOY ué modmTov deor TOV @ xai Adyov o Tov mpayuatixov aoifipoy ¥ 19 T00g

—

Tov dmoiov ovyxiiver 10 dlpotopa X, T@v v modtor dowy TG YewuUETOUiic mpo-
ddov. Mpdqopey Bt oupPohikés ;
5, A S=otowtouwtto o= 2

e I-w

Qo Eav |o| <1l = L =L =

w0

1—-o M

Aéyopey 8¢ 1ote 1 «To GOpowspa 1@V dnsipov dpov YEORETPIKTS Tpoddov pg

npdToVY Bpov tov a kai Léyov 0 pE 0 < || < 1 icobtan pé : -1-----u—— ».

Inp 'Edv o= 1 tome: ZT=1l+ @+ o4 ... 4 o} 4 ... =
4 .4
T 3;+~-

Adbaig : Of &rreipor wpooheTéor Tou dBpoicpaTos cuvioTouv yewp. TpSoBov uE TTp@Tov Spov

’E@uppoyy In : Na dnokoyiodi] 1o dbporopa : 4 ;’ L

o = 4 kol Abyov w = é . ‘Etropéves 10 InToUuevov &fpoiopa §ibeTan UTd TolU TUTTOU D,

4 4
;_]‘. n «if...,{,?_n}‘...ﬁ 4 .= 6,

1
T
3
’Eqmpuoyﬁ 2a: Na e0pedfi ©0 kowdv khiopa, dnd 1o dmoiov maphyetor 10 Sexadikoy
TEPLOSIKGY KkhGopa 4,513513. ..
Abalg : T Serabikov meplodikov kAdopa 4, 513513. .. ypbeetan :

fitor: 4 -

s i
1000 10008 T
513
e, 513 S8 L 5180 1000 513
AT LT R 171 (IR 11 i e s S~
"~ 1000
. 513 4509
Ao - Lo e e
pa: 4,513513 44 599 995
napmqpoﬂueu Aorov 611 6 BexaBikds dpi1Buds 4,513513. .., Stav 1o TAfBos Tév Bexad ik
Tou wngicv aufiver &meproploTes, Teivel Tpos ToV pnTov dpifudy 4‘;9[]9?

AZKHZEIZ

338. Xapaxtnpioare Tés kaTwh mpodBous ds pds o povéTovoy kal T6 elfog uovoToviag

i 8 16

) 12,63, .,P) 5 3 Gyl 36,12, .., &Y, .—4

' 3"! 9“..
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339. "Eortw 1) yewp. mpdodos 1, 3, 9, 27, 81,. .. Acifare &1 of Bragpopai uevafy BUo Siobo-
X1k&v Spoov oxnuaTifouy plav véav yewp. mpdobov. ‘H 1810Tns altn Slvarar v yevikeudi) &1’
olav8fimoTe yewu. TpooBov;

340. TMpoodiopicaTe TOV TpaypaTikdy &pifudy x oUTos, coTe of kaTwi &pilpol droTedouy
SroBoykous Bpous yewp. Tpoddou: 1) x—2, 2x, Tx -+ 4, 2) 2x—2, 3x + 6, 12x 4 6.

341. N& ebpeby 10 TARBos TGOV Spwv yewueTpikfis Tpodbou, el Tag K&TWH TEPITTWIEIS

c)iy==d, =4 4 = 5460, .« Blioy= 13, e = U o, =941,

Y) =4 &, =972, I, = 1456, B)«, =8l, = 2, s, — 781

342. N& oynuoariodi) yewy, pdobos, 1} dmola éxer dos TpédTov Spov TNV HIKpeTépay pilav THs
tiooes x® — 2x* — 25x + 50 = 0 kal g Adyov v peyedutépav pifov. 'Emi wAtov va elpe-
67} TO &Bpoigua TV dpwv alTiis, TGV dmoiwy TO TAfBos elvan TpiTAdatov Tis Tpitng pidng TS
dvwTépo E§1000EWS.

343. N& mapeuPAnfolv 4 yewpetpikol tvdiduegor petafu Tis MKpoTépas Kal TS peyoiu-
Tépas pilng Tis E§iodoews 2x —5x — 3 = 0.

344. N& Berydij 81 10 &fpoiopa v yewuetpikédy vBiautowy TapeuPodiopivev petafy 1
kal a looUTar Tpds :

) i vl
Va ( ]ﬁz"—l) ; ( Vot—l).

345, Tecopetpikiis mpoddou £ ditdy Spwv T6 &fporopa TV 4 mpeTey Spev elven 40, Téwv
& Umrohoitreov 1O &Bporopa elvon 3240, Né elpedii & Adyos kal 6 TpldTos Spos Tijs mpoddou.

346. To &bporopa TéV Teoodpwy TpwTwY Spwv hivolans yewp. Tpoddou gvan 65, TO
&t Glpotopa Tév drefpwv Spwv Tns 81. N& edpedij 1) mpoobos.

347. *AmoliTws gbivolans yewy. TrpodBou & TpdyTos Spos T elven 16 1/2 Tou dfipoicpaTes
TGOV dmelpaov Spwy Trs, o 6t &bporopa Tév Buo mparTev Spav s elvan 20. N ebpelij 1) mpoodos.

348. No& eupeboiv Tpeis &p1Bpol &rroTeholvTes yewit. Tpoodov, tav yvwpifwuey 1o dipoiopk
Twv 52 kai 16 &lpolopa T@OV TETpayvwy Twv 1456,

349. T &Bpoiopa TV &reipwov Spwv &ToAUTwS pRivoUucns YeEwRETPIKHS Tpoddou eivan 12,
TS 8¢ &Bpoiopa TGV TeTparywvwy TV &rreipwy Spov Tns elvon 48. N ebpedi) 1) wpdobos.

350. N& ebpebolv T& kdTwd &bpolopaTa :

2 +1 1 1 1 1 1
oD B g g T e = ey Al
) 12l 212 2 B) 3 9 27
p pe
V) a+pt ot ot @>p>0)
i ) 4
351. TTpds woiov dp1Budy Telve T TrnAikov Tou &BpoiopaTos: 1 + (—2—-) + (;) R +
e B1& Tou &bpol e Jhp T BTaw TOV >
-+ ( 2—) -+ « -« Bix Tou abpoiopaTog: 1 + GE o e T (2) t -, OTQV TOV —» 0,

352. Né& elpefioly T& kowd KA&ouaTa tk Ty drolwy Tapdyovtal T kaTwh Sekabika Tre-
Prodikd KAGopaTa :

1940, 17651651 5 52) 2341702702, 3) 21,327575....5,4) 3,7292929, ..

353. Els ioomAeupov Tpiywvov mheupls o cuvBéopey T& péoa Tv Theupdv Tou kol eupi-
okopey véov TotouTov. To aliTo ErravahapPdvopey els 16 véov Touto Kot oUTw kaBebfis. N& elpedi
T6 &Bpoiopua TéV uPabidv kad TV TepipéTpov TEY &eipwy TOUTWY Tpry vy,

354. 'E&wv o, B, ¥, 5 elvan Bradeoyixol Gpot yewy. mpodbou va Serydi :

D (@+8) - B+y)=(aty) @+8) = @-y»
2) B-yr+ (-0t B-pF = (@8
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355. Na Urrooy1o6f ﬁﬂcpdcr'rum;:v ap Vu@ V—rx[i | 5Tav 10 mAffos T
pihikév elvon dmepidpioTov,

356. "Edw ol mheupal Tprydovou oxnuaTifouy Yewu. Tpoobov va Seixdh, 41 & Adyos T TTpO-
it 5=l 5+ 1
o8B0y EreAnfete THy ayéay : ]/' e e L =

357. Tpeis dpifpol x, y, 2 Exouv &lpoioua 147, tav ol x, Yoz tlvan BixBoy kol dpor &pifp.
wPodBoy kad cf x, z, ¥ yewpeTpikiis wpodSou, vé elpedodv of Tpcis alTol dpiBuoi.

358. "Eaw q, B, y, 6 eivan GeTikol TparypaTikol apfuoi kal loyue :

Peay =0, y*—pPd=0, T6Te0& eivan : a—-8§|=3|B-vyl
359. "Eav of &p1Bpoi o, P, ¥ &moteholv yewpeTpiknv mpdodov v &mroderyBij ém :
7 i, ol
of B y? ( ot I pe i Ys) = i S

360. 'Eav o |- of + B* =0 kal a® 4- f3 =3, v& amobeiyBij 611 of dpiBuol : o, Y, ﬂ\f@

&moTehody YewpsTpikny wpdodov.

FENIKAlI AZKHEZEIZ ETII TQN TTPOOAQN

361, 'E&v x, v, ze R wad My, M, M, glvan dvmiooiyaws 6 péoos ap1BunTikds, péoos yew-

HETPIKOS Kol péoog appovikos alTdY, va &mroberxdij &1 :

My=Mr=M, . (&viodTng ToU Cauchy).
362, 'Eav x =0, y =0 Beifate émi:
1 2 e
ot S g e T
3 X T 3 Y=X e

MéTe loyve 1o foov;
363. Ty droroubiay T@Y QUIIKOY &PIBGY Ywpidopey tis dpdBag di drohouBeg
L (2,3,:4,5), (6 180012, (13,14, ..., 99%, (23, 24,9,
N& elpsdij & mpdsTos dpos Tis v—00THs SUABOS CUVapPTAGE Tol v Kol v Bexbf) 61 16 &fpor-
THA TGV &pifipdsy Ty TeprAapPavopévay els THY v—ooThv dudda loouTar TTpoS ¢

Gv—2) . [(vml)» , ”22'3 1}.

364. "Edw S, elvon 1o &Bporopa 1@V v Spwv dpiBunTixds Tpodbou, Ths dtolas & Adyos
elvan o xai :‘52 10 &Bpoloua TOY TETPAYWIWY TGV alTéy Spoov, v &moBeryff 6T :

g 1 ot 1 S
‘17V.,-—-—ﬁvw(uﬁ)_
BB E Ay i _-‘-\’-'*..55 ’_*_'-_6__ , Vr'x"-'—_— 5x + 6 Vx*—Sx =
- B Hi(x) = x?—6x + 8 X—6x+8 15— +8
; 33 132
v e i
R o (55 187
366. N& Seiy6ij 671 Edv 16 &bporopa v peov Ap1Bun TG podSwy, al droia Exouv Adyoug
KaT& oelpaw 1, 2, 3,... sivar v?, ToTE of TP&TOL 6pol Twv &IToTEAOUV pBivovoav Eprfun iy

Tpoobov, N dmroia kai vk Sp1ob.

367. N etpedij 1y ouvbikn, Tva al pigar Tiis tiothoecs: X3+ ax? -f Bx + y = 0 dmoteAoly :
Q). ApiBunTikiy Tpdobov, B). MewpeTpikny wpdcSov.

368. Né 6p1ai) & k olUres, dore ol pifan T €fiocoeeds X9 — BX? — 6x — k — 0 véx drrore-
Aoty mpdoBov &pidunTikhy 1 YewpETpIKAY Kad vl Aubf 1y ESlowais by,
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(‘Yrodeigig. AdPete U Syiv T& ovpTmepdopaTa Tis Tponyoupévng &OKNOEWS).

369. XwpiZouev 4200 dvixeipevacels v | 1 dpdbas oltws, doTe ) TpoTn dpds vé TEpihay-
Bé&vn 5 dvrikeipeve, 7y Seutépa 8, 1) Tpitn 11, ko.k. N& eUpedi] 1o mAf{Bos TEV Sudbewv, Tés
omrolas Buvapela v oynuaTicwpey kol TO TATBos TEV UroheiToptvey duTikepéve.

370. ’Edv oi q, B, ¥, X, ¥, z slvar Betikol &pifpol kal O pév o eivar péoos dp1BunTIkGS TGV B
Kal y, 6 B X utoos Gpuovikos TGV y, 2 vé doBeiyBij 81: & ax elvon pioos yewpeTpikds @y Py kal
¥z TOTE, Kol pdvov TéTE, dv ! y + L B : 4 .

z ¥y p

371. 'Edv ol Bidgopor dAAAwY BeTikol &piBuot a, B, ¥ elvan Siaboyixol dpot &pifunTikis A
YEWHETPIKTS f) &puovikiis TpooBou, va dmebeiydif 811 Bid kdde guakdy dpiBudy v =2 oyl
N GvicodTns :

CHE s
("Yrodertrs. "Epappdoate THv ptfodov Tiis Teheias Emaywyiis).
372. "Eotw 1) drohouBia: av, v = 1,2,... (1), Bi& THY Omoicw elvan
Gypo =8 -0, +n -0, Y veN (§ neR).
N& &mobeixdij éTi:
"Edv & Adyos % &rou oy # 0, elvan pila Tis EE10oews ;
i x!—Ex—n=0,

TOTe ) droroubia (1) elvon yewpeTpikd) Tpdosos.

373. "Edv Sy elvan 16 &Bpotopa Ty v pwTwv Spuv yewueTpikils Tpoddou Tis dmolag &
TP&dTOS Spos elven a = —5 kal & Adyos @ = —2/,, v& armrodeaydi) &1 :

(V e>0 xal 3 veN, uév>3(-€%A1)) R

Mofov 16 lim Sy ;
vV—co

20 S
*"—7-—;\' L
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KE®ANAION VII
ZEIPAI MMTPATMATIKQN APIOMSQN

' § 175. TupBohiopdg aBpoioparwy.— Emady CUXVOTOTA ouvavTapEy
&Bpoicpara s poppfis :

ottt - oy
XPT’]CTlLiOTrOlotNJuEv, B1d THY CUVTOUWTEPAY Kad &TTACUOTEPOY YpagTiv, To EAANVIKOY
YPaUua E mrpds cupPoliopov Tév év Adyw dbpoloudTwv. OfTw Yp&gopey :

5
oyttt oy, =X a.
k=1

To Selrepov péros THs looTnTOos, dNAcEn 1) cupPoiikn) ekppaois L ay duay ryve-
k=1

OKeTal @ «illpotspa Tiw (doudv) ay dno k— 1 fwg k— . ‘O oupPoAlopds
k=1 k&reobev Tol ouuporou K onuaiver 611 1 elvan ) mwpotn Tiuy, Ty Smoiay
7"\<xuf3dvs1 6 Beiktns k, &véd & oupPoliopds k = v &vwbev ToU ouuporou E onuaiver
oT1 _6 Befktns k B& BiaTptln ToUs puaikoys dpiBuols BEYXPL ket TOU puatkol dpi-
8ol v, Téhog T& aUuBorov E onuaiver 5T1 wpémel véx TpocBéawyiey SAous Tovs §-
POUS Trol gn&PBopev BtTovTes Siadoxikids k=1, k=2, k=3, .., k=,
2upBoTikdds kaTeTépw 0& BETwHEY © iéluk =qp

Auvdper 6 AueoTépw EXOUEV TWPA <,

10
a). 142434+ 4454+6+7+84+-9 4 10=Xk
k=1

9
B). 1342204 3 424524 621 T2 8 Q=X
k=1
12
Y) Xg+ x4+ X5+ Xg+ X+ X+ Xg+ X+ x5y + X = £ x,
k=3
B). oy b b o b = (O ROyt ) o (o oyt g )
5 9 i
= Z o+ L oy
k=1 k =6
5 9 5 5:
nror: E og=ZX ay + & a.
. k=1 k=1 k=6
Cevikartepo EXOUEY :
v 1] v
Eag=Xoag+ E o, peNkaip<v.
k=1 k-1 k=p+1

AiBopev KaTwTEPE HEPIKA GKOPT TrapadelypoTa Tpos TANpEcTEPOWY KATQVon oy
ToU guufdhou L.
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[apadevypa lov @ Eis v mapdypagov 28 éyxopev dmobeiler, 611 :
v(v+1)

12 ey =
} 34 2 p)

Thy oxéow TauTny ypdgopey, T Ponbeia Tol cupBotioy I, ouvtopws oUTw ;

Y v(iv+41)
= e
_?_ 5 .

k-1
[opatipnoc. "AMa &SoonpeiwTta ddpolouarta, T& dTola ouvavTd Kavels

eis Tas Epappoyds, elvan kai T& £Efjg
v L =)
P ¥ L 7\{(\}7 | 17)6(2v7¥ )

o). 12422432 4. .y
k=1
B). B 2n g 30 g = Blem POF D g e £ [ik}v
) 4 J=sl k=1
vv+1) v+ 1) Bv*+3v—1)
30 ’

y). 184-244- 38 .. .- vl = 3 k-
k=1
"Acxknois: 'Amobeifate Ty dAnleaiav TGV (a), (B), (¥) Si& Ths pebdbou
Ths Tehelas dmaywyiis.
Hapadevypa 2ov: Eig v § 50 dploapev, 611 drépaiov ToAudivupov dg
pos x, BeBpov v, elven pia dhyePpikn TTap&oTacs Tiis pop¢i]s
[(x) = ap+ oyx 4 apx®+ - -« o, X @))]
"HEn Suvdpeba va ypdpwuey 16 rohuwvupoy (1) ouvtduws olTw :
% 0.

e

f(x) =Eoxxk, apeR, k=0,1,2,...,v xal a,
k-0

§ 176. Baocwkai id16TnTeg Tol oupPérou Z.— Al drodoudol IB16THTES

gmiTpémouv Eva duetov Aoyloudv Ti BonBela ToU oupPorou L.
v
i). 'Eav oy = a Brakabe k=1, 2,... v, 1é1e loyve : E ap= va.
k=1

Eibikéys, éav a=1 #yopsv: Loy =X 1=v.
k=1 k=1
ii). “loyUer ) moooletia) iSwtys, fiTol :
E(am-ﬂk):,zak—ﬁl‘.[ﬁk Kal E(Gk—ﬁ]‘)r')_‘.dk—):ﬂk.
k=1 k=1 k=1 k=1 k=1 k=1

iii). "Edw A oTafepds mparypaTikos dpifiucs (uh éEaptdopevos &k ToU SeikTou

k), ToTe foyler :
(iddTye duoyevelag).

EAog=A - E o
k=1 k=1
iv). “loyder :

kEIO\GL + uPi ) =A 'k_A‘;ICXJ.- + i -kgﬁk . N A el
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V). ’loyve :
v
RL I(ak —ap_]) = a, — q, (0dTng ovpmrieans ).

x . ; 2 : it =
Aocxnoig: "Amodeifate Tés dvoTép TévTe i810TnTOS TOU ouppdiou E.

Mapatipnoig. Méypr Topa éxpnotpcmomoaper ds Befkrny To Ypdupa k. Tolro elven cbfai-
peTov kad oUBévar péhov Tailel, Suvdpea nhadh vi xpnooTomMwpEr 1 1o aldTd &poropa
kal &AAo ypdupe, ds Seiktny. QUTws Exouey :

v
oy feg e o, =80, =L a = Q
k=1 p=1 v

Emions ol Tipad Tds Omoias AapPdvel & Seiktns SUvavTar va peTaBéMAevTan, TéTE Blicos
B& petaPdrieran auyypévws kal & UTd 6 ouuPodov E Seikns, oUtw Ay, Eyopev ;
5 4 15
o Llay s e= B e =T o e B "
i 2 klkkﬂk!lkllkvlo
SnAaBh : Suvapeda va adiicwpey (i va élattboopey) tov Seikeny oo 1o aopfoloy X, dpkei
Vi ELotthoapey (if vee evEfowpey) Katd tov adtov apbpov 1o Gpa (tag {kpug TipGS) ToD
oupflodov X,
‘Eoappoyq In: 'Yrokoyicare 16 Epospa thv v npatmv mepitdv aplpdy,
Aborg “Eyopev:

v =13,

v v W
e R R s et G U
k=1 k=1 k=l k=1 k=1 2

ol 0k 2Ty i,
k=1

v
I (3v¢ 4 Sv)
‘EQappoyn 2a: N& anhoromdij 0 khiopa: .-"T'_ e
L (3v? — 3v)
v=1

Aborg “Eyopey:

Z (w45 3EVH5Ev 3 l(i,fl)é(?l’ +1) vt 1y

v=1 vl v=1 2

v e M T e R
> (3‘.,2 e 3V) 3 }\-_E e e 2 3u(,‘iT )6( v_) =13 f@__l»__l)
v=1 vl v=1 2

vv+1)(v+3) v+43
v+ DE=1) v-1°"

AZKHXEIX

374. “Yrohoyioore T& K&Twh ddpolopara:
v v 1 v

SOl Bl HERT) Bl 2

) K ;]l\(k 1), B) ) Y) kfl(k + 5k + 3);

v v v

8) kE](k“ + T2+ 12k), € 1\: lk(k+ 2)(k +4), or) E (k4 3K+ 4ka),
S = k=1

: 375. Ta& kérwh d¥poioparta va ypagolv Bid& Xpricews Tou oupBdlou E kal axorotfuws v
vtroAoyiofouy :

o) 1.442.543.6+---+v-(v+3) P) 2x 4 4x* + 8x3 4 16x4 4 3258

Y) 134424 73 4 ... 4 (Bu—2)3 §) 14371524 ... 4 @Qu_1])e
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376. N& dmroSeiyds 511 : kz'lw -y
377. N& &mhormroinfouv Ta kKhGopaTa :
k k k
E (vi + 6 + 5v%) E(2v—v L (V4 3v4 2v)
v—1 v=—1 v=1
0 5 i b S e ST
E (vt 4+ 20 4 v2) L (v —v) ! J
v=1 v=l
378. Eav «, @y, .., o, Kol Py, By, .., B, given TpoypaTikol &pibuoi, va dmodexbi 4

&viodtns T@dv Cauchy — Schwarz.

(Bam=(E2) (i)

379. ’E&v ve N Beifare 611 glvon :

[ﬁ%qupﬁ)

380. N& &moberybij &1 Tiis pebdBou Tijs TeAeias Eraywyfis 6T, & v = 1, elvan :
v v v+ 1) { ¥ ¥ }2 B
&) e B pEem Tl . > < 2.
) 3 = < 3 B) SRS
§. 177. "H Evvola Tijg oeiplig.— Ymobéowpey 611 pds £xel Bobij pia dro-
Aovbia o, ,v=1, 2,... Tfjs dmoias oi Spot :
(= el e e B s 6 L)
elvon paypaTikol dpifuoi. Ak k&Be veEN, Opifousv TO &Bpoioua:

By gy o o i = Ty @
k=1

TGV TpdTwY v Spwv THs (1). OUtws Exouev :

Oy &y, Oy =0 Oy, Oy O+ Oy Q...
Kot autov TOv TpdTov popgavouey pia viav droAoulliav oy, v=1, 2,... ué
Spous Sl TSR B e e, S pr s 3
oi 6moiol elven dbpolouaTa Tév Spwv Ts (1).
Thv drohoubiav (3) gupwvouuey va THY cupPoAilwuey oUTw :

- ;
o+ gt o f Oyt - - T) OUVTOUWS O + St

o0

A ouvTopTepa Kal drkpiPéoTepa: Eay . 4)
v=1

\ 3 | » = - Ry
To ovpfolixdv dlpowopa ay+ ay+ -+ + av+ -+ § L ay xaleitar oEWpa 1@V
v=I1

npaypanikdy apbpdv a, , veN. Ké&be &pos Tiis (3), SnA. kdfe &bpoiopa
Ty= O + 0ty + -+ 4 o KOAETTal «peprdy GOporopar 1) kol «ipfipo tilg cerpicy
(4). Ol épor Tiis dkohoubias (1), EnAadn of ay, &y, .., & ,. .. KOACUVTC «Bpor
tijg orpigr, 6 8t o, eiBikdTepoV KOAETTOL «yEVIKOG Bpogy TTiS oeipds.

"Ex 1&v dvwTépw ouviryopey Tapa OT1: Bid Tou Spou oepd. Evvooupey Ev
paBnpaTikov gupPorov, TO dtroiov TaploTd TV dkcAoubiov Tdv pepikédy &Bpol-
cuatwv Tis (1).
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Inpeiooig @ Atv mpémel v& yiveton oUyyvois Tis fvvoias THs dkoloubiag Shaw= b2
TGV TRpay HaTIKGY &pBpdy o, ue ThY opiobeioay dvwTépw Evwolav Tiis oeipds i? o, TV ol
TV TporypaTiky &piBuddv. AUTan kaiTol oxnuaTiGovTon pé Tols avTous 6pvou; eivon Buo Ev-
valal Evtekdg Si&gopor.

Mapadeiypara ceipdv :

lov. "EcTtw 1) celp& Ev-_—~1+2+3+ sl ATk
v=1

A& Thv dog e oelpdv EOpey :
By Oy = -U(VJF,I),

g;=— 1, 0’2'_'3; 04— -3 Uy 2 2o

20v. "Eotw f) dkohoubia ay = @Y, v=1, 2,. .., ékTevdis 1
Thsiiens g2 el R (1)
Tiis dmolas of &por dmoTeAolv TpdoBov YewpeTpikhy ug TpéToV Spov TS 1 Kai
ASdYoV 15 . Thy droroudiow T&Y pepikédy dBpolopdTev Tis (1), fitol Thy :
oy =14+wtwit - !, v=12,...
KaAoUpey «yeopetpukily oewpav» kal THv ocupPolifopey, kaTd T& AexBévTa, olrew

©
B = b @@t b @
v=1 i
Enueinoig : *Eviote /| &pibunois Tév dpeov mids oeipds Gpxetan pe Seiktny v = 0, TéTe ypd-
POpEY : EGVEO(,,-|-0',+C!8*|"--"l'Cl'v'|‘"'
v=0

Obress 4 Yewpetpikd) oetpd (2) Slvaran va ypagi] kai g £Efis :

Fo'=ltoto+ to + ...
0

v=

= 1 1 1 1
Jov. Hompk: Bop Sltgtgt gt (reouerpnd oa-

pa pé Adyov w = A;-) ué pepikov &bpoiopa :

g i 1 1
R S e

4{)\'_ ‘H UElPC’X: EV(U—{" 1)512+23+3‘4+—{—U(V+1)+..
v=1

ME pepikdY &Bpolopa :
o=l 22 e B E v 1):k£[k(k+ 1)-_1u}:1k2+2k s
= = k—1

_ v+ 1)6(2v+ D +_"("; 1) :—;ﬂv(v+ ety

Mapotipnowg : ‘H Evvora Tiis drkohoubias THv omoiav eibopev els TrponyoUpevov KEQ-
Aciov &vTioToryel els THv Evwolav Tiis TUVapPTNHOEWS kad #) Evvora Tiis oeipds dvTioToryei els THy Ev-
volav Tou dAokAnpwpaTos, Evvolav THy orrolav O& pdBoopey els THY Exny 16&1v.
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§ 178, ZoykAioig osiplig. — Oewpriowpuey Thv orpav Tou Tapabelyuares
3 Tfis Tponyovpévns Trapaypdgou, fiTol THY oelpdy :
o 1 1 1 1 1

= et e -, pt pepikov &Bpolopa o, =2 — ;
v)fu2" 1+2r4 e PE pEPIK polow Do
‘H droroubia Tév pepikdv dbpoioudTwy :
1
Cry"'?—'2“;'l, V= ],2,3,...,

eUKOAws BramioToupey, 611 ouykAivel ig Tov &piBudv 2, fATor lim o, — 2, kaddoov
© ]

lim 2\_14 = 0. Eis Tv mepimTwov alTtniy Aéyopev 4TI 1) ofipd L By OUYKAIVEL
v=0

TpOs TOv Gpifpov 2 kal ypdpopey : L -21‘, =i2.
v=0

® 1
. e ; : ! , e ¢
Ouolws EoTw | oelpd El BT pé pepikov &lpoloua (§ 98)
1 1 v e g : !
9= (l — ﬁ?l_) H dxotoubia TGV pepikév dbporoudTeoy :

1 1
Oy (l— G ), Vi sl

PAémropev 611 ouykAivel els Tov dpiBuov 12, fitor glvan lim o, = 12, xofdoov
1 iy ; . @ 1
>y 0. "Apa 1y crenpcxvzl R YR
1/2 kol ka1’ &rorcubiav
oo 1 ]

BT i W =
v=1 (2v—-1Y2v+ 1) 2
Ek TGV dvwTépw TapaderypdToy 6dnyoupsda el TO va Scoowuey Tov £Eijg
yevikoy Opropdy :

lim ouUykAivel gis TOV apiBuov

O& Aéycopev &T1: 1) oELpd 2 a, GUYKALVEL TPOC TOV mpaypatikdv aplipov o
v=1

o0

kai O& ypdowuey X o, = o, 1018, Kai povov t01e, v ) dxokovbio GV pepkdv
v=1

abporopdrov o, = e, + 0y - f-a,, v=12,3,. .. ovykkivy npodg tov mpa-

TRETWKOV apripov o.
ZUvTOpmS

§ a,=6 <= lime,=lim(e;+0,+ - - F+o)=limLa—=c )
v=1 opo k=1

‘O mwpoaypaTikds dp1fuds o, wpds Tov Otroiov cuykAivel 1) drkoloubia oy,

v=l, 2, .. kodeiton «i0powopa tiic oeipic 3 a, ». AnAadn kahoupev &bpoloua

v=I

0
Tiis oelpds X o, , TO Spiov Tou &bpoigpaTos TEHV v TpdTev Spwv aUTs.
v=I]
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"QBev dodwis ypEPOMEY :
o
oy + oyt et =0T .‘_‘]oc.,:,-,o
o

¢ ¥ = ' ' v ow i 3
gwvooler 811 fy oelpd L elvon ouykAivouoa kal 1o aBpolopd Tng eivan o.
v=1

2 PG i
"E&v &hot of épot THs oelpds }.’.l a, elvan BeTikol, 1) GroAoubic o, , v=1,2,. ..
.

elvan alfouoa kai S1& va ouykhivy O Tpémel v& elvon gparypévn, dAAws fy o, ,
v=1,2,. .. dsalfovcakal pn pporynévn (PA. § 150, maparr.) &rreipileTan BeTikéds.

oo
Eis v mepimrreooiv abtnyv Aéyouev 611« oeipa I o, arapileton Oetikdor kal
v=1

7 Q y
YPOPoUEy cupBoikds 1 B oy = |- 0.
v=l1

"Qoe ;

S
w <> lime, =lim(e, +a+ - 4a) =lim L oy =+
k=1
opo

=
Lo =4
1

v

Olrws #) yecopetpichy oe1pd :

£ 14+2+4+22 4254 .-

v =0
ME pEpIKOV &BpoloH :
gy = 12424 o 2 =2 ]
&meipiletan Berikdds, 5167t lim oy = lim (2 — 1 )= |- o0, xoBdoov # dxoAoubia

Oy, v=1,2,. .. evan abfouoa Kol b pporypévT.

Kerr® duéhoyov Tpdmov OpiGouey :

o 4 I o v
Yoo, =— oo <= limo, =lim (g; 4034 -+ F 0y )= lmlkEluk =0

Y=l opo

Eis T&s Svo TeeuTalas TEPITITAITELS Abyopev 8T1 (1] rrm_nlvzl ay GUyHAVEL 2T fx-
rSU;{r,'lv».

Téhog Urrépyouv oepai, ai omoiot Btv ouykAfvouv, oUTe PSS Tpory paTIKGY
&p1Budy, olte Tpos Ev TGW oUUPALY + @ f) — @, Mia Toialtn ceipd kaheiTen
tanoxkivovoay 7 «kvpavopévip. OUtws, fav ay = =1ttt ve= 1,2, 0, mémen
“OeIpd, 1) dmroia poppovetar &k THs drohouias ay, v=1, 2,... dmoxhiver. Tlpg-
YHai, 4 dkohoubla ay , v= 1, 2,. . . SlvaTar va ypagf :

L=l = la s
kol €8 auTiis AcuPdvopey
oy =1, g,= 1+ (=) =0, o3= 1+ 1)+ 1=1, ¢,=0,...,
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fiTol 1) dxohouBia TGV pepikddv dfpotopdTwy elva
11 01 11 01
AUTn Spws dmoxkAivel (= 8tv ouykhivel Tpos TpaypaTikoy &p1dudv T Tpos

Ev TGV ouuPoiwv + w, — w). KaTa guvémeiav kal 1) geipd, 1 oTroia TpokUTTTEL
gk TTjs dxoloubias o, = (=111, v= 1,2, .. &mwokhivel

"Ex Tév dvwTépw OpIopdv ouvdyousy Twpa &T1

o
A kabe oeipav L o, TpaypaTikédy dpifipddv ioyvel dikpipdis pia ék TéV kaTwbi
=

TTPOTATEWV :

a). "H cewa Exer dpotopa <= ovyxdivyg mpos &va mpaypatixoy doludy.

B). “H cewd dnewilerar Betinis elte dowTinds <= 1] gewoa ovyxdivy xat’
8xdoyiv.

y). "I gewa dmoxdiver (xvpalverar).

IMapatipmeig 1n : "Ek tév wponyouptvawy elvar gavepov &t1 1 Evwol | aeigd moaypatixdy
apfludr dwoteel yevikevow Tiis dhyePpixiis tvvoias @ dfgotopua mpayparsidr dpdpdv (€ o,
Tpels, KTA. Spous). Ak ToUTo 1) geipd dvopddeTtan dvioTe kal «dlpowopa (e duelpovs dpovgn. Hév
TwpéTelL Spes Vi yivetan oUyyvas petafy Ty SUo fvwoidy (Gfporoua Trpay uaTikGY dpifudy Kal
TEIp& TPy HATIKGY &pifpdv), 816T T6 pév &bpoiopa Temepaopévou TATBoUs TpaypaTikGy &pi-
Ouéov elvan €ls povoonpavTws oOpiopévos TpayuaTikes apiiuds, vd Sia piav oepav Bév
Utrdpyer mavtoTe TO &lporona, kab &1 f) oepd furopel v& ouykAivy Tpos To 4 0o A Tpds TO
—o0 i dkOpN Kal va pfv ouykAive). "AAAG kai &Tav ) oeip& auykAivy TTpos TTpay parTikoy dpiBudy,
1o &Bporoua alTiis Sév Opileton dhyePpikds, dAAG péoey Tiis Evvoias Tijs ouykAioews droAoutics,
Bnhadh 1o &Bporopa mds ouykhivolorns oeipds Siv AapPavopey pe Ty auvnfiopévny Tpoabeay,
AN s TO Fpwov Tijg dxokovbiug Tdv peowdw dbporcpdtwv Xatd TaUTa | M «dlpoopar
XpnoipoToleiTan £66 pé piav TOAU eibikny onpaciav. ‘Etmions d€ifer v Tovioij €66 6T1 O oUp-
Poov gl a, Bi& plav ouyxAivouoav celpdy onuaiver kal Th gepdr kad TO dlgotopd s, &v kad

V==
af Bud alTen Evvoran elvan , g EAéxBn, Sidgpopor.

Mapatipnowg 20 : "Ex ToU dpiopou ouykhicews oeipds, ouvdyopey &Ti: TpOKEIpévOy v&
t€eTdowper tdv pla oapd ouykAivy 1) Sy kad el THY TPTNY TepirTwomv 8id v elppey T &-
Bporopd s, Epyalépeda ds iEfs @ Edploxopey ovwapticel toi v 6 dpoiopa o, tdv v mpdrow
Gpwv e ((peowmov dbpoopa) — v TouTo BuvaTon va eUpebi] — xal dxodotlns edploxopey 1O
lim o, . ’E&v 70 lim o, elvon & parypaikds dpifuds o, 167e 1) oeipd ouykhiver kal Eyer &poiopa
T o, v 10 limo, = + @ f| — o, TOTE N oeipd dmepiletan BeTikéds Ty &punTikés (dvTi-
oToiyews) kol TéAos kv O lim o, 8év Umdpyn, TOTE 1| Oep& GrrorAiver.

"Ag 1Scopev s B& pappdowpey T& dveTépw gis ouykekpipéva TTapadely poa.

§ 179. MNapadeiypara celpiv ouykAlvouolv Kkai pi).

INapaderype lov: Na dmoderydf) dm | «dekadikn oetpan

i 3 3 3
Eoney 0 A TR
cuykhiver kel palata loyoe :
3 3 3 1
ia"l’ﬁ; ofsiieia o 10" = 3
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Tp&ypar, Exoupev :

b el N ...,..3__(1 I 1 1 = 1,,)2,,1, gt (Hl__)"
vEaptmt oty T o o s, 3 7 \75)

“Oev :

limo, = ;, giomt lim lé" =0.
Mopaderypa 2ov : Na pehenbf i oeipd
a+ (@t o)+ (@+20)+ - et @—hol - (a0
tiig dnoiag oi Gpor amoteiodv apr@pnTKNY mpoodov.
Avoig, Qs yvwotov (§ 157) Exouev :
O,=a+ (a+ w)+ (@+20) + -+ [a+ @ —De] = L *i,(‘é:l,? 9

4w, v 0 >0
lim o, = )
— 00, ddv w <0,

"Ofev : Kabe oepa tiig dnoiag oi dpo amoteloby apBpnnikiy mpoodov cuykiiver kat’
EKdoyiy, SkpiPéoTepov @ @meipibeTal fgnikdc pév, £av M avtictoizoc mpoodog civar avbovon
(® = q), apynrik@c 8¢, tav 1 mpoodog slvar @Oivovosa (© < 0).

Mapadevypo 3ov: Na peien0f] dg Tpog TV oUYKMELY 1] TEOUETPIKTY OELPQ :
a4 ao | aw® 4 .. ~|Aum""-1‘- e (@ 0) )

dua tag Slapopovg mpaypatikag TIRdg Tob Loyov .

Aborg : Té &8poigua TGV v TPOTWY Spaov Tiis (1) elvon :
v—l _ =l e aw”
sl TI1-e I-o

G, = gt + gt e ot =
Alakpivopey 7181 Tés k&Tw TEPITITCTEIS

. .. ’ \ e . (o4
o). Eay |o| < 1, dnk. —1 <@ < 1, TéTE, cos Beiyfn elg TV § 174, elvan lim o, = T
Kal Emopévens ) yewpeTpikh) oElp& Uy KAivel (8v R).

BY). "Eay o = 1, Téte i dworovbia &, v=1,2, ... v abfouoa kal uh gpayutvn,

a(@ -1 _ «

i £ Ry = e Yits x !
Gpa lim " — 4 o, oWoTE tk TOU TUTIOU O = e (w" — 1), Exouev:

limo, =

+ o0, tov a>0
I—w, tav o <0,

¥'). *Eay o — 1, T61¢ §) oupd elvan : e+ a | a - kol dTEd o, = v, Exopw

limo = + o #A —oo, kaBboov a>> 0 i a< 0 (dvmioToiyes).
v
§'). "Eav @ = — 1, 16Te f) oeip& elven 1 @ —a 4 o—o -+ .-, OmWOTE:

gy =0l 0'24_—01%-(—(!)—:0. Gs=a+(_"a)'+u:'ql o, =0, ...

Ko yevikéis :

O-\«'

o, kv v TEpITTOS
{ 0, &&v v &pTios.

*Ho1, # dxohoubic Tév pepikédv dlpotoudTwy thvar: o« 0, 0,...
AGTn Spcos Stv ouyihiver. "OBev Bi1& @ = — 1, fi oeip& (1) &morAiver.
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). 'Eav o < — 1, 167 ) oepd (1) yiveTon @ o — aw + aw? — qwd+ -+ - 4 aw® T ...
"Emaidny w < —1, omdre |w| > 1, fweran lim w¥ = } w0 | — oo, kebdoov & v elval
: : i) : R, a . 3ty i) :
GpTios 1) TepiTTOS dvTioTolyws, &fev TO o = — = (' —=1), v=1,2,... oUdév Splov Exel
@ —

kal kot ouvémeiaw ) (1) &wokhiver, ZuvoyifovTes Té& dvwTépwo EXOpEY :

a 3
, Eav w| < 1
0]

1-
E a0’ =c¢tao+ a0®+ -+ a0’ 4 ... — ¢ + o0, v @ =1kaia >0
¥=0 — o, favw=1kaia < 0
anokiivel, £av o = —1.
P e e < SR L R | Al e ol
OlTws 9 OEIPG :vfl?: e ?7_ -+« -, OUYKAIVEL TIPS TOV TTRAY PATIKOV Gp1-
1
3 1 1
8uby. e ; =il
név =15 5 Bi1éT1 | 3 <
"AvmiféTws 1) oeipd
£ (1) o (TP o (L) i EmoRA e BI T 0 e L
v=0

"As Twpev Thpa kal Bv apdSerypa oeipds Tis doias Sév Buvapea vé epwpey T &fpoiopa
TV v TTPpTWY Spoov TNS.
Mapaderypa 4ov. 'H ooipa :
o 1 1 1
i 1) 41
Sl 200a
Koleltar Gppovikf, Son fkaotog dpog tng (Ektdg Tob mPp@TOL) tivar pEcog GpproVIKOS
EKeivov o TOV mEPLEXOLV.
Od dmobeifwopey 611 1) ds &vw geipd dnepifeTo OeTikdg,

li

1
+....{..‘;_+... (1)

1 o T = - 0
"Eorew Sy = = 5 S 11: s v=12,... 0 akoroubia &V pepikdv &bporopdTwv T
(1). Edkdhws Siamortolpey 6T /) Sy , v = 1,2,. . .glvar yvnoiws abfousa drohoudia Betixdy 8pawv,
fitor foyver : Sv < SBvi1 SakdBev =12, .,
"As Umobiowpey 6T fy Sy, v = 1,2,... elven gpayuévn tv R. Téte, oupgoves mpos 1o &lwpa
(§150), 48y, v=1.2,... @5 alfovoa kal ppayuévn dkohoudia ouykAiver EoTw 5& &1 :
lim Sy = 8.

Emaidn Sy = S émeton 6mi: &1 xabe € > 0 (é‘(pc kal &1& e = i) Utrapyer  BefkTns

v, € N Tol0UToS, dhaTe:

1

|8y =8| = T B ke v = v,
“Ofev, t&v m = v, Kol v=v, fyopev:
|Bm =S¢ = | (Sm=8) + (S=8) [ [Sm—8|+[Sv =S| = 5 + 4 = 5
Elfkéds tav v = vy kad m = 2v Eyopev :
| Bav =8y | = £k (2)

2
’EE GAdov, tdv v > 1 Exopev :
1 1

S8y = (14 5+ o ot tot )=ttt )=

v v+ 1
1 1 1
=u+1+u+2+ Al 05
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1
"ANAG : SRR oy AL b ST B, 308 -:.:_:-1‘-1 Bick kB v 1,
v S

“OBev :
1 1 1 1 1 1 1 1
Hop e e S ese e e e Sl s e e e ey LT
2v — Sy SEI AT + 2\)221,‘2“} iy i e

omdTe guvdyeran 811 ;

H?_\’“’Sv! :SZV_S\'>7' 3)
TO dolov dumipdoket Tpds THY (2). ‘Emroptves 1) Utrébeais &1 ) dxohoubia Sy, v — 1,2,. . . elven
Ppaypévn odnyel el &roTmov. Tuverréds, 1) dkohouBlic TGV pepikdy dBporopdTaov TS dpuovikiis
OEIpds, Cog atifouaa kai ph ppacyrévn, Gmapieran feTikdds, fTor im Sy = + o0 6wéTe, Karrd TOV

OpIo1dY guyKhicews oeipds, EXOHEV :

e

=
§ 180. MéBodor copéocwg Tol GBpoioparog TGV v MPpLTWY Spwv

?Elpﬁg.— “Yrpyouv Bidgopor pedodot eUptoecds ToU &bpoiopaTos Téw v ety

OpwV geIpds Tivos GVaAOYws Tfis HopPfis ToU yevikoU Spou alTiis. Yirapyouv

Sueos kad oelpal TéV Srolev BEv Buvdueba v edpeopey T &Bpotoua TV v Tpch-

= 1 ; S
Twv Spov, Ax. 7 &ppovikn oepa K s TMapadeiypaTa dbpoioews celpéiv, BnA.
v=I1

eUptoecos ToU &Bpoiouaros TGOV v TPOTWY SpwV TWV, CUVAPTHTEL TOU v, Eyousy
187 yveotd T& &BpoiopaTa TGOV V TPWTWY Spwv &piBunTikGy kal yewpeTpirdy
TPOSSwy. Ady Umépyel Snos YeviKD utbodos 81 TOV UtroAoyioudy ToU dfpoioua-
TOS 0, TGV v TpdaTeov Spwv olaoBmoTe oelpds. Els Thv Tapotoay Tapdypagoy
0 E6eTdowpey povoy CpIoUEVas TEPITITEOELS els T&s omofas elven Suvarn 1) el-
PESIS Tou &OpoiopaTos oy TEV V TPWTWY Spwov GEIPEV PE YevIKOV Spov oy Eibikfis
HOppTs.

Hepintoorg L ’Edv 6 yevikdc 0pog a, tiig oepic X o, Sdvarar va

i v=1
07 oty popeiv : oy = ¢ (V) — ¢ -1 (1), 6mov @ (v) suvapinog tod guor-
k0D aplpoii v (dxorovdia), téte o Ehporopa AV v TphToOV Spev adtiig o, civay :

o= —o+1) @)

Mpdeynam, av Bécwpev s Ty av=¢ (W —@ (v+ 1), v=1,2, .. v, Exopev :
aq=¢ (1) —9 (2)
=9 (2)—9¢(3)

=0 (V)—9(V+1)
MpooféTovTes kordx péAn Tas iodTNTAS TAUTOS, EXOHEY
oy = Gl et i +uv=9(1)—@(v+ 1)
f a=0¢(l)—p@+1).

14 209

WnionoBnke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Meparipnoic. 'Edw Umépyxn o lim ¢(v) kad elvea k, ToTe &K TS (2) Eyouev :

Elcx.,-— lim oy — ¢ (1) — k.
v
"Egoppoyi In : Na eopediy 10 G0porope tdv v npdrov dpov 1iic orpdc :
Fal 2v + 1
= vE(v - 1)?
kafac kai 10 dbporopa avriic.
Aborg : ‘O yevikds Spos altiis elvan @ a, = vf:;'%-tj—z.

Ermraidi) 2v + 1 = (v - 1)2—v? B Exwpev:
TR |

1
o= TR PG D, Em ? )= o

TTE Suws, ouppdves Tpds THY (2), B elva
1
og,=e(N—e+1)=1- R

@ v 41 S 4 3 .
E‘ TR ST limo, =1, &ém lim o = 0.

Kal
V=

'Epappoyn 2a : Na £0pedi] 10 GOporopa tig oelpdcs :
4 2 5 2 \2 6 2\3 v+ 3 2\
ST S T R (= T B ST 10 : il ol
73 . 3 "2.3 (3) t33 (3) Y (O (3) f @

AG .0 s 3 g (%) elvon s s Vi3 2\
015 ¢ ‘0 yevixds &pos Tig oepds (2) elvan s a, = — o o ( 3 ) E
v+ 3

Mpods peTaoyNUaTIoHoV ToU yevikou Opou, dvaAUopey TPETOV TO KAGO P T p els &Bpor-
opa 5Uo &TAGY KAaopdTwv. TTpods ToUTo BeTopey :
v+3 A o B

SeED S v vl

*EE atrTiis, Epyadduevor KaTd T& yvewoTé (§ 98), ebpiokouey A=3, B= -2, &1eéyopev:
srbid gdas o B
v(v+ 1) v v+1 7

Téme & yevikds Spos Tiis oeipds yiveral :

v+ 3 2\ 8 2: 2 2% o

(5) =~ 5T F v ern
ov

fitot & , éTébn UTd THY popeiv &, = ¢ W) —9¢ v+ 1), émou g (v) = — i
v -

2\»41

3

o, =

e

Tée, kard Tov TUTOV (2), 8 elvan

2v+l
= N—ov+1)=2- L Biom o (D=2
o,=9(1)—9¢( ) T ?
“Ofev :
v+ 1 v
1imov=2-1imn—g‘=2—1im—?—-lim (-3-) —2-0=2
+1)-3 vl 3

“Hror ) oepa (E) ouyrhivel wpds Tov &p1Budy 2.
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Mepintoorg I "Eav 6 yevikds 8pog a, tiig oeipig L a, dvarar va

v=1

201 Ond v popeiy :

0, =AgW+Bo(+D+To(W+2,om0ALBLT=0 | (3

T0te 0 dbpolopa o, @V v mpdTOY Gpov adtiig elver:

o,=Ao() —T'e@—Ae(v+D+Tev42) | @

TMpdypoat, Exopey
v v v v
0, =Ea =X {Ag(k) + Be(k + 1) + Fe(k + 2)} = ftﬂlw (k) +BEog (k + 1) +
k=t & k=i = k=1

v v—2 v—I1 v
+r 1: q)(]\-—l..Q)-;: A z q:(k-1-2)—- B z qa(k+2)+r z q;(lhu D)

= A{p (1) + q,(z);.rAch(k +2) + B?(Z)TBEMk-E—ZH Bo(v+ 1)+

+rzq>(k F2) 4 T(e+D+oe@+2))=Aeo (1) + (A4 B)g (2) +
k=1

v—2
+EB+NDew+ ) +Telv+2)+(A+B+ r)k{‘;lﬂp (k23
Emeiby, A + B+ =0, &1 A+ B=—T, B+fT=—A {Eyxope:

o, = Ap(1) = Tp(2) — Ag(v + 1) + Mp(v + 2).

"Egappoys : N copedii o Gfporopa v v mphTOV dpov TG oEIpdg :

St e Vi ZGE SRR
29 234 + + viv + 1)-(v+ 2) gt 5)
3v + 2

Abaig : *Avaibopsy TOV YEVIKOV Spov o, = 5 i 1) (v == 2) els &Bpoiopa TpiGv EmAGY

KAaopdrooy, TTpds ToUTo BETOVTES

3v st el s (L
v(u-ll)(u—,—Z) v+1 "' v+ 2

epiokopey, kot T yvwotd, A =B = ked [ —2.

NMeparnpodyey &11: A + B + [ = 0 xad & yevikos Spos Tijs oeipds (5) erédn Ume Thy poper :

- Ag (V) + B+ 1)+ e (v+ 2), dmou ¢ (v) - ‘1’

o
%
AV tpapuoyfis ol ToTou (4) eupiokouey :
1 1 77771___2_ N 28
“u-'l'*‘z‘z_'vf;f'l"_ w2 - vl wtz:

n(lpll‘:ﬁp-r'm.;, [evikéds, éav o, = Ag(v) + Be(v-+ k) + (v +2A) ut A4 B +F =0,
TETE TS o UmohoylleTal.
> = o0
Mepintworg I "Edw & yevikds 8pos av Tiis oelpds Tay elvan Tiis popeds :
vl
e = 1) + o) +g),
Stou [(v), p(v), g(v) elvan of yevikol &pot CEIPEY, T& dmroiwy elvan yveooTh #
elpeais Tol &BpolouaTos TGV v TpcTwWY Spaav, TéTE TO &Bpoloua T v wpddTeow

Opwv alTiis YmooyileTal.
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Mapaderypo. Na copelii 1o dfpoopa t@v v nphrov dpov tiic capic pd YEVIKOY Gpov

A\
a, = 2 ,7:" } , kalog kei 10 @bporope adtic (== i0powope dncipoy dpov ™g).

22v—2

Avoig : ‘O yevikos Gpos ypageTan :
i il U 0y 1 ek 4
NS T T ET R Ty o

5 ¢ s A : o 4 ‘ 4
fiTor & &, &rébn Umo THY Heppnv: o, = [(v) -+ g(v), émou @(v) = - kad @(v) = — .

Enhodn O «, dveAlln els Blagopav BUo Spav, fxaoTos TOY drmoiwy &moTeAEl TOV ViooTY Spov

@fwoUaTs yewpeTPIKTs TpodSou.

ToTe: Sk v=1 Exopev: a, ::4-7_4.74_
fix v=2 » oy =4 —21_—_4_%;_
Bic v=wv » o, =4 ._1.__4‘_1_,.
¥ 4Y
“OBev
1 1 1 1 1 1
o, = T O T ’J\‘Gv*—‘%('—z—'r 53 T 4 Zv)—‘}('-‘i*"f yT) s 4v)
1 1 1 i 1
v-41 2 v+41 T
B GOET B e b gy o AL L
il 1 v 3 4v 3 ov—1 3.4v—1

o«
kal T &Bporoua Tis ceipds Lo, elven :
v =1

o]

5 li
o, = limo, = —-
< 1\l v 3

Nepintooerg IV : "Eqv 6 yevikds dpos ay TTis oeipds £ o, elvan Tiis popiis:
oy = f(v) - x¥, émou [(v) drépaiov Wo?\vcbvu;\jﬁxt TOU V,
TOTE TO &Bpoioud TGV V TRWTWV Speov aUThs UTroAoyiZeTal.
Tapaderype. lov. Na drokoyieti] 10 dBpoopa té@v v mpadtev dpav Tl oeipdg :

=) v—1 ___ i L 3x? 3 1 e V—1
Elvx =1-+2x+3x244x°+ .- +w¥x o e
y=
Aboic. "EoTow :
o= 14 2x F 3x3 4 i 4 oux¥ L 0
TToAAarAaaidlovTes T& pédn tis (1) éml x AcuPdvopev :
XEv =%+ 2x% 4 3x3+ . A vx¥ . (2)

AV dpouptoes T (1) xal (2) wporUmTe: ©
(Q—x)Ev =14+ x+ x4 - + xv—1—wx".

x¥ —1

At ereint eliet 1 dox e x8-k ie El= 2 , ylveran:
O e e
% 1—xY vx¥
N e ST T 5
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Mopdderypa 20v. Na droderydi) 6m 10 @bportopa t@v v aphrov jpov tijg seipis :

2 3 4 v 1
R e e e o)
civan ; i_“’_‘v + 5
AL A

5 k! ; = £y
Aderg. ‘O yevixds dpos Tis (1), BnA. & = elvan ywopevoy 1ol viooTol Spou s &pi-

BunTikdis mpodBou (s ¢ 2, 3,..., v, v+ 1,...) kai ToU wvicoTol Spou ds YEWHETPIKTS
(Tﬁg . __; _1_ il % 1 ) Aror elvot & viooTos Opos WEs piktiic mpoddov ).
Oétopsy :
R O Cv+1
Iy = e IR T SRl ,5\,"- 2)

MoMearmhacialovres & wékn Tis (2) &l Tov Adyov Tiis yewuetpikdls TpodBou AapPévopey :
1 2 3 4_[_“ vl

Eohaa e T T THv - 6))
Ar Sqarptosaws Tév (2) kal (3) TpokUTITE :
1 5 il gl
2 2 1 1 ; Ve dtn o 3T RaRg 5 )
e R g CTLRE L ! v
3 3 B 3
3
ke Teh ks ;
5 V-3

alas T

I 5 scinian s s Ve Eqv & yevikds dpos s oeipds elvan dxepadar prti)
SWépTnaig ToU v, dnAadn oy = @(v), veN, Buvausda v elpwpey 16 ddpoioua

TEV v wpdaTeov Spuov aUTHs.
Mapiberma Tov. Ni copedil © i0powapa tév v mpdtov dpav tis oupis, tii dnoiag
& Yevikag Bpog sivar: @, = 12v'—6v 4 L.

A v
Aborg: "Eorew o, =y + Gt T VEIG\' ._—_:\')_1(121;-'“6‘, + 1 16 EnTolye-
vou &fpoioya.
Ady e tisy YvwaTiv {510 Twy ToU oupPorou X (BA. § 176) Exopev :
% v v v
E(2vt—6v+ 1) = E12v* - E6v+ Z1
v=1 v=1 = | v=1

v(v + 1)(2v + 1)' vty X :
3 6 2 W vi(4v - 3).

o,

» . v
i o,~12 5w 6Ev+ T 1=12:

Mupadiiypa 20v. Na copsdil 1o dporapa v v mpdToY Gpov g cupls :
1 03 <53 380 T8 o T 296 s (X)

* Mukei, mpoosoc kaheitar plo dwohovtiar dpiducdy, Exaoros Spos il dmoias mpokimTe:
&md Tov TOMaTAGTIaoHOY TGV GuTioTol Wy (SpoTakiw) opav Ble Tipacbwy, ws dmfunTikis

kod g YEWUETPIKIS.
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Aborg. 'Ev mrpddTols elpiokopev Tov yevikdv Spov  Tiis oeipds (E). TMoparnpoluev &1 ol
TpddTol TapdyovTes TGOV yivouévwv Tiis Sofisions oeipds eivon ol &piBpol 1,3,5,..., ol dmoim
&moTeAouv &piBunTIKAY TpdoSov Adyou 2, ouvetrds O TpQTOs Gpos TOU YIVOREVOU TOU YEVIKOU
Spou Ths cepds B elvan d: 1 4+ (v—1).2 =2v—1.

‘Opoless : & yevikds dpos Tis dp1BunTikiis Tpoddou 3, 5, 7,... eiven 2v + 1
» » » » » » S Ty » 2v + 3.
‘O yevikds 60ev Spos Tijs Bobelons oepds elvon: (2v—1) (2v 4 1) (2v + 3).

TéTe 16 {nTolpevov &dpoiopa TéV v TrpwTwy dpwv Tis (Z) elvat :

o, =1.3.54+ 357+ ..+ @-1)(@Q+1)2v+3) = £(2u_1){2v+ 1) @2v+3)=
v=1

v v v v v
=Z BV 12v—2v—3)=8EvV 4 12 Ev—-2Zv-3Z2E1 =
v=1 v=1

v=1 v=1 vl

o v 1y vy @D v D)
=8. =+ 12 L T g

xal TEAIKGS :
o, = v(2v® 4 8v? 4 Tv—2).

AZKHZIEIZ
381. Na& ypagouv ol émrTd TpdTol Spor TGV dkoAoubwy aelpdv :
o v @ 1 @ 1+v o 3 v
i —_— : — J —_—, &) —1 —
‘3) uEi vk l’ a) vEl VV Y) \-El 1 =t ) vz:l ( ) v (V + l)

382. N& eupedi} 16 &Bporopa TGV drkohouBwy oeipdv :

0 40 530 LG)

v=1

383. N& eUpebf pia oeipd Tiis dolas 1) drohoubia Tév pepikddv &Bporoudev elvan :

o). (1-%).\;: 125 . B) v—%,v: 2. .

384. Acifarte 611 1) orIpd elvon ouykhivousa Exovoa &Bpotopa ~Z-‘

oo 1
BT =)}
1

385. Né& elpebi] 10 &Bpoiopa Tijs oepas ) q, , dmav a, = @v—_—zm

v=I
1 1 s 1
2es v g L ey T
387. Na ebpebf) 16 dbpoiopa Tév v mpdTwy Spwv Tiis oeipds pE yevikdy Spov :
o = Vit 727 :
VTS w1
388. Né& ebpebi} 1o &fpoioua Tév v TpdTwy Spwv T CEIPS PE YEVIKOY Spov :
o, = 2;';7]17— kal dkoAoufuws va Seryfij 61 : in a, = —é—
389. Na& evpefij o &bpoioua TGV v TpdTwY Spwv TEOY TEpdv, TGV dmolwy ol yevikol
Spot elvan :

386. “‘Oupolws THs oe1pds :

1
( 5 -)v koo kal TO &Bpoiopd Tns.

a) 3vi—v, PB) Bv3—1, y) 82—3v:, &) vi- 3v+4 2.
390. N& eUpefouv ol yevikol Spol TéV kdTwd geipdv kal droAoUbws Td dBpolouarta TéV
v TpOTWY Sprv aUTV.
1 1 1

a). 1-4-74+2.5.8+4... . + +B.l

TE 7oA e TR

1
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391, N& evpefolv T& ddpolopara Tév v mphdTwy Spwv T dkohoUbwy ceipédv.

«)l.2:442:3:.5+ - F+v@+ 1y e 3o
1 1 1 ‘ 1
B+ (1+)+ (et )
y) 4o 4 St A4 6a® 4 - 4 (v 3) a4
392, N& &mroBerydij 61 To &fpoiona TéY v TpdTeov Spwv Tis oepds :
e
it g e v
1 v
EIch; 2 oy 2v-- 1 - 2\-
2 S vl e s
893 Na genibi) o s L ST R o T e B

394. N& dmobeiy@ij 611:
[ oy % 1 Nv=1 .
1+2(1+7)+3(1+ S (1 5) T =

2 oo 1 St 5
395. Na& ey ) o1 VEI TETDOT D T
dieeh } +.U 772“""{'2
396. N& 5eiybij 6T 1 o+ = e gv—1 gyt

*1516TNTEG OUYKAICEWG OELp&IV

Ets Thyv mopdypagov TaUTnV B érrroSeiEwus}v LJ.EPEK&S ﬁ?:cucc'xg 18167 Tas
¢mmi T Péos TéV omolwv SlvaTal Tis v ouvdudan ouy-
ous TpoTous. B& dvagipwpey Emions piav oAy
dvaykaia did Ty oUykAiow, émi Ao 8¢

CUykAvouaddv aelpidv,
KAwoloas oeipds KoT& TOKIA
S&TAY| ouvBrkny, T émola elval e i
KGT&AAHAOS gl TTOAAGS -rrspm'rrbcmg, Trpor:emévou va amodeixfi] OT1 pia OEIpX
82v ouyiaive tv R.

§ 181. 1616 |.— "Eav pia sopi oy + @y .oy e (1) sivar cuyhi-
voveo pé G0poropa o € R, 1018 Koi ) oEpa 3 oy 1 F Qo fe e (2), 1 émoia mpo-

KOTTEL G Ty dobeioay d1e mopulsiysog 1OV k mphrov dpov g, clvar éniene

SUYKAivouoa.
'Anédeitg : “EoTwoav oy, V- 1590 ‘|<ai L\", V- 1:2,_ : _,cﬁ dhes KonsB o
TRV pepikédv &BpoIoaTwY 6w oepddv (1) kad (2) dvmioToiyws, fitol :
oy=0+ ot + % 3)
. t, = o1 Okt o T Sk @)
To (Temrepaopévov) &fpoiopa e e o R o‘tk elvar els TporypaTikdg dp1-
Buds, Tov drrolov &g keMbawpey 8, fiTO1: 8= i Gy IR
Otopey: Oy yy =+ 0+ -0 St Sk + -0 A kg, OTE Exopev:
Oy py =8+ Ck+1 1 Ckt2 + e 4 Oy
f 0'1.-4v—'9?fdk+1+0(k424'"'+Gk+v- )
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‘H (5), Suvdpea Tis (4), yiveren:
Tiape=t= Ty =0 12
Bk TaiTng Eyopev : lim oy —s=1lim t, . (6)

"Emre1dn) €€ Umobéoews elvan lim oy, = @, &pa kal lim oy, = &, 1) icdTns (6) &ida :
V=P ®
Iim ty = a—s.

"Ex Tabtng moparnpolusy &1 ) droloubia TGV pepikédy dBpoicudTwv THs oel-
pas (2) ouykAivel OTe, kaTa TOV Oplopdy ouykhioews oelpds, kal 1) oelp& (2) auy-
KAiver,

Mapatipnois. Maparnpotuev &1t mapadeimovTtes Tols k TpaTous Spous s cuykAvouons
oepds ;ZJ a,, TO &powpa alTis a fAaTToUTar xard TO dBpocua § TGV TopoAEITOpEvLY

v=I
Spwv. TMpopavéis tav | (1) 8tv ouyxhivy &v R, ToTe kai ) (2) Ewiong Btv ouyrhiver. Olrews ol
gepal (1) kol (2) elven mévTtoTe THg adrijc ploews, Snhadh 1) kal ol Slo cuykAivouoon v R
(Goyérws tdv Bév Exouv TO alTd dfpoiopa) fi kai al &Uo uf ouykhivovoar. *AvrioTpépouTes
Tous pdhous Tév (1) kal (2) oupmepaivopev 871 1) oUykhos fy ) wids oepds Siv PAdmrreTan, v
els THY dpy v aiThs Trpoodiawyey Ev Tremepaopévoy TATBos Spuwv. OlTws 1) orpd

@ 1 1
r — ==+

1
ol o

<0 1 A £ - -

s TrpokUTITOVTT EK THiS Gpuovikiis oeipds E s B mapaheiyews ThY Béka TpadTwv Spwv
v=I

s, &meipifeTon BeTikdds.

o0
§ 182, "1816mg Il.— "Estwsav o, =a kol I p,=p
v=1 vl
d00 ovykiivovoar oerpai. Tote :
1). ’Eav LeR, 1 oepa 3 (ha,) givan Eniong cvyklivovoa Exovoa dbpoiopa ra,

v=1

2 ®
fiTol gl =da=%k:-2 a,;
v=I

v=1
BnAadi 81 T&s cuykAvouaas oelpds, 6Trws kai Bi1d T& ouvnén dBpoiopara, ioyUer

O EmuuentaTinog vOuHoS.

2). 'H eeipi 3 (a, - B.) eivar suykhivovea £xovoa d0poropa tov apulpov a-+p,
v=1

K_)‘ o0 o0
flTol : X(e+p)=LZa, +ZB,.
v=1 v=I v=I
"Anodarbig ¢ "Eotwoav 5, , v=1,2,... xad t,, v=1,2,... ai dxoroubicu
o o
TEY pepIk&V &BpoloidTwov TRV celpdy B o, xal E By dvtioToiyws, ToTE :
v=1 v=1

8=+ 0+« + o

; — Ll
=Pyt Bot B
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v I o~ !, 4 e 5
1). "Edw s, elvon 70 &Bporona Tév v mpTav bpwv Tis X (Aay), Exopey :
v=I
sy=Acy+Adg+ - A=A (gt ot -+ a)=2- g,
Ex ang Exopey ¢ lim s, = lim (A s)=A-lims, =Aa, 86T lims = q
oo
"Ex TaiTns ouvéyopev 611 1) oeipd L (Aay) ovykAiver kal péhioTa pds 16 A -
v=1 ‘
2). Eav o, , v=1,2, ... clvau 7 &xohoubia TEV uepiidv &fporopdreov

Tfis 3 (o + Pv), 8& elven :
v—1

ov= (o + P+ (etPadt+ -+ (+P)= (o 4+ %+ - )+
+ (Bi+ Bat oo EPO=o Ay, M ov=12, ..,
"Ote: lim oy = lim (sy + ) =lims, 4 lim L, =+ B, Bom & UtroBéoecos

lim s, = o, lim t,= p.
TéTe, oupgooves PO TOV opiopov ouykhioews oelpds, 1 oeipd 3 (o + By)
v=1
ouykAivel eis 1O o P.
"Ex 1év oupmrepaopaTwy (1) xal (2) Tfis i8idtnTos il EmeTon 1 YEVIKG TP
81677 2
o e A
§ 183. -laléﬂ]g I"-* Fav Ll a, = o Kol E]ﬂv — B "é o, l]eR’ i nAfoy S5é
€ wai 7 toyévieg mpaypatikol apbpoi, tote oybder :

£ oot )= ta -t ub.
EiGikéss 51 £=1, n=— 1 Exopev :
% (ay — Bv)*' a— Bf E]uv L xl Bv .
v=1 M v

gt fvet, Bidm: 1
‘H o‘z!pfz ¥ - - gUyKAiver, 10T : = = _ZT’ bl Ao

'Egappoyh: e P S =

1
8 f E LV ouyKAivel kol HEAIOTS, G5 £8eixbn els 1O moapadarypa 1 § 178 loyue b e
2 v=0
1 1 2

e — ey
SOy - 3 e e =it
i T 3

§ 184. "1816Tg 1V.— "Eav 1 osipd Y a, ovykkivy (8v R), tore:

=
@). 1§ axokovdia o, , v=1,2,... 1@V pEMKDY dOporopatov civar gpaypivy,
B). i axohovbic a,, v=1,2,... elvar pndevikiy.

"Anodeitic. o). Eav ¥ o —a, Té1E limo, = o ki 1) dkoroubia oy, , v =] o
1

&S cuyKAvouoa elven cpporyueun (BA. § 138}
B). Al vé &rrodelfoopey TO BEUTEPOV CUNTIEPAOUR, TAPATNPOUMEY &1

& = Oy — Oy—1 Dt kdbe v=23,. ..
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Ex TaTns Exopev i lim oy = lim (oy —oy_y) = lim oy —lim oy ;= ¢ — a= 0.
Al ouvbfikar (o) kad (P) Tfis dveTépw iB10TnTes eivan dvaykaiar, AN olyi kal
ikavai. O0Tos Umépyouv wh ouykAivouoat oelpal Six Tas omolas fy (o) 7 ) (B)

ioyve : TI.x. f) oeip : )il (—1)¥ &moxAiver (BA. § 178), &v ToUTols Sucws 1 drkohou-
v=0
Ol TGV pepikédv GOpoigpaTwv TNS Elval pparypévn.

&l ; g ; HEP :
’Etrions 1) &pupovikh csipd X = ameipiCeTan OeTikdds, &v ToUTols 1 dxoAoubia
v=1

,v=12,. .. elvanr pndeviki.

(o —
v

Mépiopa.— “Eetw a,, v=12,. .. pic dkokovlic mpaypatikdv apOpdv pé

lim a, # 0, tote 1| cerpd 3 a, 8&v ouykhiver £v R.
v=1

o 2y
HMopadevypo : ‘H oepa X - “% 15 Btv ouykhAlvel Trpos TpaypoTIKOY dpl-
v=] =

Budv, 816t :
2v41 2 L), 0

lim -3\} i 5 = *BT i

Eupnépacpa : O Tpoywp@uUey €5 THY ueAérny wids oelpds ¢ Tpods THy oly-
KALoW, povov £p° Goov & yevikds Tns Spos auykAivel gls TO pndév.

§ 185. "1816™TG V.— "Edv 1] oeipa §1ﬂu ouyKAivY Kai 1) E‘.lﬁv 8ty guykiivy
iv R, tote 1) oe1pi El( a, + By ) 6v ovykdhiver 2v R.

*Anoderlrs ¢ CEmadny Bo— (o + Py ) — oy kal 7 Elu\. ouykAivel, kaTd THY
iBiotnTa lll 1 olykhiows Tiis uf.l (o + Py ) ouvemrdyetal TV oUyKAIowW TiS glﬂ\, ;
"ATrokAeieTal ouveTrdds 1) oUykAlols TS E]( oy + PBv ), £’ Soov E€ Urobécews

1 § By Bév ouykAivel év R.
v=1

Bev ouykhivel (dv R), 8idmi 1y o

o el = ]
IMoepadevypa : ‘H oepa E (T o
v=1

B o

¢l

ouyrAivel

o db e il : 1
pa X = &rrepileTon QeTikéds kal 1) oelpd X o
v v=1

=1
[Mapatipnois : "Edv of cepal X o, kal T B, &updTtepan 8év ouykAivouv év R,
M=l v=1
oo
ToTe 1) oepd X (o + Py ) Buvardv va ouykhivy, Suvatdv Spws kai vé umv
V=i
ouykAivyy év R.
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Mapadeiypa : Edv o, =Pv=1 % veEN, 7ote 7 )_‘.l (v +Pv) =+ oo,

o0
& Sucos ay = 1 kad By=—1 3 vEN, 1o1e A X (v + By ) ouyrhiver.

AZKHZEIZ

397. TMoion ceipai pé YEvIKOUS Spous Tous KaTwd elvan ouykAivouoal kai Troiat Ox1:

— | rmi
). uv:(l-i——\l}-) o mprbe oladbuinn ot el Tl

v v v v
398 Eave, , v=1,2,... kd B, , V= 1,2,. .. eivan 0o dxoAoudict TolalTan, Goe :
v

= B By ¥ =02

v

ToTE 1) orpd & a, ouykhivel, Ew, kal novov £, ) dwoRoubia B, , v =1,2,... ocuykhivy. Elg
v
v=1
Thy meplrreooy adtiy EXOUHEV
z a, = B, —1 Smov [ =lim B, .
v=1

v v
(‘Yroberg : o, Ek’: SR REI (B — Pit1 ) =Pi—Byyy A
399. Acifare 61 :
L
G A
1 1 1 1
(‘Ynoderug :Maparnpfioate 8T1:a, = om0 =Sy = —=— 7 =B — By,

ke doAoUBus AdPeTe Ut Gyiv TO OULTIEPET LA TTS TONYOUEVNS GOKNTES).

§ 186. Teipai pi BeTiKOUG SpoUG.— E‘Eg Tnv 'ITGpdypmp?u Tty 8¢ Beco-
Pliccopey ceipds ué dpous BeTikols, BnA. oeipas o omroial poKUTITOUY ¢€ dxohou-
Bidsy o, , v— 1,2,..., 6mou ay =0 51 k&be v=1,2,... ToTe 1;] dKO?\fJUBiQ i
elval TédvToTe ol)-

HEPIKGY &BpotopdTwy Oy = O + Oy - = oty s v=1,2,. gl
Sovoa xai Eroptves 1 celp&: @) GuYKAIVEL TTPOS TrPCry PATIKOY dp1Budy TéTe, kai
Mbvov TéTe, &v 1) droroudia oy, v=1,2,. .. elvan parypévn, F') aneipiletan Ogti-
K@ TéTe, ke pdvov TOTE, &v 7 droroubia oy, v= 1,2,... 8iv elvan ppaypévr.
*AmroBeikuiopey KOTWTEP®W pioy Baowknv Wpc’):rlocmv’, Suvo'q‘ml '—:ﬁ; dmrofag Bu-
Vapeda v ¢EaKpIPOVLPEY ElS TTOAAQS TreplTer)D'EI,S, jecxv mc‘x UEI‘pC( l.f.‘E BeTikoUs Bpous
OuykAivn f) &meipifeTon OeTIKGS CLYKPIVOVTES cx\.r'rf]v TpodS u:oiv GAANV YVWOTHV
Oelpdw, &' & kad 1) TPOTIOIS QUTT) KOAETTOL «KPLTTPLOV SUYKPISENS GELpiVS.

o
L . eivar 800 orpai

vl

§ 187. Kpirfjpiov ouprioswg.-’Edva]m Kol

Towabtar, Gote ¢ 0=qa =p, S kibec v=12,...

=]
Tore : (1) *Eav )T, B coyrkivy, 6t Kal 1| L a, ouykhivel
=il v=1

(2) *Eav Ela\, amspiCetar OeTikds, TOTE Kol ﬁvEIB\, aneipiletan Oetucdc,

v
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’Anddertig tijg (1). "Eotwoav s, , v=1,2, ... kai t,, v=1,2, ... ai dxo-

o0 o
AouBial &V peptédv dfpolopdTwy TV X o, xal I B, dvTtioToiyeos.
=1

v=1 v

Adyw Tiis Umobéoes ay = Py Siakdle v=1,2,... Exouev, &T1:
sv=oq+ Gt -+ SR+t B = ey
'E@’ Goov 1) gelpd 3 B. ouyxAivel, 7| dxohoubia t,, v=1,2, ... elven pporypévn
v=1

(PA. § 184), TTs Suws, 5 eUkdAws gaivetan &k Tfis (1), kad ) 8y, v=1,2,...
glvon ppaypévn &velev kod émedn o, =0 N v=1,2, ..., | dxohroubix o, ,
v=1,2, ... elven alfovoa kal gparypévn, Gpax ouykhivel év R. ToTe, aupgpuves

5
TPOS TOV dploudv ouykhicews oepds, kai | L a, ouykivel,
v=1

00 o
Eis thv mepimTwov alTn éxopev: E oy S X By .
v=1 v=1

*Anédertrg tijg (2). "As Umobécwpevy OTI 1 z By ovykAlver, ToTe, aupgovas

v=1

wpds Thv (1), N ofpx £ a ouykAivel, &rotoy, 81611 £§ Urobéoecws 1) b3 oy &-
v=1 v=1

mepifeTon BeTikeds. “Apa ) X By s oeipd feTikdv Spwv kol upf) ouyxAivouoa
v=1

év R d&mepiferon Betikdds.

E 1 H z Y ouykhiver, 51011 s < !
! i : ‘H caph- B ————r— \ivet, e L T
Qappoyn In Wv— L 2% +1) Po+1) v
1 L
v=1,2, ... xai ) oep& £ =0 auyihivel, cs EdeiyOn els o Tap&Berypa 1 Tiis § 178.
v=i1

w 1 3
'‘Egappoyn 2a: 'H oapa X T arelpiletar Oenikdg e pe R pé p= 1,
v=1V
1 1 !
Mpdypar, év p=1, ToTe VW =v ¥ veN. "Obev —=— v= L2, ... 'AM& 7
v v

w 1 : " S0z b /
Appovikn ogipa B = drmerpifeTon BeTikdds Kol Kard ouvéTeiay kal 1) oeipx X l-‘:-r;. p=1, &mepi-

v=I v=
ZeTan OeTIKGSS, oUpgvws Trpds TO BeUTepov gupTrépaca ToU KpiTnpiou ouyKploews geipdv.

1 .
Olrw & p = o < 1 Exopev OT1:
1 1=

1, ol L e e — 00
e

1 > .
‘Egappoyn 3n: ‘H capa ¥ o ouykhiiver 1 pe R p& p > 1.
v=1V

b4 1-El+
vt v

Mpéyuam, alTn ypapeTal :
e L | ; 1 ot 1)_,_(1_L 1 __1)
T ) lamte o Tt et Sotag )it

1 1= 1
'J‘(-165'+T7F-1--"".";1'IT AR (1)
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'Emreidny elvan :

1 i | 71 1 o "_ 1
o L 3P o» ap o0 on 1 .
D M U e T 0TS VI R eV e el
$ 5 J & T 40 4v 40 40 40 -1 2Zp—3*
1 1A gl ) 1 1 8 s
w5ttt R e s e T o

Emetan 8T ol Bpor Tiis oepds (1), (itor af TapevBioes) elvan pikpdTepor TGV dvmioTolywv Speov
Ths oepds

kgfF I 1 1

P " gp—t | Iz ' pie—3 ' (2)

‘H oapa (2), treidn elvea T <1, auyxhiver (Brai; ). ToTe Suws, ouppdvws mpos
TO TTP@TOV TUPTTEPATHA TOU kpiTNpiov auykpioews, Ba ouykhivy kaif (1).

& 1
“ove, b peR, p > | f ompd o5 ouykiva (v R).
E

1 i . i
Hapatipnog : ‘H oepa E ?J-, GOy p TUX®V TRy paTIkes &p1fuds, xohelTar dppoviky
v=1

SEPE p—rtiteng Kai s EbsiyBn el Tds Epapuoyds 2 kal 3 loyer :

wtﬁ{-+oo. v p=1

vzlj':‘" ouykkiver, dv p > 1,

e 1
Ak p = 1 Exopev THY GPHOVIKNY aepdy \-El o (BA. TpbB. 4, § 179).

ASKHZEIZ

400. Na eupediy oicu K TOV KaToTépw CeEIp@Y elven guykhivouoan kal olan Gy :

o Pl g vl oy W Shclad
: \,EI_NU]-“J = \';l 2v i ve=1 e '
s v=l 5, § v+ gyl
4. ‘-“}- e ' T ey i v=2y4 i[u‘

@ ; gy s
401. *Amobeiare 6111 E&v bl a, ke X P, elvan Yo ceipai SeTikdv Speov ko
i v=1 1

v
a,
lim —= = A,
Py
8mmou A > 0, Tére A kal al Buo oepal glvan ouykhivouoan 1) kai al 600 Ox1.
]. d\r' 3 ~ I :
(Ymodergrg : Asifate 6110 - A= B, = A Tehikds Bid kéde v € N).

402. Ttnpilopsvor Els TO oupTépaopa Tis QvwTépw dakiaews EeTéaarte g Tpos THY oly-
KAITW 15 dkohoubous TEIPSS -

1
1 st ip e : i H)
1) E,\}E'_'z'ui‘l' (Y'ws“""g' RS e
=
v+3 e F Shubiem W L 2l vl
2 vEl -1, 2 ;-.L,I By VAl . u},:| P
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§ 188. Zeipai amoAiTwg ouykAivouoal.—Od Aéywpey &Ti:

o o0
‘H ogpa X a, ovykhiver aroldtog to1e, Kai povov tote, Gv 1] oepd X | ay |
1 vl

v=

@V AroADTOV TAYV TOV Gpov NG, dniadn 1 :
oy | 4 [y oo | e

ovykhivy mpog memepocpivov apOpdv.

Elvan gavepdv &1, tdv o, =0 Nv=1, 2,..., 10T | o |= o xai 1| oapd

@©
X a, ouykAive, €&v, kol pdvov Edv, ouykAlvy dmoAUTws. ’Eqv Speos pepikol
v=1 5
& TGV Gpwv a elven BeTikol kol pepikol dpynTikol, TéTE &TAT) oUyrAiols kal &ro-
AuTos oUykAiols Bév elvan TO aUTo.
*AxpiPéaTepov loyuel To k&Tw Beddpnua
o
§ 189. @ewpnpa : ’Eav pia oepa L o, svykhivy arokitog, tote abt ovy-
v=i
khiver kai ani@ds. To avtiotpopov dev ioy et ndvrote.

00 2 2
*Anédertis ¢ "Eotw 611 ) o, ovykAlvel GTOAUTWS.
v=1

OETopEY : By=|ay|—c, Brxxdbe v=1,2,. ..
Toe Eyopev :
0=p=|oy|—aw=|a|+|la|=2-|a| Nv=12... (H

“Eyopev 8exBf &1 ) oeipd £ | oy [ ouyrhiver, TéTe Spcos éx Tfjs (1) TpokumTel,
v=1

«
TUPPVWS TIPS TO YVWoTOV KPITHpIov ouykpioews, 611 kai 1 EI Py ouykAivel,
o=

Katd ouvémeiay kal 1 5 o, ouykAivel, B16T1 & TRs Py =| & | — o EXOMEY :
v=1
o= ey =Py =120 kal of oelpal 3l [iely 3! By, ouyxAivouv.
v=1 v=1
) e e 1 e SR Lo
Mapadevypo : "H o-ar.pavzl e = —l-.--?—? e 52

GUYKALVEL.

MpdypaTi, €youey oy

Gl

—— ouyKhivel dohUTws, STTOTE, KATA
v

7(_"}1‘)“_‘:—7 i Vo= 1,2,. o

*ANMG Ty 5 % ouykhAivel, 6Bev Kai 1) B

v=1 v=1
TO dvwTtépw Bedpnua, adTn cuykAive kol &mAds.
L) o
Hepatypijosis: o). 'Eqv | £ o, guykAivy &mrodiTes, TéTe altn ouykhivel
v=1
kai loyver :

L .
¥ oy = B ol
&7 = !

v=1

v
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B). To dvrioTpogov Tol dvawTépe Becopripartos Btv dAndeler éwroTe, Ano-
87, Suvardy pic oelpd vd ouykAlvy, Evé 1) oEIpS TV ATOAUTWY TILGY TEY Spaav
NS V& Unv ouykAivn.

Topnépoope. ‘H évvorx 68ev Tfis &moAuTou auykhicews elvan waoyvporépa»
T dvvoias Tijs dmATs ouyxhioews.

= v
Mapadevype 2ov : Asigate 61 1 crstpdv}:.l ";v uyKLiveL
MpdypaTt, EXOHEY | :
Y = eN.
2v ‘_ 2Y N

; o
ARG, dos EBelyn els TO mopd. 1 § 178, ) ospa B
v
5l il

z

v=]

N
2v

> ouYyKAivel,
1

OBy kol 1)

ouykAivel ammoAUTws. ToTe Spcos alTn

g MUY
ouyrhivel, Bniadh nv% —5

Ba ouyrAivy kai GTAGS.

AZKHZEIZ

403. Toicu éx Tév drohouBuwv cerpdv elven dmoAdTws ouykAivougar; TMoiar efven ouykAivou-
oat; TMoicu 8iv ouykAivour tv R;

Y o 1 w  OuUv VY
® Ve Ly = LAl
1. uLl 1) SRRl 2. vz-:l =1 (2v)? vy 1 Awi
3
? o it il s (=1
4 R DY emp e 5 vEl b e S .
vl =

v
v=1
Yv
« . ) 3 - A
404. 'Eav ¥ |« | ouyxAivy, Beiate o1l kal 1) oelpa Elcr; auykAivel. Awoate dreAoUfug
: 5 E
y=i P g L o mu
&y Tap&derypa ik ToU OmoioV va& tppaivnTan 61 Btv loyUel TavToTe 16 dutioTpogov.
© : .
405. "Eores £ |a, |=q xa E] 0‘3 =p0a >0% v=12..., Sifcre & :
| v
' a > B.

§ 190. Mapéaoraoig ﬁpaypaﬂmﬁv apbpddv pé dexadikag oelpdc.
"Eote 1) dxoroubia oy = ;g

Y 0] A D ETERGOST
Vi Y2 Ys Py .
Vo 108 10 jatan it e
Smou y, elvan dxépaios dpiBuds Kad Wy, War War- -0 Wo oy oo - ElVan yngla, Sniodi
&képanor dpiBuot ué: 0=y, =9 NvelN

Ly '
Oewpniowpey TNV &vTioTOIXOV OEIPAV by (R g o) e
v=0

S I M peny v

T (1)
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THY Orolav kahoUuey «dexaduay gewavy 1) kol &GAAwSs «dexadizdy doliuovy ue
dxtpanov pépos , kal amepa Sekadika ynela Wy, Ws,. . .. Tautny oupPoiilouey
ouvTOuwS Kal s EETis :
i b i RO, LA
"Ag peAeTriowpey Topa, GS Tpds THY oUykAiow, Thy Sexabikfy oepav (1).
To &Bpoiopa o, TGV v TrpoiTwy Spwv (uepikdy &Bpotopa) elvat :

et g MBI, | s Wl
Gy= \Po{' 10 T 102 T 5 10v—1! ¥ 1r21--': (2)

QUOAUTIKWTEPOV EYOPEY

Gy =Yl Ta = Yo ‘I’ Té )y 3= Yy + d ?}_O]_ + P}O_Qg__ 1 KO:‘] YEleG“)S

i Vel

TMopaTrnpoupey 611 :

Y1 Wa o Ms
Yo=Y+ 10 =Yt 10 + 102 =
BnAcdn foyue :
Oy = Oyy1 kal TouTo-81& kdBe v=1, 2,3,.. .,

fTor ) dxohoubia (2) elvan alfouoa. "Emi mAéov, Emeaidn
e e ;
10 FlU“ 4 -+ 10v < 1 3 veN (Barti;)

7 &rohoubicr (2) elvon pporypévn Trpds T& o pE dvw ppdypa TOV kEpaov &pl-
Buov y, -+ 1. ‘Emopéves, katd T &icopa Tiis § 150, Kep. V, 7 droloubia (2),
s alifouoa kal pparypévn ouykhivel Trpos Eva TparypoTikdy &pifuov § = - 1,
fiTot : lim oy, = €. TdTe Speos kol 1) Bexadikd) oeipd (1) ouykhivel, £ dpiopol,
Kol ioyUer :

Yz

§o I%v\, EW"+\IPOII+_I_(-J_2_+”‘+ ;;J:’+"'EWUJW1LP2---WV---:

= lim a,=§.
"Edeiybn 66ev T EEfis:

§ 191. @ewpnpa.— Mia dekadiki) oerpi f. A= T T R e TS

Ty 1113
suykhiver mavtote koi Opiler axpifdc Eva npaypatikov apbpov &,
AfBopev Topa TOV K&TwHL dpiopoy :

§ 192. "Opiopdg.— Od riyopev 6t & npaypatikds ambpog & rapictato
0g pic dexadikt) oeipa i £xer deKadikov AvanTUYRE Wi, W, Wy . .. Wy ... TOTE, Kai

povov tote, Gv Onapyy pie dexadikiy oripa ) _lq(’)L" TolaoTY, Oote va oy :
v=0
al o ¥, Y, Yy |
E=Wo Wi Vs ... W ---:W0+W+ 102 +"'+*1'0'TT
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Inp. To o KOASITON TO «dnépatoy pégogr, T& BE Wy, Wy .. T& «deradixa yi-
@iay TOU GVaTrTUyHaTOS.

* AroSeikvleTan £l TG podnuaTikg 1o kK&Twh Paoikoy Becopna
§ 193. @cvpnpa mapacTaoewg mpayparikod aptBuol S1a Sexa-

Sikfig oeiplig.— A kabe mpoypatikdy aplpov & drapyer expifidic pin rapi-
otactg adtod Sua dexuducil oE1PiS, ijror :

ST
E=VWp Y1 Wa- W ~::'0 10’
£ig Ti|v dnoiy ta BrKudUKE YNPio dtv elvan Bl Evvig, and tivog Béoewg kail népav.
OUTew, T.X. i
1 1 aen
Rhi 0,333 e e 0,5000
3,97= 327000 . | " V2= 1414213564. ..
29 dimyt, FEMCEIe L s
i :T7+T6+ 0% |~10H | =17,2500. -
Mopatipnoig

. A 16 3,27 dvTioTolyews 16 1/2 Imdpyouy ki ad TopaoTé-
3,27 = 3,269999. ... dvmioTolyews 1/2=0,4999. ..

Alren Spcos drokAeiovTat,
Tépav T wngiov 9.

CElg
S16m1 moavadauPdveTal & Tives Béoews kai

Boappoyh: Na copedfi td dexadixdv dvintuypa 100 appod 7/11.

ey e S s o L "
Aborg : "EoTe 61 elven: i ¥o + 15 B+ 5
'H (1) ypdogeran kal 001w :
0 7- : \P_" ape Y Ys

TBTEARALMINE TR TR T
Gpa y, =0 kol brropéves

'y W
LI e T @

Tttt T
‘Ex Tfig (2) WpOKUTITEL:

v
70 M 0 5L 0y S ¥
b S e

4 Yy
A 6-F —— =WY1- b I T

8pa y, — 6 xal tmoptves :

3)

‘Ex Tfis (3) mpoxTTEL

3 ___Lpa.i_Ll_‘(;.!_TU‘T.},...
P l"i_‘s K.0.K.

OUteo TeAikéds 0& Exeouev !
—lll. =Y Y1i¥aV¥s ..+ = 0,6363. ..
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* § 194. Nvopeva mwpaypaTik@v aplBudv pé memepaopevoug 16
mAfj@og mapayovrag.— TToAAdkis TrapousiddovTor ywoueva THs Lopeiis
X% Qi i Ey
A& TV ouvTouWTEPOY YRAQTV XPTOIHOTIOIOUMEY TO EAATIVIKOY ypduua TT Sid

TOV oupPBoAioudy TGV ywoptvwy TouTtwy. [pdpouey :

v
kﬂl Ok = Oy - Gy~ Cly- - - Cy .

To mpddTov péhos cvayryvaoketon : Lwduevor av (dpludv) a, ané k=1
éwg k= v. Td oluPodov TT onpaivel, 671 Tpémrel vé ToAaTAGCIGTWHEY ToUs &pl-
Buovs, ToUs odmolous AauPdvopey, Bétovtes Braboyikés k=1, k=2,.. ., k— v.

'Ex ToU SpiopoU ToUTou, EmeTan 6T

v vl v v
o) Mk=1.2.3...v, B Mo = i~ Mete, ) TMoa=o".
k=l k=1 k=1 k=1

EUkoAws &modeikviovtan ai k&twbi i810TnTes yivopévawv

L), kﬁ](c‘k Bk )= (Lﬁlqk)'(kﬁlﬁk )
2). kﬁl(m-ak et A"Lﬁgk

I e A kv

k=1 k-1 Gy
1

b 1
Mopaderypo: AciSats 6mo: n(l—'i{): —,
k=2 ¥

TMpaypatt elvan :

e e e ) R e b e

i 1 v+ 1
406. N& &mobeiy67y émi: T1 (1 - ‘—“-) = ;
k=2

X 1 1
. A o1 li mn = e el
407. N& &moberyf) omi: lim (k £ (1 e )) 5
408. ’Eav x # 1, &eifate ST1:
m (l =] xz“ I) e
k 1
Moiar eivan ) Tiuf Tou yopévou abtou éTav X = 1;

v i

409. N& ebpebiy 1o lim TT |
v=2
3

1 v,
410. N& dmoderyd # dviocdrns : T1 (1 o );> @v+3)"2
k=0 ELY
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, ¥ § 195 *Ameipoyivopeva.— "EoTw ay, v=1, 2,. .. uic dxodoubice mpo-
YHTIKGY &p1Budv. KoAoUuey angipoytvopevov 1é Spous (eite dAAcog nagdyovrac)
Tous &piBuous oy, O, . . . THY TapdoTaay :

Oy« Qpe st Oy + oy
BnAadh yivbuevov pé &mreipous TapdyovTas.
“Ev ToloUtov ywépevov cuppodifopey Bid Tou cupPdrou : 1T a, , ftor :
v=1
e f R PR B )
V=
“ExaoTov ywouevov

o
Y= 0 Qe -Gy ERTT] ay, v=12,...

KOAETTO peEpLkov yLVOPEVOY Tou &meipoyivopévou (1).

Ta mpdTa &relpoy IVOHEVX goofnoay UTMo TV peydAwv  peBnuaTikéy
Victe (1646) koi Wallis (OUAAS).

*Ek ToU Spiapol Evds dmelpoyvopévoy, ErreTal ST :

Aa+a)=T0Fa) T 0+
k=1 - =1

* § 196. ToykMaig EvOg ameipoyivopévou (mpaypar. apibudv).
O& Mycopev : 1o aneipoytvipsvoy ﬁ] a pt ay # 0, v=1,2,... cvykhiver npoc

iva apOpoy v kai 0o ypagopey I ay =7 toTE, Kal pévov tote, v 40, yo£ 4 o
ve=l

Kai &ni mhgov ioydy ¢ lim “I o =Y.
K=

DIAVIVE JCTITAT
ﬁqv:y-ﬁ]im"ﬂk -y, ¥ #0, 4 o
v=1 opo =1
" oo l 2
Mopaderypa lov : Na Drohoyrolfy to Ullz NED J
Abaig ; : _
baig : "Eyopev 5 k1)K + 2D |

Lo d ) EikE D
Katé TouTa :
5 2 _ e+ 2)
= v

5.0 W) 05 2)
4 Y
=D 2) - 2

k=2

4.5 v.(v+ 1) T
“Oeév;

2 1
o 2 ol s fi [1-.. e },__ 1
i 1. [1= ey = 5 e mvents 1| 1SSEsnls

227

WnionoBnke amod 1o ivotirouto EknmaibeuTikrg MoAmkrg



1 o
Mapaderypa 2ov @ Tit dneipoyrvopeva 11 (H* -—-) kai I1 (1 e
v=I v v=] Vo1
npog renepaopévoy amOpoy.
Npaypar, Sia 10 wpldTov Eyouey :
v 1 :
YVERU‘I(IAF mkﬁ)rv—}-l, Gpa limy, = 4+ =,
@ B TO BelTepov :
4 v 1 1 3 .
v :Ekﬂl(l == rr) = &pa  lim vy = 0.

TNV TEIpav

228

A
Ma

411.

412,

413.

414,

415,

416.

417.

418,
419.

420

421,

TO mpdTov fa Aéywpey 6T1 ouykhiver kat' #xdoxnv npog 10 oo,

10 Sevtepov 8a Abywpey 6T1 ouykhivel kat' éxdoyfv nmpog 1o 0.

AZKHZIEIZ
Nex &robery B m‘t.vﬂz(l—- ] ) 3

Né& peAetnfolv s pds THY cUyKAIow T& kaTwh &TTEIpoyIvépeva :

" 1 i |
L. n_rz(i = \) 2.I \_nz(l T )

v

FENIKAI ASKHSEIE ETTI TOY KEGAAAIOY TON SEIPON
Ne& drroderydij o1 :
v
£ (k4 3kt—k A1) = -T‘;- (O -+ 6v2 -4 5u 4 4).

k=1
Na dmebeydij 511 ) oeipd ?.. ST ouykhivel pds Tov Gpibpov 7
v=2 =
Aei€oTe 611
o 1 2

S BrID e+ 3
Na elpediy 10 &poiopua TV v TTpwTWY Spwv Tiig oeipds
L 1,,,,.{.._1__ ]
Isoid o i 7.10

v v—1
‘Eav £ o, =3v? + 4y, v elpebi) O E o xal droAoubos vir elpedi) 6« .
k=1 k=1

; 4 it 10
Né& ebpedfj 1o &0 fi Ara S S E
a eupeli) TO alfpoloua Ths oeIpas 4 5 -+ = T

Né& ebpebi) 1O dBporopa T@y v wpdTw Spwv Tiis cepds :

W S
U Ss S e

f= e

MNvwoTtoU Gvros &T1:

w 1 1 \ iy
e e, vé BeryBf 61 : 10 — 2,

6

(-3 l.
? N £ TR

v=1

: - 1 =
Acifare 811 1) oepd B ouykhiver (bv R), tv@ Bév oupBaiver 76 alrd kai Bk
v=I1

w2
1

£ SR
TS TR ]
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422, N& tEetaodiy, ds Tpos ThY alyxhiow, f) oeipd i yevikdy Spov o, = 3." +" ]1 ;
7
; ; ! 1
* 423, *Edw e &k eR' ¥ k=12,...vraip,geR"' —fl_ + _q_ =1,

va dirodery 8 Sti:

v 1 v J : . N

u=1  p= = 2 pviishoyict 1
F v—l viv+1) 3
Hu-T @e+u+)
n=3 n=1
426. Acifare 6mi:
0 1 i m
et e (1—7.
\-!-.[1 |42 v=mi Vst "')
Rt

427. Acifare 6T1:
0 =1y 0. G+
k=2 k=2

1 _ v+ 1
T‘_'I Lt 2v
k—2
428. N& pererndfi, s mpds THY CUYKAIOY, TO ATMEIPOYIVOLEVOY
o (v 1)

429, AiBeran o Tohudvupov [(X) = Xx* + BX —y ué pilas py < p, Tol dmroiou ol ouv-
Tehsoial tve wpuyuaTlKOi apiBpoi kal mAnpoUv THY oxéow 14 2B < 4y. N& &roBeyBij 81i:

= Sy
P <vﬂz(i ) <o
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KE®AAAION VI

AOTAPIGMOI — EKOETIKAI KAI AOTAPIGMIKAI EZIZQZIEIZ

I. AOTAPI©®MOQI. OPIZMOI — IAIOTHTEZ

Eicaywyixai &vvoiar

§ 197. Auvapsig pé ExBETv dppnTov apiBpdv.—Eis Ty wponycuuévny
T&Eiv dploapey Suvauels pé EkBéTny dxépaiov 1) kKAaopaTikéy, fiTor pi EkbéTnv
pnTOV &pifudy kai &medeifapey Tas kupiwTépas 1810TNTASs aUTdY, Tas dmolas kai
Utrevbupifopey évroalba

Edv o, PeR* xai x, y€Q, (Q 76 clvorov Té&V pnTddv &piBpddv), TOTE
loxbouv ol kdaTwb i516TNTES !

1) oo =a¥ty 3)  (a-P)f = o . P
20 afr gl = oY 4) (=) =X,
*Evri wAdov ¢
5) ’Eav x <y, TéTE loyuver :
<o Bl o= 1l
ot (= aY Sidx a =1
= o A [ M el S

“QoTe : M a > 01 aipPolov aX elvan TeAeiws dopiopévov els THY TepiTTeoov
k@’ fjv 6 ExGéTns x elvan Tuycov pnTos &piBuds.

Eis v mapoUoav Tapdypoapov yevikeUouey, EoTw Kol oToiyelwdas, THV
gwvolov Tfs Suvdpews upé BTV TuydvTa TrpaypaTikéy dpifudv. Tpos ToUTo
Opigopev Ty Evwolaw Tou oupPdiou of, &tav & EkbéTns x elvan dppnTos &piBpds.
[Mpos mAnpeoTépav kaToavénoly Tou BéuaTos, &s Bewprigcopey Kot &pyhv To EETS
OUYKEKPIMEVOY TrapdBerypa :

"Eoteo &1 Béhopev va dpilocopev ThHY Blvapv GVZ , aeR*. TIpds ToUTO

BecopolUpev W|..1iow alfoucav drohoublav pnTdv dp@uddv py, v=1, 2,... uE
lim p, = V2, m.x. THv dkoroubiav :
1, 1.4, 141, 1.414, 1.4142, 1.41421,..., (1)
) &mola ouyxhiver pods Tov dppnTov V2,
Synuarifopey dkoAolfuws THY dkoloubiav o, v=1,2,... TGV Buvdpewv
p¢ pnTous ékbéTas, EkTevds THV dkoAoubiav :
o, ald, ol o414 glélsz grateat | &)
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Edv o > 1, TéTe kara T 1B1éTnTa 5, 6& Excopev
ol < ald < ol < al4ld < o492 = L gl 2

fiTor 7y drohoudia (2) elven alifouoa kai gporypévn, ouvemdds ouykAiver (§ 150).

"Edw méw 0 < o < 1 ) drohoubia (2) elvan gbivovoa kal ppaypévn kai
@S TolTn TR OUYKAIVEL

To &piov Tijs dxoroubias (2), T dmotov s EAexIn Utdpyel \faxeR *, Spi-
Couev s THv Suvapv al?,

"EoTeo Tpa X TUYRV &PPNTOS &pibuos, Excov, Buvdpel Tou Bewprjuaros
(§ 193), BexaBikdv dvamTUyLa

- o v Yo Wy
X=Wp YiW¥a- - Yot * =N 10 -*_'102'“‘7 g '+—10*vf-|-

kol o els BeTikos wpcxyuorrmc‘:s &p18uds.

Aeydpebar, Gveu PAGPNS THs YEVIKOTNTOS, ST1 & > 1 ke x > 0. ©étopey :

| b 1 Wy L
-“v:%‘*’%’f"l_oa‘f?” e v=l12, 3)

”Ctpct'rnpoﬁuev Tdpex 811 1 drorouBia (3) elvar pia al§ousa droAouBic PTGV
&p1BpcdY, & TAkow B8 pporyméun TTpds Ta dve kE Bved ppdrya Tov drépatov y, +- 1
(Brarri; ). *Emreidny &xoatos 8pos Tiis dkohoubias xy , v=1,2,... elvor pnTds &pi-
Buds, 1) Bovaus o™ Eyer wiov gvTeAGds koBwpiopévny Evwvolav. 'EE &AAov, ETre1d)
> 1, Egopev :

Vo + et Yo + 15 !'-;u—;- Vot-1
crw'<0( 0 - g RURcsl Wy ; (4

firor, ) dxohoubia Tév Buvduewy pé pnTols &kBétos ™, v=10,1,2,. . . evon ad-
Sovoa kad HAAIoT YW]cricoS, &l héov BE pparyEvn TPOS TA dve &Trd Tov ekl
&pax B ouy kv Tpds TIPOYRATIKOY GpiBUOY uikpdTepov f foov Tol avet ! (§150).
"Edw méw 0 < a=< 1 ) drodoubia o™, v=0, 1,2,... elveu pBivovoa kai
PRorypévn Trpds T KéTw Kal F TolaUT elvan TéAI ouykAivouoa.
"Qore, 51 k&de a€R* UTTSPXE TO plov THs droAoubias o™, v=10,1,2,. ..

’EE Spioyoy BéTopev TOPX

: S o IR Y :
“*Hror: “Opitousy s ddvapuw To0 @ &g Tov dogntoy Exllérny &, Tov moayua-

3 7 ~ e .
Tikor Gpifudy mdg TOv Gmoioy telver 1) axodovlia T@v dvvdpewr pué onrods Exbévag ;

ave, a¥oVs , @¥e¥i¥s ., VeV .y

* Enpeiooig, 'Ev TTPOKEIHEVE) &rrodetkviovTan T& EEfs
1), *Edw 5o dxotovdlar X, , x;. v=1,2,... pnrdv &pidpdv ouyrAivouw &updtepan elg
.l g 3 5
T &ppnTov x, TéTE ol droroudia a¥v, o, v="12... ovyrhivow Eriong els Tov avrov
SpiBdy, Tév drroiov TaPIOTRMEY o Koi keoUpev Blvapw Tol o els Tov dppnov ékbérny x.
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2). Al yvwoTal i816TnTes TGOV Buvdpewy pé pnTous ékBétas, Tas oToias dvepépopey elg THY
Gpxfv Tils mapovens Tapaypagov, loylouv kai els TV TepimTwoy Buvdpewy pi ixbBéitas dp-
piiTous dpiBuols, katd ouveteiav pé ExBétag TuyovTas TpaypaTikoUs dpifuovs.

BEv 1] mpdger, f Buvoms o, Smou x &ppnTos, dvTikaBioTaTon Si1&¢ T
Tpooeyyioems Tng a , dmou p pnTos Emopkdds Tpooeyyilwv Tév dpprTov
&p1fpov x.

"Evvola tol AoyapiBpou

§ 198. AoyapiBpog pe Baoiv Tuyévra BeTikov apibpdv a ~ 1.-
"AmroBeikvieTan els Ta pabnuamikd &Ti: A xdle Detixdv paypatizoy dodlpdr a.
dudgogov Tijg povddos (0 < a # 1) xai xdle moayparixoy aoludy 0 = 0, dadoye
axpifiios els mpayparixos apucs x (enroc 7 dopyrog), eis Tov Gmoiov dyoduevos
6 a dldet Tov O,

fiTor : a*=20 (1)

‘O povoonudvtws OpILopEvos TPXYRATIKOS &piBuds X, GoTis TAnpol ThHY
(1), xohelTan «hoyappog 100 0 Mg npog Paory a» kal oupPolileTan olTew :

X = Xoy, 0 (2)

Katd 1& dvwTépw £yopey Thv Aoyiknv igoduvapiav :

Koy, 0.= x 4= 0> =0 (3)

AiSopev Tdpa TOV k&Tw1 dplopdy ToU AoyapiBpou pé Pactv TUxovTa BeTikdy
&pifpov o # 1.

AoyamBpog £vog Betikod aplpod 0, dg npog Pacty a (0 < a 7 1), kakeitar 6
£xbétng £ig tov dmolov npéner va OymOT) 1 Paorg o d1a va dder tov 0.

‘H (1), Aoy Tiis (2), 8ider :

u}\uf“() =0 (4)

IMapoadeiypata :

1) Aoy, 100 =2, ®&ém 10 = 100 ‘ 5) Aoy, 0,001 = — 3, &idm 10— = 0,001

|
|
Jis ] : PE 1y
3 doyl2=—, 2'ls = 2 ‘ e ey ,,,),,,
) VilZ=5, » : ¥ | D donyy, b o (F2
By |
4) AOY|I,9=—2, »(3) =9 ‘i 8) Aoy ]”3 = :12-, » (3)];= —‘Y:‘l-

Cevikn napatipnoic. Mavtol kaTwTépw, of dpiBuci Tév dmoiwv AapPdvouey
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Tous Aoyapifipous, & BewpouvTon BeTikoi. Aoyap{epoug &PUNTIKEY &p1BuY otTe
Opilopev, oUTe petayeipiiopedor.

§ 199. Baoig Aoyapibpwv — AoyapiBuika ovorijpara.— ‘0O Tpaty pa-
Tikds dp1Buos o, doTis elvan BeTikds Kad S1dpopos Tis povddos, kasiTan Bacic Ty
Aoyapifucv, "Emeaidn s Paois o BuvaTan va Angbfj ologdrmroTe BeTikdg Tpaypo-
Tikos &p1Bpds Si&gopos Tiis povddos, ik ToUTo SUvavtal v& oxnuaTicfoly Bid-
gopa AoyapiBuikd oveThuoaTa. Ta xpnowwoTooUueva Suws efven e &6 :

Tov. To sexadikov royapOpikoy cdotnpa. OUTw waheitan 1o oVoTnue ixei-
vo, els T& &mroiov 7 Pdots o elvan o &pibpos 10. ‘O AoydpiBuos Evds épiBucy 6 eig
T6 sUcTRua ToUTo KaelTal dekadikde royapbpog kol oupBoAiZeton &mAdss
Aoy® duti Aoy,0. )

Oi Sexadikol Aoydpifuor kahouvTar kel «xowoi Aoydoluon ) «Briggs lo-
ydoBpon® kod Xpnmuoﬂotoﬁwal eUpéws els TG oTOIKEIDDN pabnuoaTikd Si&
TPOKTIKOUS KUpPicds GKOTTOUS.

20v. Té Nenéprov hoyapifpukov chotnpa**. OUTw koAeiTan T6 oUoTnue ikei-
vo, eis TO &mrolov 1) Pacis & glvat 6 &pprTos dpiBuds e = 2,71828. . ., doTis, ds B

- i i : 15y
iScopiev el Eropevov kegdAaiov, Elval TO OpIOV TS droAouBias ( 1 +'J =12 ..

‘0 Noydpiuos Eves c’:plelJOG 8 &is Tbn(IL‘!O‘TﬂIJO: aUTO KOAEITAl «veniprog Loyapr-
Opogy*) i «puowkds LoyapOpog» ToU i} Kf:fl oupPohifeTan Siebudds e «logl» elTe
«InB» Trapaherropévou Tou SeikTOou e, fTO!l t<°f‘l els 1O olortnua alTd &uTi
y=1log.8 yppouev y— logd Y= l‘”?' {?i b e ?\0}/’3819“01 XPNo o ToloUy-
Tan kupicos els BecopnTll«'XS peAéTas Kal 65 ék ToUTou TO 5 dved oloTnua Bearolet
T&Y MA@V GUGTNUATEV kupias els T& QvaTEpx PadnuaTikG.

Hapatipnaig. "Ex T0U spiopol Tou Aoyapifuou pE Paotw TuyduTa BeTikdy
&p1Budy o £ 1 TrpokUTTEl OTI els kabe BET:K(‘JV Tl:po:yuo:'rmc‘w dp1fudv x dvricTol-
Xel GrpiPéds €lg -.-rpa\,rpcx'ru(c')s &p1Buds y, SoTis ikavomolel THy Eigwoy

a¥ = X.
To:ouwTPéTrws bpieTon pia owspTnots, fi y=f(x)= Aoy, x né mebiov Opi-

OOl 16 givoroy R TEV PeTikGY ap1fudiv kai meblov Twdv o olvotov B T&Y

TPy paTikéy &piuddy, fTol:
i tyx —> ¥ = |(\) = 7\0}’(1 xeR.

‘H éx v ouvapTnoTs [: B'—— I Svopdleron hoyapOpukn suvipTy-
15 Kai Grreos G pdbwpey €l T &y t&€w @bt elvar «j drvlotoogog aVrdp-

" . s
TG Tijc Sxletixis GVVAOTHOEWS L= CE
* Mpos Ty Tod “AyyAou MadnuaTikoU Henry Briggs (1556-1630), &omig TpédTog

EhaBey cog Baow TéY Aoyapifucwy TOV apifuov 10. ) ' )
% TTpds mipfy ToU John Napier (1550-1617), Gomis émevonae mpdtos Tols AoyapiBuous

Kal Enaey s oty Tov dpidpdv e — 2.7182.
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Eis dpBokavovikov aUoTnua &Eévev f| ypagikn ToapdoTacis Tiis Aoyapifui-
Kfis ouvapTNoEWs ¥ = Aoy, x 8iBeTan, kaTd TpdyEelpov oxedlaoiy, s Ta kdTWOL
oXnpaTa.

d y
! i
ne 7
a2 00 x° 0 x
axl
y g
Iy 13 Sy. 14

"Ex Tév uéypt TouBe AexBévtwov kol Tf) Ponbelq TV dvwTépw ypagikdiv
TGPOCTACEWY EVVOOUMEV EUKOAwS T EET|S

1). "ExacTos wpaypaTikds pibuds elvan AoydpiBuos £vds Kai povov BeTikoU
&pi1fipou.

2). "ExaoTos BeTikos dpiBuds #xer Aoydpifuoy Eva kad HOVOV TTpayuaTIKGY
Gp1Budy.

3). "O7av f) Pdois ouoThipaTos Tvos Aoy apiBucwy elven =1, of peyoUTepot Tis
uovados Gpifpol Exouv AoyapiBupous BeTikols, évd ol MIkpOTEPOL QAUTRs Eyouv
Aoyapifuous dpvnTikous, TO duTiBeTov 8¢ oupPaivel, dtav 1) RPdois elven < 1.

4). "Otav 1) P&ois « elven > 1, afavopévou ToU &piBpoy, alfdvetan kol &
Aoydpifuos abtol kal dvmioTpdguws: v 88 o < 1, atavouévou ol dpifuoy,
tAatToUTan & AoydpiBuos.

Inpeimoig. Els 1y éxny té§wv 84 dmobeifwpey 6m loyvouv T& kdTwb:

a > 1 } lim loyu X =~ 00 Kai lim 3\-0?0 x=+4 o
= X—> 4
¥ ‘ é -~ S— -
0<e<<l | lim oy, x=+ 00 xei lim Aoy, X=—o0
| <o ol

Tpos émPePaiwov Tapatneroate kal T& dveTépw axnuata (Ex. 13 xal Iy, 14).

AZKHZIEIZ

430. TpooBiopigaTe ToV X Ek T&OV KaTWH looThTWY :

Ddoy,x =3, 2)doyx=-3, 3) ?\oy,(%)-——x, 4) ?\oyv_(g]f'j')zx

7 i
5) Aoys;, 287 =X 6}y x = —, 7)Aoy, Y2a =x, 8) Roy,(v_ljz,) =X
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431. Epete Thy &yvwoTov Paow Xe R', X 5 1, & TGV kdTwb iooThTey :
2 1 81
1) Aoy, 25 =2, 2) Moy, 16= 5, 3) Moy, 5=, 4) Roy, ( Is) Ny

432. ‘YmohoyioaTe TOUS Aoyapifpous TéV dp1Buddy :

1 1
s ! 27, 4 -
81, &4, =, 12 25 y2 1000
s Tpds Pdoels GuTioToliXWws TS ©
3 —L, 2, 4, 3 3; 2, 0,01.

2
433. “YmohoyiooTe TAS KéTwh TapaoTATE
Aoy, 81 — Aoy, 64
a) =

& : Wi
Aoy 64 + A0Ys 55 + Aoy, 412

D08 Y3 s Doy T

sty , ,
AOYs 25 Aoy, = + 7\0)/327'7\0)/,!:64

— 5 -+ Aoy: (A°Y2(1?5)774 M’Yu erur
¥) hoys 27 4 T - hoye,10 + Aoy 0,001
434, 'Edv qeR*, a # | ko kahéoowpev 1 X = Royyg-a, y -
& = gl
Toberk 07 OT1: xyz =X+ y+i+2
435. N& dmrobeny 511 & Aoy3 elvan dpiBuos Gpeniros (= dolpperpos).

‘1516t TEG TGV AoyapiBpwy

Aoy ok, iz == Aoy .af, v

§ 200. *1516mg I.— Eig nav abatnpa hoyapibpov, 6 Loyappog tiig povadog

elvar 1o pndév, 6 58 hoyapipog tiig paorws elvar | povég, fitol :

: Moy  1=10 Kkad hoy, a= 1  «eR'—{1).

TMpdypoT, & ToU Spropou ToU Aoyaplfuou s ékBETou, Exopey
il

a®— 1 = Aoy, 1 =0

§ 201. "1816m™g ! i |
mpog pacwy a (0 < o 7 1), icobtol TPOS
abtdv, hg npog TV aotiy paoty.

kai al= a = Aoy, o= 1 MaeR'—{1}.

l.— ‘O royapiOpog tob yvopévou dbo (Detik@v) apilpdv dg
o &0poropa oV hoyapilpwy tdv aplpdv

*Anodeitig. "EoTwoav g, ko 0, U0 (BeTivol) dpiBuol kal x, y dvrioToiyes

ol AoydpiBuol Twv, o 1pos
Tas Aoyikds iooBuvapias :
ot = el <= X
'EE avrév Acuplvopey :
oX - o

Aoy & kol o = 0y <= v = Aoy, B,.

6, -0, ) oY =0 0.

WnionoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg
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*AMAG T TeAeuTada lodTng Beikviel &I :
Aoya (B - 8,) = x| y= Aoyu 8, + Aoyu 8,

N 0, 0,eR7

o gt = Loyy (0, - 0,) = hoy, 0; | hoy, 0,

“QoTe:

MNéplopa.—Eav 8,, B,..., 6, civar Oetikol npaypetikoi apibpoi, tote ioyder :

hoye (0,-0, - - - 6, )= Aoy, 8, 4 hoy, O, - -+ 4 Roy, B

1| omep TO QUTS ¢

v v
hoy, (I16;) — E hoy, By
k=1 k=1

‘H &mdBefis eUkohos Bidr Tiis pebddou T TeAeias Emaywyis.

Mapaderypa “Exopev mx. Aoy (7:5-4-3) = Aoy7 -+ Aoy5 -+ hoy4d -+ Aoy3
kel QVTIoTPOPWS : Aey5 + Aoy3 -+ Aoy6 + Aoy2 = Aoy (5-3-6-2) = hoy180

§ 202. "1816mg 11L.—"0 LhoydapOpog nniikov dbo appdy (BgTik®V) (g mpodS
paowv a (0 < a # 1), icobtar npdg tov Loyapifpov tod drarpetiov pelov v Loya-
pOpov tob Swaipéton, Mg mpdg THY ety facuy.

*Anodaikic. “Eotwoav 0, kai 6, 5Uo &piBuot (BeTikoi) kal x, v dvTioToiyws
oi AoydpiBpoi Towv, ds Tpos Paov a. Kotd Tov dploudy & Aoyapifpwy Exouey
Tés Aoyikds {oobuvapios :

of =8, <= x = Aoy, 0, kai ¥ =0,<=>y = Aoy. b,

EE alTdv AauPdvopey
8,

0,

oXra¥=0;:08y N A V=
AN ) TeEAsuTada iodTng Beikviel OTL:

Aoy (—gf) = X —y = AoYa 9; — Aoy, 0,

o \7/ 01, 02 eR’ I 81
n — | = — 207, 0,
Qoe : 0 . _/ 1 | = ;-070 ( 02 ) 1-0')"“ E,1 Tu Uy

OUTws Exopey Y. Aoy %: hoy 3 —Roy 5

Kal QUTIoTPOPWS : Aoy 7 — Aoy 13= Doy 7/13.
Mépiopa l. — Of avtistpogor apbpoi Exovv avribizoug hoyapifpovg.
TpérypaTt @

AOYq (é ) - Aoy, | — Aoy, 8 =0—2Aoy, 6 —hoy. 0.
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Méptopa 1l.— Ado Bgtikol apiOpoi eivar ieor Tote, Kui pévoy tote, Gv of hoyapr-
Opor adtdv, Gg npog v adtiy facty, sivar toot, fTol :

F.OYU 0,= oy, 0, <= 0, =0,

‘H &moédeifis ebkoAos.

*ALi6Loyog mapatipnols. Aeov vé Eywpey TaUToTE UTT Syiv &1 :
AoYe (81 + 82) 7 AoYa 9 -+ Aoyu 8,
AOYa (81 — 85) 7 AoYa 8 — AoYu 0,
Aoy 8;-A0Ye 8, 7 Aoya (8;-6,) = Aoy 8, -+ Aoy, 6,

6 "
Aoya B : AoYa 83 # A0Ya (EL) = Aoy, 8; — Aoy. 8,
2

§ 203. "1516™¢ IV.— ‘O Lhoyapubpoc olugdimore duvapeng £vig Betikod apr-
B0 isobtar npog T yivopgvov tob £k0Etov tiig Suvapeos Eni tov hoyambpov tijg
Pascwe tiig duvapews. X .

'Anodaiirg. “"EoTw 6T elvar Aoy, 8= x, &vla 8eR’ kai 0 < a 5 1. "Edw
95 keR. eivon pia Stvaps ToU BeTikoU &pibuol 8, ToTe, émaidh 8= o, Exopev
Bk — (o )k ok, ,

"Ex ToUTns, KaTa TOV Spiouov TGV Aoyapibuwy, TpokUTITE @

Aoy, B¥ = k.x= k- Aoy, 8.

\/ 0cR*, KER | oz
“Qoe: Lﬁl | = hoy, 0%=k hoy, 0

§ 204. "1516g V. — ‘O Moybpidpos olocdinote pilng, pé dnoppiGov Berudy,
icobrar mpég td nnhikov T0D Km{apiﬁuc:u Tod uz:op;’nCnu 81(1_101} deikTov s pl,g'q,g,
‘Anodeitie. ‘H GuoTépod 1516TNS ATTOTEAED wépropa Tils mponyouuévng 5ia
TnTos. Mpdyuar, GpKel el T darobeiyfeicav iooTnTa Aoy, 85= k- Aoy, 8, v&

Tedf} m.y. k:—‘l;—.

Acppdvopey TOTE 1 " 1
}\oya B." = AOY‘] VB = T = 7\0}’3 0.

N 0eRT, VEN[ = ?..oyﬂ/ﬁ:i-i\.oyuﬁ
0<a#l | u

"Qoe:

Desswm]
Oras Exouev T.x. Aoy V205= 5 doy 205

5
1 -
kal dvTioTpdews - 5 Aoy 1014 = Aoy V1014.
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§ 205. "I616mng VI—Eav 1 facig o t@v hoyapiBpov sivar >1, oi apibpoi
oi peyahibtepor tod 1 Egovv Oetikods hoyapibpovg, Evd of Ostikol kol HLKPOTEPOL
ol 1 Exouvv apviuikodg Aoyepifpovs, fitol :

07,0 >0 <= 0>1
Eav a>1 =

Moy, 0 <0 <= 0<0 <1

"Anodeiie. "EoTtw 611 Aoy, 0 = 0° & Tfis a > 1 mwpokUtrTe: :

oot~ horyd

EE oU : 8=1.

"Avuiotpdpes. "EoTte 6 > | fi Smep 16 autd oM’ > 177’ EE o, Emer-
87 o > 1, wpokUmTel: Aoy, 6 > 0.

‘Opoiws dmodeikvieTon kai 1) beuTépa iooduvapia.

Moépiopa.—Tiis Pascws o @V hoyapidpwv obone =1, 6 peyakitepog £k Soo
Betikdv aplpdy Exer peyadotepov hoyaplpov kai avuietpdgg, fTol :

Eav @ > 1, t6te: doy, 0, > hoy, 0, <= 0, > 0,

§ 206. "1816Tg VII.—Eiv 1| Pacis a tédv AoyapiOpmv sivar : 0 < @ < 1, oi
apubpotl of peyaditepor tob 1 Exyovv dpvnrikeds hoyapipovs, évé of Oetikei kai pi-
kpdTepor Tob 1 Exovv Oetukovg hoyapiOpoug, #iTor

% g : 27,0 <0 <= 0>1
Eav 0 <a <1 =
Pt oy 0 >0 <= 0< 0 < 1.

Yroderlic. Toapatnprioate 671 : Aoy, 8= — Aoy y/.d kai épopudoaTe drohou-
Boos TV Tponyoupévny i&i1oTnTa.

Mépiopa.—~Tig fascwg o 1@V hoyapidpov oiions Betikiis kai pLkpotépag tii
povadog, 6 peyeritepog ik Svo Detikdv apOpdv Exer pucporepov Aoyaplpov kai
avuetpopug, fTol :

'BEav 0 <o <1, 1618 Aoy, 0; > oy, 0, <= 0, <0,

Mapatfipnowe. "Ex 7év dvewrtépw iBioThTwv TéV Aoyapifuwy kabiotaTa
Qawepdy, &1t pé ThHy Pondeiav Evos «loyapiluxod mivaxagy, Tepl TEOV dmoiwv B
Suiiowpey kKaTwTipw, Suvdpela va dmhomoiowpey Eva dpifunTikdy UoAoyi-
opov kol ToUto 81671 Suvdpeda vd dvrikaTaoThowpey fva ywdpevov pé fva &-
Bpotona, Eva mnAlkov pt plav Siapopdv, plav ggaywyny pins pt plav Siadpeov
K.T.A.
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Eis Thv TeAeuTaiov puaAloTa TEPITTTOROW 6 Aoyapifiuikos Utrodoyiopods elvat
dvamrdpeukTos, STV & SelkTns TOU piiikou elvan peyaAUTepos Tou 3.

‘E¢appoyai TV idroTiTwY TRV AoyapiBuwv

1. Na ékgpacliy 6 2oYy ( ) oo popeiy ahyePpucod alpoiopatog hoyapiBpwmv.
sp 1y
Avowg. “Eyxopev :

7‘°Ya< 3at ), Aoy, (3a) — Aoy, (5P - .]"‘Y ) = hoyy 3 + Aoy, of — Aoy, 5 4 Aoy +

58 1y 1
i Aoya VY Y=l 2 Moy o — Aoy, 5 —- Aoy, P — o Aoy, Y.
2a. Na éguppocfoly naaat ai duvarai idotnreg tOV hoyapibpwy int tod
$irs : I
vy Y a2
3 -
5p2 - }lﬂ:_p_Tz

Avaic. "Eyopev:

S A Aoy (3o - i"ﬁ‘ - y) — hoy (5P - ]}uz By =

Aoy ;
5pe . fat- ﬂ i 1
— [AQY3 + 3roye (2?\07{3 -+ ?\oyy)J Aoy5 + 2hoyp - 3 (2hoye 1 AoyP +-
7 11
: 2?towJ| =hoy3—Roy3+ 5-Roya—-g ?‘°""3_ 5 S

_I{I
L
it 4 P T

an. Bav doy, i=— 1 T Ml = 1 S

Aboig : ‘H Sofiioa ypapETa | Ri : =

foygl = bl = — s M) EAYEES e
pov Tou Aoyapifuou Eyouev K TiiS TehevTaias lodTnTOS *

Korrée Tov op1o s

Rt .
i e SR S S

4n.’Eava > p> 0 xui at -+ Pt = 1lap, dcifaze s

Yon ‘%‘,;.“ = T(lovu + hovh).

'Anodeilig @ “Exomev: y
at 4 pr—20p =9p A (@—Pp)2=9%p fi o—p=237Yop

f) = ](uﬂ.
ToTe Guws B ExwHey kal

= 1
Aoy ( 9_;,@) = Aoy Vo:ia —or (Aoya + AoyP).

51, Na deuyij 1) drndee tijg iootnTog 5
’L aoy 3+ 2 12— 4oy gz +10)=— 5 hov Jz—.
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Avoig. Tlopatnpotpey 6 3 4 2 12 = (J2 4 1)

"Apa -I-%?\oy B+2YV2)—4nr0y (f2+ 1) = TTG' Roy (Y2 + 1)* —4roy (J2+ 1) =

7 A 25
=g hr (24 D=droy (12 + == Lroy (J2+ 1) )
AN kaTd 1O Topiopa | § 202 Exopey :
=t 1 =
—ho 2--1) = Ao ———- ) = oy (}2 —1 2
v (24 1) = doy (G—c) = Doy (121 @
H (1), Adyw Tis (2), yiveran:
7 :
g oY B+ 2V —4doy (J2 + 1) = .-28-5_ Aoy (F2-=1).

§ 207. MeraPaoig EE Evog AoyapiBuikol ouoThparog eig Erepov
(aMayh) Baoewg AoyapiBpwv).— Al duwtépw (Bi6TnTES T6Y AoyaplBucwy
dvagépovton 5 Tpds THY aUThv Poiv. TToAAGKIS Bucs TapouoidlovTal, s fv
kal 70 alto TpSPAnug, AcydpiBuol s Tpos SiapopeTikds P&osls, &Te & Aoyt-
ouds, &v 6x1 &Buvamos, Sév elval elkohos kol Sid ToUTo dkelvo TO dTroTo EmiSid-
Kopev, eUBus €€ &pyfis, elval: TrdvTes of AoydpiBuor var dvagepBolv dog hifslely
Y alTtnv Béow

ToUte imiTuyyxévetan 81° Epapuoyfis ToU kiTwh BecopripaTos :

Ochpnpa.— "Eav yvopilopsy tov hoyapbpov évog aplbpod, og npog faocty
wva a, chpickopsy tov Loyapilpov tov, Mg npog véay pacty B, av Swapéompey Tov
yvoatov Loyapibuov (o3 npog Paciy ) S1a tob hoyapifpov tiig viag Baocwg B, dg
npds TV relaidv, fiTol :

0eR* |

v ) 3 Loy, 0

0<a£1 = hoyy 0 = ot (T)
0<p#1 iy

"Anddaiig. "Eorw x & Aoydpibuos ToU 8, dg Tpos THY vEav Pdow B, fiTol
£0Tw 671 ¢ Aoy 6= x. (1)

ToTe, kaTa Tov Oploudy Tév AoyapiBuwy, 8& Excwpey ;
pr =8 )

NapPavovtes Tous AoyapiSuous Tév peAddy Tfjs iooTnTos (2), ds wpos Paow
o, eUpiokopey

Aoy, 6
AOY P— A0y 8, tEof: x—— 1"
x Aoy, p=Roy,6, & o: x=— V]
H teheutaia odtns, &v Angdi O dyv ) (1), ypdeeTal :
hoy, 8 L¥
e .E.B.
Aoy © v O.E

Hapatiipyois. ‘O TUTos () Topéyel ToV kawdva elpécews TGV Aoyapifucy
65 TPdS TO AoyapiBuikoy oUoTnua pé Pdow B, tav quaikd yvapifwuey Tous Ao-

240

WnoionoBnke ammod 1o ivotirouto EknmaideuTikrg MoAmkng



yapiuous ds mpds 16 oloTnHa e Pao TO a. AauBavouévou 8t U’ Syiv &t
UTrépyouv ;\oygpaepmoi Trivaxes 6§ Tpds Pao 10, Suvdpeda, 71} Ponbeig ToU TU-
mrou (T) Ywpls THY gUvtav vEwv Tvdkwy, V& elpwpey TOV Aoy dpiBuov oloudn)-
otz GeTikol &p1Buol ds Tpds oiavdnToTe Baow Géhouev.

‘O tUmos (T), kv Angbii o= 10, 81611 dos wpds Paow 10 Umépyouv Triva-

KES, YPAPETAL :
S, YPOQ oy 6

Aoy 8- hoy B (')
Mépiopa.— To ywopsvov @V Loyopibpov §0o (Detikdv) appdv Srapépoy
tiig povadog fxatépov Eyovrog Pacty tov Erepov sivar 1 povag.
MpdyparTt, S 8= a & TUTOS (t) bider :
AoYe & 1

Aoyp & = }\Oifuﬂ = NoyaP ' k@ doov Aoy, o= 1.

“Ofev : ’ rove P < hoypa=1

*Aftoonpeiortog 100TTS.

‘O TUmos (1), Th pornBeic ToU QUeTépw TTopiouaTos, ypdeeTal :

] 2oyp 0==2o0y, 0 hoyya

) 6 6 o
Lnp. Munuovikos Kavwy -p— =l x A
‘Egappoyai: In ‘Eav hoy2 = 0,301 xai 2oyS = 0,698 va s0pedf) & Loy250 kai o
107,250,
£ Bt 1) Napeili= Aoy(2-5°) = Aoy2 + 3hoy5 = 0,301 + 3.0,698 = 0,301 - 2,004 —
= 2:395,

Aoy250 2,395
P) hoya250= 3505 T 0,301 e

0@ 1 apidpnnki TR TG TUPATTROENS &
. (hoy.5 + M’Ta_s)_‘ ‘3"0705

LOY,5 - h0Y,5

2a. Na Oroloyt

Aborg 1 “Exouev, Suvdpel ToU TOPICRATOS Tiis § 207 :

1
105 spiilosot s i
(méi;ii__;}szﬂ)._%%ﬁ_ _ Doy +hoy3 _ Moys(2-3)
kis=—=— Aoy ;6 Aoy 6

§ 208 TuAhoyaptbpog tvog aplBpoil.— Koheital aukhoyambpog évdg
BeTikoU &pifuol € S TTpds Potv a, b Roydipifuos Tou dvTioTpdgou ToU 6, fiTor
L o5 rpos Thv iBiav

Péow kai onueioUTal oUTw :
¥ guhhoy, 0.

Tou
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"Exounev kot TauTo :

ouAioy, 8 = Aoy, ; = Aoyy 1 — Aoy, = — Aoy, 8.

‘EvTeubey EmeTon 1) mpdTaois :

'O auklhoyapbpog Ostikol tivog apbpod 0 icobtor npog tov avrifstov tob
Loyopilipov tob 6.

"Qoe :

1
cukhoy, 0=2Loy, g Loy, 0 @)

H eloaycayn 1év ouloyapiBucy emTpeémel va dvtikaBioTédpey piav Siago-
pav Aoyapifpwy Bid ToU dBpoicpatds Teov. OUTws Exopev :

]
Aoy, 5 A0y, 8, — Aoy, By Aoy, B 4 auAloy,B,.

Inp. ’Ex Tiis (1) éxopev &1 :

Loy, 0+ ovkkoy, 0 - 0 @

AZKHZEIZ

436. No& fpopuoobfoly maoan af Suvarrad (816TNTES TGY Aoyapifuwy émmi Tév :

1) Aoy;3x - I it 2) oy 3) Aoy ‘]/5 . ]/2 '
= Visy2
4) Aoy Sy 5 Noy 5_\'-‘”7}{).-2? y
'}(xg =oyE d 7y2. }'-\""_\“I.”

437. EUpete v Tipfv ToU : Aoy, V32 . Vl_ﬁ_l;‘Z
438. N& &moberydn 1) dAifeia 16w kdTwd looThTww
1. Aoy 3 4 2hoy4—2oy 12 = 2hoy?2

2. 3Xoy2 -+ Aoy 5—noyd =1
1

3. 2oy 25+

5 x Aoy 32 = 2 doy2 + Aoy 5

1
— Aoy 8 4 5

3
@ " ‘ ‘.
4. hoyy T Aoyg @ + ovhhoypy — 1, Gmov o, B, yeR', B £ 1.
439. 'Eav Aoy2 = 0,30103 va Urohoyio8i) fi Tiun Tiis TapacTdoews
1 1 1 1
y= Aoy 2+ 5 Moy @+ ¥2)+ 5 oy (2 + Va4 12)+ 5 roy (2 V2 + 12)-
440. Aeifare 81z x0T — yRorx,

441. ’Eav a, B mpaypoTikol dpiBuol peyahiTepol TS povddos, v &mAorremdfj i mapd-
oTaols :

¥ = oy (o — 1) -+ Roy (B~ 1)~ Doy [(aP + 1) — (a + B)*].
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442. "E&v Aoy2 = 0,301 kal Aoyl4 = 1,146 eUpete Tous émopévous AoyapiBuous :
4 ) 2
. Noy28, AoyB, Aoy5, Moy56, Aoy32, Aoy —, Aoy V64, Aoy3S, Aoy 70.000 -

443. Aelfare &Ti: Aoy P Moygy - Moy, a =1 Baxdbea, B, ye R — (1},
444 'Eqv loyin : Aoy, ¥ = ?\oyy z Moy, X, wotefaelhvan: x =y f{ x = __‘1: .

445, TywplZovTes, 6T1 Aoy 2 = a kal Aoy 15 = P, vé& Umodoyiobolv ouvapTioe Tév o
kol B el TapaoTéoEs §
A
1) roys 7.2, 2) roy |/ 2 Y.
) Aoys | RUATESE
446. *Eaw Aoy (x®y?) = @ kol Aoyx —Royy = P va ikgpaoBolv of Aoyx kal Aoyy ouvap-

TroEl TGV « Kal B.

447, Eqw o, B, ye R'— {1} kad Bégopev: x = Roy, (By), v = Aoyg(ye), 2 = Aoy, (o)
v& &mobeiy8ij 61 : Xyh==X o Yl 4

448. "Edw elvan Aoya — AoyP > 0, T ouvéyeton 81& ToUs &piBuols o katl B ;

449, Né eupedj 1) Paais ToU Aeyapifuikou ouaThuatos els T dmoiov elvar dAnbns 1) lodTns:
7) (]\oy\ 8}2 4 ?\OY\ 64 |- AOY\ 8 =09

450. ‘Opoiexs : s
- 1
Aoy, §625 — Aoy, Yizs -+ = 0.
: ; A . Aoya  RoyP  royy | 4
A5, B prye 7 BikpoReU SR iouRal ettt - oS o V& GmoBed

é11 o Pt =,
452. 'Eav ol o B, y €val feTikol kol kaTéyowv dvTioToixws Tas T&Eeis B, v, p els piow
YEwRETpIKAY Kadl plaw &ppovikiy TpdoBov, Bel€orre 61 ¢
a@-y)hoya+Pr—mieyp+y (@-Proyy =0
453. N& ebpedij To &Bpoioua TGV v TPATWY Spwv T oelpds :
£ o, uEyevikévSpov: o, = Aoy 3 .

v=I1
454, "Eqv ol &pipol o By Y elvar BiaBoyikol Spor yewpeTpikiis mpodboy, vé& dmoBerydi
< GipifuoU (BeTikou) cos wpds Poels duTioToiyws o, B, y elvan Siadoyikol Spor

671 ol Aoydpifpol tvd
Appovikiis Tpodbou. e
485. *Edw x, y, z € R, S1apopot Tou o, otrou 0 << a1, xad elvan :
1 i
S ui—-luvu X : = cxi-—hw“' :

TETE B elvon : .
X = ﬂ], :’\:"7";:; F ]
456. ' Ap1BunTikiis TPoGEoy & Tpéstos Gpos elvan & Aoya kel & BebTepos Spos Trs & Aoyp.
E, TGV v TpmTey Spwv T evat :

pv (v—1

N& Serxdfj 61 To &fporopa
V-3 "

1
E, = o Aoy o

457, 'Eav x, yeER', Seifate 6T loyver:
xX . y"'é x¥ . ..\" i
458. 'Eav e R* kal p veEN To10UT01, MOTE B > v, va drobeixdf &1 :

L eyt e)<— Roy @ +a)
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Aexadikoi AoyéapiBuot

§ 209. "Opropdg.— Kaheitor dekodikag hoyapiOpog dpifuct Tives 8 = 0,
6 Aoyyef, fitol & Aoydpibpos alToU dos wpods Béow 10.

Zuvnfes Tov Bekadikéy AoydpiBuoy ap1fuoy & > 0 kahoUpev xai &TrAGK Ao-
y&piBpov ToU 8 Kad dvti ToU cupPérou Aoy, 8 ypnowomoloUusy TS Aoy
(&veu BeikTou).

"Ex ToU 6piopol ToU BexadikoU Aoyapifuou kai TolU cupBoMiopol Exopev
TV Aoyikhv {ooduvapiav :

YO =Xx <= 10*=0 (1)

O0Tws, Exouev .y.
Aoy100 = hoyl10% = 2, ?\0)/1000 7\0';/10J =3, Aoy0,0l =hoyl0—2= -2,
3
5
Pevikids : [ldoa dbvauis Toi 10 pé éxlérny dobudy pnrov (odupetoon) Exee A oy~

Aoy ]/103 — 2oy 107

ooy Tov onrov Teitov &xlérny, fyTor :
Aoy 10”=p, VopeQ.

Eis v eldiny mepimrwow, ko fiv peZ, & Aoydpibuos ToU 10° elven
& drépanos &p1Buds p. OUTwos Exopev TOV &kdAoubov Tivaxa :

% 00001 | 0,001 | 0,01 |0

|
Doy x|, i) | .= \_1

2.3'4

1 10’ 100 ]1ooo| 10000 ...

Oi Joydplpor véw apludw, of énotor dév elva odupeToor dvvdues Tov 10,
elvar dpifpol doduperoor. TpdypaTy, &v 6 elvan s To10UTos &p1Buds kai Umobéoco-
wev 811 oUtos Exel Aoydpifuov oUppeTpov &pibudy Y. TOV S—, &vba peZ,

15
vEN, BnA. 6T elvon Aoyf = t , ToTe 10¥ = 6, &Tomov, Aoy Tiis yevopévns
UTtroBéoecos Bick Tov 6.

OUtw m.x. & Aoy35 elven dpiBuds dovmpeTpos, 816T1 &v fito : Aoy 35 = i:li’

n
émov WEZ, vEN, TéTe B4 efyopev: 10Y =35 f 2¢ . Su—5v . v _
‘H TerevTtaia Sucws iodTns elvan &dUvaTos (Biati;).
"Apa & Aoy35 elvar dpiBuds doUppeTpos.
“Qote : Of doydoilipor Ghwv T@v (Detixdn ) doludy, éxroc Tam TURUETPWY du-
vapewy tod 10, dév dbvavrar va dmoloywlotv axpfide, diia xard nOOTEYYLaLY
wuds dexadixijc povadog (ouvnos UtrodoyilovTan kaTd mpootyyiow 0,00001).
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Fevikn nopatipnolg. "Ev Tols émopévols yivetonr Adyos poévov mrepi Sexobi-
kv AoyapiBucv. Emeidhy 8t i Pdors a— 10 = 1, mpoxUmrTer & Tis 18167 TOS
VI (§ 205) &1 : oi dpifipol of peyadiTepor Tis povdbos Exouv BeTikols BexaBikols
Aoyapipous, of Bt fetikol kad pikpéTepol Ths wovaBos Exouv &pynTikous Aoya-
pifuous.

§ 210. XapaxtnploTikdv kai dekadikdv pépog évag Aoyapibuou.

"EoTey &T1 Béhopev va elpwpev TOV Aoy 557.

*Erre1dn 10?2 <557 << 10°
B Eyoouey, &v A&PwuEy ToUs Aoyapifipous TdY Tpiddv pehdv :

2 <t Noy 55T < 3.

Yoy ROy DD =25 s

AnAaBh : Aoy 557 = 2+ d, 6mou d BeTikds apifuos pikpoTepos T povdbos.

To dxépanov pépos (Eis T GuwTépw Tapdberyua & dpibpods 2) kadsitan «ya-
PUKTNPLOTIKOVY TOU Aoyapifuou, & 8¢ BeTikds ki MIkpOTEPOS TTis povdBos Sexa-
Sixos &p1Buds d koAeiTan «dexadikdy pépog» ToU Aoyapifuou.

To yapokTnpioTIKSY gvos AoyapiBuou, m.x. Tou Aoyb, TopioTatal cuuPo-
Mkéds oUTew : [Aoy8]. £

"Ex Tou dveotépw mapadetypoTos Kol TOU OplopoU TOU YOPaKTTPIOTIKOU
évds Aoyapifuou, kabioTaTal QavepoV 8T1 G5 XOPaKTNPIoTIKOY £uds Aoyapifuou
Spilouey Tov puxpdTepoy éx §do dwadoyuxdy dxepaiwy, uetafd Ty drolwy meoué-
zeTar & loydoliuos avTds.

OUrtes, Eyouev :

Edv Aoya = 5,03426, ToTE |[Aoya] =5 kald = 0,03426.

"Edw Aoyp = 0,63752, T6Te [AoyPB] = 0 xai d = 0,63752.

"Eav Acyy = —2,32715, T6TE [hoyy]=—3, 81omi: =3 < —2,32715 < -2,

TS SEKO:SIIK(.)V pépos elval undév povov Bix Tds dkepaias Bupdpers Tou 10.

Eis mwéoas Tas &AASS TTEPLTTTAOELS T6 BekaBIKOV pépos AapPdveton g BeTikdv.

“Qoe :

To dexadikov pepog EVOS LoyapiBpov givar piy dpvnTucog apibpog.

"Eav d elvon T6 SexaBikdv pépos Tob Aoyl kal [Aoy®] T6 xapakTnpioTikdy,
TOTE €K THs OYEOEWS !
e L Aoyt = |AoyB |+ d
TTPOKUTITEL :

d — Loy — [hoy0]

OUTws EYOoUEV :
"Edv Aoy 8= — 3,45217, T61e [Aoy 0] = — 4 kai d= —3,45217 — (-4) =

= 0,54783.

§ 211. Tpom apvnricol Aoyapibpou eig fpapvnricév.— "Eréydn
dveipw ST1 TO Bexadikdy pépos Evos Aoyopibuou elvar pn dpunTikds &piBuds.
*Emre1b7) Speos of Aoydpibuol TGV BeTIKGDY Ap10uddY TGV pikpoTépwov TTis povdGos
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elvon dpunTikel, of 8¢ ToloUTor AoydpiBuor Sév elvan elypnoTor els Tov Aoyiopdv,
B1& ToUTO TpéTrOMEY TOUS dpunTikoUs Aoyopifuous el «ijpapyitikoton, BnAadn
els AoyapiBuous Tév Gmoicv pévoy 1o dképanov pépos (XepakTnpicTKOY) Elven
dpunTikdy, TO 8¢ SekaBikov Betikdv,

‘H tpoty altn yiveton G £Efs :

"Eotw .y, & (SAws) dpunTikds AoydpiBuos &piBuol Tives

6 —2,54327 fror 6: —2-0,54327.
"Edw els aiTov poobéoeopey —1 kai 1, Srep Biv Tov peTaBdAhel, AauPdvopev:
—2—141-0,54327 = — 3+ (1 —0,54327) = — 3} 0,45673.

"Qoe elvan : —2,54327 = — 3 - 0,45673.

"AMNG TO &Bpolopa Tol dkepadou dpunTikeU pépous —3 kal ToU Sexabikol
0,45673 oupgeovoluey v T6 ypbowpey, &5 675 : 3,45673- Snhadh ypgouey T6
AT Umrepdve Tou kepaiou pépous, va Snidowpev, 6Tt TolTo pdvoy elvar dpvn-
TIKOV. YO ThHY popenv aUThy adveTal, 8T1 xapakTnpIaTIKOY Tou Acyapifuou
glvon TO dképatiov uépos —3, 81611 & AoydpiBuos TeptAapPaveTar petafu TV Sia-
Boxkév drepaicov —3 xal —2 kai Sekadikdv pépos Tol Aoyapifou, T dvaypa-
@ouevoy Bexabikdv pépos, 516T1 ToUTo elvan 1) Siagopd, 1 &mola wpokdTrTel, v
&mo Tov AoydpiBuov —3 + 0,45673 dpoupedii TO YapokTnploTiKOV adToU —3.

‘Opoiws Exopev :

=3,75632 = -3 -0,75632=—-3 -1+ 1 —0,75632 = — 4+ (1 — 0,75632) =
— — 44 0,24368 — 4,24368,

"Ex TGV dvwoTépw TapaderyudTwy auvdyopey ToV kéTwdl kavdva ;

Kavowv. M va todpopey dovyricoy Roydopoy el vuagrtixdy, adédvouey
™y amdAvror Ty 100 dxepaiov xara 1 wal yopdgopey to — baepdvo To0 edoi-
oxougvoy dflpolaparog, dckua 8¢ Todrov yodpouer dg dexadua yygla Tis diapo-
ods Téy dexadxdy yypioy To0 dolévtos, Tod wév televraiov (onuartizod) dmo
tot 10 tdv 8¢ aldwv dxo to 9.

OUrws, Exopev ..

"Edv Aoy 0= —3,85732, & Expev : Aoy 6 — 4,14268.

"Edv Aoy 8= —2,35724, 6& Exwpev : Aoy 8= 3,64276.

§ 212. "I616TTeg TGOV BSEkadiktiv AoyapiOpwv.— o). To yepuxtnpr-
oTikov £vog hoyapiBpov sivar 6 Exbétng tijg peyahutépag dxepoiog Suvipcmg tob
10, 1} droia d&v DrepPaiver tov apOpoy.

*Andderlig. Tpdyporis tdv 10X elvan 1y peyohuTépa drepaia BUvegus Tou 10
1 uf) UmrepPaivouoa Tov (BeTikdv) dpiBpdy 8, TdTe O Excopey :

10k =0 < 10k+!, keZ.

tEg&iol k=hoy 8 < k1.

"Apa 6 hoy® fj 8& elvon foos pé k fj pt k- d, Smou 0 < d < 1.

‘Ofev 10 YapakTnpioTikov Tou Aoyapifuou 8 elvon ioov Tpds k.
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B). To yopoxtnpratikoy tod hoyapiBpov &vog apbpod peyalutépov tiig pova-
dog icottan npoc o mhijfog OV ymeioy ol dxcpeiov pipovg avtod, Ehuttwliv
KaTd povada.

*Anodeiirg. “EoTeo 811 6 dpifiuds 8 elvan peyauTepos Tfis povados. "Edv To
dxépaiov pépos Tou B Exn k wneia, ToTE & 8 B& mepiéxeTon weTagu 108! kad 10%,
fTor 8& Eycouev :

J0k—! =8 = 103,
*EE e (k —1)= Moy 8 < k.
"Ofev 1O XOPOKTNPICTIKOV Tou Aoyf eivon Toov mpos (k — 1).
OUTtw m.x- Aoy 285 =12, 4.k
Aoy 5378,4=3,.....
Koy 3,748 =100, 08

v). To gopaxtnprotikoy tod royapifpov £vog Oetikod apbped pkpotépov tig
novadog yeypappévon Omd dekadiknv poponyv, £yel tocuc apynTIkag povadug, don
eivar 1) tagig tob TpOTOV GNUOVTIKOD YTQiov 1oV petd thy 0modLuaTORTV.

'Anodaigig. “EoTw ST 6 BeTikds p1Buos O elvan pikpoTEPOS T povdSog
(0 < 8 < 1). ’Eaw k elven 1) Bé01s TOU TIPWTOU OTBAVTIKOU YN@Iov peTd THY Utro-
SiaaToAY eis THY Sexadikiy wopefv Tou 8, Ba efven :

s Tl 0
"B o0 : Aoy 107 = oy 8 < Aoy 10 """

A —_k=Ayb < —k+ 1.

“OBev T XQPGKTnPIGTIKéV Tou Aoy® elvan foov pos —k.

QUTw TrXs }\OY 0,00729 - 3, .....

Aoy 0,27508 =1,.....
Aoy 0,08473 = 2,.. ...

Mapatipnarg. 11 PonBeiq TGV quewTépw 180T TWY duvdpeba va ebpiokwuey voepds (&md
BUTiUNS) T X ApOKTNEITTIKOV Tou Aoyapifuou Evds &piBpou.

*AVTIoTROpWS TWPA EK TGV iBlotTwy P’ kal ¥ EmeTon 6T

8). "Eav 1 xupuxtnpwum‘w 100 hoyopiBpov &vog apOpot (Detikod) x sivar
appog Ostuiag 1f pMOLYs ot 0 aplpog X Exel thoa aképora ynopia doug povadug
EY£L TO LUPEKTIPLOTIKOV kai v akopn. "Eav 6 hoyapipog tod x eivan Npapvnrikog,
TotE 10 axéparov pépos oD X civar 0 pnoLy, 10 6L TPGTOV CNPEVTIKOY Yn@iov Tob X
petd Ty rodragTornY katéyer talry ionv pé 1o nhijlog t@v povadmy tijc Groritov
TLpijg tod xapamnpwtmoﬁ.

Otrrs, tw TO YapokTnpioTikoy Tou Aoyapifuou &pibuou twos elval 3,
TO épaiov pipos ToU Gpifuol éxEl TEsoapa wnela: EGV TO YHPOKTNPIOTIKOV elven
0, T drépaiov PéPOS ToU &p1BpoU Exel EV yniov: &V TO XapakTnploTiko elvad 2, 6
&p1Buds stvon Bexabikos TS popeiis 0,0v1Va¥s¥y. . - 80 1 Sy, =9.
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*&). 'Eav noklonhaciasopey (ij Siupioopey) Eva aplpov &ri 10 , VEN, 10
dexadikov pépog Tob hoyupiOpov Siv petaPaiietar, 1o rapakTPETIKOY Spog adtod
avaveron (ij Erattobtal) katd v povidac.

"Anodeilis. "EoTw 6 BeTikds GpiBuds 6 pé Aoy® =y, ¥1¥o¥s- - -
MoAAamhaciddovTtes ToOV Spifpov 6 émi 10V, veN Exouev ToTe
Aoy (10¥ - 8 )= Aoy 10* 4 Aoy 6= v+ Aoy 6=v -+ Vor. Yi¥oVq: o

= (Fo+ )y Va¥o¥p- ¢

‘Ouoics, SiaipouvTes ToV 8 Sk ToU 10v , VEN éEyopev :

8
Aoy ( v ) = Aoy @ —hoy 10¥=—v Aoy 6= —v + Yor Y1¥o¥3. .. =

= (Yo—V), ¥i¥eYg: - 2)
Al fodtnTes (1) kad (2) Seikvlouy &T1 16 BekaBixodv MEPOS TOU Aoyapifuou
ToU &p1Bpov 6. 10% | k ¢ Z, elval TO alTo pt 1O Bekaikoy Hépos ToU AoyB, To Xopo-
KTNPIoTIKOY Sucos ToU Aoy (6 - 10k ) awEéveran (fi EAaTToUTal, &v k dpunTikds
Arépanos) katd k povados év aytoel Tpos TO XOPOKTNPICTIKOV TOU Aoy,
Avvdue Tijg dvwTépw i816TnTos of dpibuoi m.x. 3, 50, 500, 5000, ... éouv
TO aUTO Sekadikdy uépos els TOV Aoydpifudv Tous. *Errions of &p1buoi :

0,5 0,05 0,005 0,0005. ..

Mépiopa. — *Eav 8o apibpol ¥xovv ta avti yneie kel kot v adTiv ta-
Ew, Suapipovy 8¢ povov dg mpog iy Béorv tijg Drodragrtoliig, oi hoyapiOpoi twv
SLugépovy povov katd T LOPOKTNPLOTLKOV TwV.
OUtws, v efvan Tr.y. Aoy 312,865 — 2,49536,
TOTE O& €lvon: ° Aoy 31,2865 1,49536
Aoy 0,312865 = 1,49536
Aoy 31286,5 = 4,49536
Aoy 3,12865 — 0,49536.

§ 2I3. MpaZeig émi TGV Sexadik®dv Aoyapi@pwv.— Al Tpagers émi
T& Bexabikedv AoyapiBucwy yivovTan kebios kel ai mpdkes &l TV Bexadikdy
OXETIKGV &pifudy, pé Tapaddayds Tvas, Stav of AoydpiBuot Exouv &pVTTIKOVY
XapoktnpioTikov. "ExTevéoTepov Eyopev Té EEfs

o). Hpocbeors Loyopibpov. Mk va TpooBéowper Bekabikous Aoyapifuous
poofiéToper T Sekadikd pépn, T& dmoia elvan BAa BeTikd Kad TS Arépaiov pépos
Tou &poiopaTos auTddy TO TpooBiTopsy dhyePpikdds els TO &AyeBpikov dBpoicua
&V drepaiwy pepidy TV AoyapifBucov.

M.x. 1) Na yivy 1 npooOcorg : 5,57834 - 3,67641. "Exopev :

5,57834
3,67641 MpooBiTopey & Sexadixd pépn Twv, ds cuvibs, kal EYOMEV TEAIKOV
7,25475 KpaToUpevov 1, 6te 16 dxépaiov Hépos ToU &BpoiopaTos elvan :

1+ D+ (-5 =-7=T.
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2) Na yivy f| npocleaig :  2,85643 - 2,24482 - 3,42105 + 1,24207. "Exopev

2,85643

2,24482

3,42105 Evtaufa 76 &fpoiopa TV Sekabikddv pepédv Exer plav dxepaiav
1,24207 povéda kal cuvemds TO dképaiov Wépos ToU dfpolopatos elvan :
3,76437 § ) T e g T

B). *Agaipeots royapilpomv. ‘H doaipeots Aoyapifuwy yiveral, mws kad 1
doaipeois oV ouviifwy Bekabikédy apifuddy, f 8¢ Siagopd TGV SekaBikddv pepédy
elvar GeTikds &pibpos. “Eav & Tiis dooipecews TEOV BexaBIkGdy pepddv mpokiyn
TEAIKEDS KparToUpEVOY, TOUTO elvan BeTikdv kai mpooTifeTal (GAyePpikdds) ué T
XAPOKTNPIOTIKOY TOU &paupeTéoy, Srohoubs bt jb &bpoiopa ToUTo deaupsiTan
&md TO quamnplcm«‘w TOU PEIOTEOV,

My. 1) Na yivy il GQaipeois : 2,83754 — 5,32452. “Exopev :

gﬁg:;; "Evraufa Biv Umdpyel kpaToUpevoy, 16 8t xapakTnpioTikey iootTa
3,51302 Tpos P —2 — (—j) = 3.

2) Na yivy 1] G@aipeois : 3,48765 — 2,75603. "Eyopev :
3,48765
2.75603 *Evraufa TO TeAikOV kpoToUpevov elven 1, TO & yapoxkTnpioTikoy
2,73162 lgoUton Tpos: —3— (=24 1) = —-3—-(=1) -9 5

v

3) ‘Oupoicos Exopev :
205842 567835 035893 272125
576923 085632 344972 5,28582
318919, 682203, 290921, 343543 . ||
Qg yvwoTtov (§208) elven : ¥
Aoya — Aoyp — Aoya - ouAhoyp,
fitel 1) doaipeos £vos AoyapiBuou dvdyetan eis T Tpdofeov Tol cuARGyapifuou

[Mupatipnoic.

Tou.
“Yrohoytopds tod vl hoyapifpov Evog amOpod, yvootod dvrog tob LoyupiOpov

To0U.
"EgTeo &1 elvon AoyP = 2,54675. TéTe B Exwpev
ouloyp = — AoyP = — 2,54675. ¢}

*Emreidn (8 211)
—2,54675 = 3,45325, 1y io6Tns (1) yiveta :

ouMoyp = 3,45325.

*Evrelfev Emetan & 67
Kavéwv. A va elpopey Tov gvlloydolpoy évds doluod, o6 drolov yrwollo-
pev Tov Aoydotfuor, moaaliétopey &g 16 yagaxtiowoTioy 1od loyasiuov 6 + 1
xal tob Allpolopatos arddacoper 16 onpeiov, axolovlos apatootuey Ta yypla Tod
Sexadixot péoovs Gmo rofi 9, xtoc Televralov onpayTiod, T6 dmoloy dyatgotuer

amo o 10.
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Kord TaUTa EXOUEV :

"Eav Aoy @ = 1,37260 = oudhoya — 0,62740

Eav Aoy 0,06543 = 2,81578 —= cuAioy 0,06543 1,18422,

Y')- Hokhanhaoraopog évig hoyapiOpov ini Gkipatov apibpov.

Araxpivopev 8Uo mepiTrTeacEs :

i). ’Eav 6 axéparog givor Betikig, TéTE TOAAGTTAGOI&LOMEY TO Sekadikdy pépog
ToU Aoyapifuou émi Tov SeTirdy drépaiov kol yp&pouey udvov T Sekabik yneia
ToU ywouévou, T6 8¢ dxépaiov HEPOS TOU yoptvou TO TpoabiTtopey SAYEPpIkddS
€lg TO YWOPEVOY TOU YapakTne1oTikoU Eri Tov BeTikdy drépaiov.

Tl.x. Na yivn 6 nollaniaciaopog : 2,65843 - 4. "Exopev :

2,65843
4 "Evraifa T TeMikov kpaToUpuevow eivan 2, To i XOPAKTNPIOTIKOY
6,63372 TOU ywopévou fooUTar Tpds : (-2)-4+2—=—-6-=6.

ii). Eav 6 axéparog siva apvnTikdg, TOTe ToAAamAaoI&Lopey TOV OUAAO Y-
p19uov Tol dpiBuoy émi Tov dvtifetov ToU Grepaiou kal oUTws drydpeda eis THY
TPLTNY TepimTwTIV,

M.x. Na yivy 6 nokranlaoaopoc :~ 3,67942 « (—4).

‘Edv Royx = 3,67942 == gquddoyx = 2,32058 ol TUVETIEDS

3,67942 x (~4) = 2,32058 x 4 — 9,28232,

8'). Awaipeoig £vog hoyapiBuov 81 dxepaion apiipod.

1). A& va Braipéocopey Tov Aoy8 Bidx BeTikoU dxepariou (puoikou) &piBuou k,
£’ Soov ptv Aoy > 0 gpyalousba &Tres els Tous SekadikoUs &p1fuous: Edv Epcog
& AoyH elvan fluapunTixds épyalopsBa dos EERs :

1o). 'Eav 6 k ’Blmpfj (GKp1Béds) TO XAPAKTNPICTIKOY TOU Aoy®, ToTe Bicpou-
HEV XwPIoTA TO SekaBikov pépos Kal YwpIaTd To XAPOKTNPIOTIKOV Kati TTpocBéTo-
HEV T& TrnAika,

1P). "Eav 6 k &tv Sipij TO yapokTnpioTIKGY, TOTE TwpooBéTopey es aUTo
TOV UIKpOTEPOV GpunTIKOY dépaiov —i olUTws, daTe v KaTao T Slapetdv Sid
ToU k, drkoAoVbuws TpocBétousy TOV -y gis T axépainov pépos (TO dtroiov elven
TO pndév) Tol Sekadikol pépous kal evpiokopey XwploTa T& TNAika TGOV BUo
alT@V uepddv 81 Tol k, T& dmola Kol TpooBiTopey TeAKES.

T, Na yivovy ai Swarpioec: 1) (6,54782) 13 wai 2) (5.62891) : 3 -

AUTan yivovTan dog EEfis :

1 6,54782 o 2) 562891 2
e U T | 5+1+1+062891 5 4 054297 —
0+ 054782 | _71800 | SHLEBL | _ 55207
24 : .
dra | | 0+1,62891
| . 125 9
Jiinad i 08
0z | : 29
' | 21 |
gl
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2. A& va& Sioapéowopey Tov Aoyd Bk TOU GpvnTikoU drepaiov k Bienpoluey
Tov gulhoy® Bix Tou —k > 0.
My. Nayivn i dweipgoig : (5,92158) : ( —2). "Exopev :
‘Eav  Aoyx = 5,92158 === ouMdoyx 6,07842, 6T 6& Excopey :
(5,92158) : (=2) = (6,07842) : 2 = 3,03921,

AZKHZEIZ

459, N& yivouv fimapunTikol of Aoydpibuor :
1) —2,32254 2) -0,69834 3) -1,27218 4) -3,54642
5) -—0,41203 6) —5,18952 7) -0,00208 8) —2,05024.
460. MpayaTe T xupamnplcr-rmév T6v Aoyopifuwy TéV kéTwbh &dp1fpdy :
a5 2) 2050 3) 95 4) 0,003 5) 382,27
6y 475 1 ,%7, 8) 1225 9) 056  10) 3041,7.
461. Tooa dépaia Yneia #yer &p1Buds, ToU drroiou & AoydpiBuos ExEl XAPAKTNPICTIKGY :
3.:5,0, 10l B2
462. Tlola elvon 7 TaE1S TOU TRWTOV OTIHAVTIKOU YNgiou peTa Ty UTrobiaoToAny Tou &pi-
Buol, ToU dTrolou & AoyapiBros Exel xapaxkTpoTikéy ¢ —1, =2, =3, —4, -5, -7 ;
463. 'Eav Aoya = 1,63819 kai Aoy 4347 = 3,63819, v elpedij 6 a.
464, Nobévtog 6T Aoy T = 0,84510, eUpeTe ToUs Aoyapifipous TGV dp1fudvy

7 7
& 4
TAG TAB, ot g
465. "E&v Aoy 7283 = 3,86231, vé& eUpebi) & AoydpiBpos Tév dpibudv :
0,7283, 7,283, . 0,007283, 728300, 728,3.

466. N& evpeBolv T4 gEarydpeva
Aoy 724 — Aoy 7,24, Aoy 0,65 — Aoy 6,5, Aoy 17,62 — hoy 1,762,

467. N& evpebolv ol guMoydpifuor T6v &piBuddy pE Tous kdTwd AoyupiBuous :
1. 3,27284 2. 0,07257 3. 1,71824,
4. 5,27203 5. 4,75304 6. 1,03275.
468. 'Eav Aoyx — 7,20814 kol Aoyp = 2,84212, Umohoyloare T&:
1. Aoya + Aoy B 2. Roya —Aoyp, 3) 3Aoya + 5 hoyP,
4, 27\oyﬂ—% roya, 5. ; (Aoya + AoyB) “"Z‘ (hoya — hoyP).
469, N& elpebolv T k&t dBpoiopara:
. 527214 + 3,4751 + 1,81523 + 0,47214
9. 4,67471 + 2,14523 + 0,67215 + 3,04703.
470, Né& eupebij 1O EEorySpevoy Tav kaTel TpdEewy
1. 3,24518 + 1,41307 — 2,47503
2. 0,03182 —4,27513 4 3,82504 — 1,08507.

471, N& Uoroyiofolv T& ké&Tawi ywoueva :
1. 382307 X 5, 2. 0,24507 x (-2), 3. 1,24513 « 4.
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472. N& teredeofolv al ké&Twd Saupéoers :
1. 489524:3, 2. 560106: (=3), 3. 457424 (_ _3)
4. T42118:4, 5. 627508: (-2), 6. 8,32403: 4,

473. "Edv K elven 1o Afiflos TG drepaicov &pmBuddv, Tév émrolwy of hoydpiBuot Exouv yapa-
xTnp1oTikoY k kad A elven 16 TATifos Tév dxepaiwy, Tdv dmolwy ol dvtioTpogor Exouv Aoyapi-
Buous pé xapakTnpioTikoy —A (A > 0), va Serydij 61 :

AoyK —AoyA = k—2A + 1.

Mepi AoyapiBuik@v mvakwy

§ 214.—EiSouev eis v § 209 811, éxTds THdY OVHHETPWY Buvdpewy Tou 10,
TAVTWY TV dAAWY BeTikddY Gpi1bpdy of AoydpiBuot elven &oUppeTpol apifuot
kol Exouv Bi& ToUTo dmelpa BexaBikd wnela ud TepioSicd. “Eveka TouTou eupi-
gkopey ToUs Aoyapifuous Ty &piBpddv ToUTwv katd Tpootyyiow (ouviiBusg

1
0,00001). ’Emeidry (€ &hhou Aoy — ~— Aoy a, EmeTan &T1, &v yvwpileopev Tovs

AoyapiBuous Tév piBudy Tév > 1, Buvdueba vi Uohoyiowpey kad Tous Aoyapi-
Buous T@v BeTikddy dp1Budy TéHv < 1.

"E€ &Mov eiBopev 611 & AoydpiBuos dvds ap1fuoy &mroTedsiTal &d Svo pépT)
"ATIO TO yaparTpLoTikéy Tou kal GO TO Sekadikéy Tou HEPOUS.

To YapokTnpioTikdy Tou E8eifouey &l Thy § 212, mréde Umodoyileton &md
HYTLMS.

To Bexabikdv pépos Tol Aoyopifuou SlvaTar v Umrodoyiobi) els olovBrmoTe
tmBupnTov Pabudv Tpooeyyioews pi Beradixd yneia, 17 Ponbeia peBéSwv ai
omoian dvamTiooovten tis T& dvddTepa poBnuaTikd, TH Ponbeic TGV peBdGoov
ToUT@Y TO BekaBikdv pépos TGV AoyapiBuwy Ay TGV akepaiov dpiBudv &mrd
Tou 1 kai dpegfis, ouvhBeos péxpr ToU 10.000, eUpedn kol kaTeypdgn els mivoxos,
ol &moior Aéyovtean hoyapibpikol mivakeg f) «mivakeg 100 dexadikod pépougn.

TowoUTor mivakes Umrdpyouv Siapdpewv eib&v. El TEPLEXEL TOUS AoyapiBuous
TGV drepaicov dpIBudy &mrd ToU 1 fws 10.000 ué 7 Sexadikd wneia. “AMAos i
11 BexaBixa yngia. "Aos e 14 BexaBikd ynolo kai dANos pt 5 Sexabixd yneia.
D& T&s ouvBers Sucs Epappoyds dprel & mevtaymelos mivag, ToU dtroiou Ymdp-
xouv kai ‘EAAnuikal 2kEdoels katd TS ovoThpa Dupuis.

ToUtov 8& Treprypdweopey ouvTdpcs eis T& éropeva kai 84 éxBéceopey Kal Tov
TpdTov THS ¥phioews alTou.

§ 2I5. Meprypadn TGV AoyaptOuikdu mvakwy Dupuis.— Oi Xo-
yapBuikol mivaxes Dupuis mrepiéyouv Tous AoyapiBuous Tév arepaiav &piBuddv
&mo 1 Ews 10.000. ‘H B1a1abis TGV AoyapiBuikddy Tivdkwy paivetal eis TOV Evav-
T «trivakon, doTis éxer Angbf &k Tiis yaAAikis éxBoatecos ToU J. Dupuis.
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N i gt i sl U g A ‘ 7 i 8 ! 9
500 | 69897 | 906 ' 914 | 923 | 932 || 940 | 949 | 958 | 966 | 975
984 | 992 *001 [*010 *018 |*027 [*036 [*044 |*053 *062
70070 | 079 | 088 | 096 | 105 | 114 | 122 131‘ 140 | 148
157 | 165 | 174 | 183 | 191 | 200 | 209 | 217 | 226 | 236
| 243 | 252 260 269 | 278 | 286 | 295 303 | 312 | 321

| 338 | 346 | 355 | 364 || 372 | 381 | 389 | 398 | 406

415 | 424 | 432 441 | 449 458\ 267 | 475 484| 492
501 | 509 518 | 526 | 535 | 544 | 552 | 561 | 569 | 578
586 | 595 | 603 | 612 | 621 | 629 | 638 | 646 | 655 | 663
672 | 680 | 689 | 697 | 706 || 714 | 723 | 731 | 740 | 749

D00~ B W R —
(9%}
]
O

|
510 | 757 | 766 | 774 | 783 | 791 || 800 | 808 | 817 | 825 | 834

1| 842 | 851|859 | 868 | 876 || 885 | 893 | 902 | 910 | 919
2| 927 |93 944; 952 | 961 || 969 | 978 | 986 | 995 *003

|
o LS Sn e e e ke
549 | 739)7 | 965 | 973 | 981 | 989 | 997 %005 013 %020 *028
— TVEOE ey R Uao] EErao '
N | 0 O P e 1™ ' 8| 9

Eis tiv mpos & dproTepd oTHANY, Gvebev s omolag Umdpya T ypdppa N
(Nombres = &piBuoi), els 88 Tés EMAnvikds &kBooeis 70 ypdupa A (&piBuoi),
elvan ypappbvor af Sexdbes TGOV &p1Buddy, ai &8 povddes alTddv elvan eis THY adrri
dpiZovTiav ypaupny HETA ToUu N. Els Tds &Ahas athidos elvan ypapuéva 1é Sexo-
Sikd pépn Tédv Aoyopibuwv. Ta dvo ymeia, T& omoix eis ThY SeuTépav aTAANY
BAémopey 611 fEyouy, voolvTal émavadapPavdpeva, péxpis ol dAA&Eouv. Kai
ToUTo, 81671 Tophol Egebfis AoydpiBuor Exouv T SUo mpdiTa ymeix kowd.

‘0 Aoydpifuos Ek&oTou dpiBpou eUpioketar ékel dmou BracTavpolvron of
8o vontal ypauuad, i & TOU ynglou TG povddwy &youtvn KaTakdpugos ko
1) £k ToU ouvohou TeV BexdBuwv Tou dpifipcl dyoptvn SpilovTia,

‘0 doreploxos TOV OTOioV PAETrOpEY VX TROTAOCETAL TGV TGV TeAsuTalwy
Bexabikdy yrpicv els TVAS Aoyopifuous, pavepdover 6T1 Ta SUo mapodelTdueva
mpéTa yngla fAkagav Ko Tpémel v& A&Poopey T& dpéows ETdpeva.

Supgovess Tpds T GvaTépe tkTeBévTa Kal Pdoer ToU dveTépw «rivakos,
Eyopev OTI1:

Aoy 500 = 2,69897, Aoy 5047 = 3,70303, Aoy 5084 — 3,70621

Aoy 503 = 2,70157, Aoy 5128 = 3,70995, Aoy 5017 = 3,70044

Aoy 512 = 2,70927, Aoy 5129 = 3,71003, Aoy 5060 — 3,70415.

§ 216. Xpijoig TGOV AoyapiBpik®v mvakwv.— Tols AoyapiBuikous Tri-
S XPT}UIUD'TTOlOGU‘EU 11pos EiAucy TGV droAoUbwy TpoPAnudTavy :
1) N& elpedi] © Aoyapibuog SobévTos &piBuou, kai
2) Né& eUpedij & &piBuds, 6 omolos duTioTolxei els BoBévta AoydpiBuoy.
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§ 217. MNp6pAnua l.— Na £opedij 6 LoyamBpog d0Bévtog apdpod.

A v Emiduciy ToU TpoPAfuaTos TouTou UmroféTopev pddTov, &T1 & Bo-
Oeis &p1Bpos elven TvToTE YEYPouEvos UTro Sekadikfy popeny, kal BeuTepov, 611
XPTCIHOTIOI0UEY TevTayneious Trivaxas. Of Tivakes ofTor H& pa&s Swoouy TO Seka-
Bkdv pépos Tol Aoyapifuou, SidT To XOPAKTNPIoTIKOV alTou & T elpwopey &md
HVUTIUTS, OURQLIVEDS PSS TAs 1816TNTOS B’ xal y' Tfis § 212. A& TNV eUpecIv TOU
BexadikoU pépous, Séov v Exoopey UTT Sywiv &1

Té Bexabikdy pépos ToU AoyapiBuou évos dpiBuol tapTaTon pdvov &md
THY dxoAoubiav TéY kahoupéveov anuauTikGY ymeicov, 1) omoia miTuyydveTal
TapaAeiTovTES THY TuXdY UTrdpyoUTay UmoBiacToAy kol Ta pndevikd T& dmoia
TUXOv Utrdpyouv s Thy dpyxnyv 1§ els T Téhos ToU dv Aoy dpi1fuou.

ZUveTrdds Kord THY eUpeotv ToU Sekabikol pEpoUs ToU Aoyapifuou B kabioTd-
uev Tov Sofévta &piBudy dxépaiov, fiTor B TopaeiTiopey Ty UmodiaoToAAv.
TolTo, s eibousy (§ 212, 15. €'), 88V peTaPdMAel T {nToUpevoy Bekabikdy uépos.
Kord talra Eyopey, 611 T& Bekabikd pépn TAY &pIBuGY :

50,87 0,05087 508,70 5087000 5,0870

elvan T el pé T Sexabikdv uépos Tou dpifuoty 5087.
"H8n pds EmiAuciv ToU TeBévTos TpoPAnpaTos Siakpivopey TAs kK&Tw BYo
TEPITITWTEIS !
MepimTwois o. ‘O appog nepLEyeTan £ig tobg mivakag, fitor & apbpog
02y ¥yelL nepLocitEpa TV TEGCAPOV GRAVILKGDY yneioy.
Eis v mepimTwo aiTrv, deol elpoopey kar’ &PXMV TS XOPAKTNPIOTIKOY
ToU Aoyapifipou ToU dv Adyw dpiBuoy, eUpiokopev dxoAoUBuws kol To Bexabikdy
uEpos Tou Aoyapifpou Tou dutows tk TG TWaKeov, &pkel var elpoopey ToV v Adyw
dpiBudy els Tous Trivakas, ds 26eTén elg Tponyouutvnv Tapdrypagov (§ 215).
Mepdaderypa : Na edpedi) 6 hoyappog tod 56,82.
Abo1g : TO XapaxTnpioTikov ToU {nToupivou Aoyapifuou elvar 1. To Bekabikdy uépos elvan
TO aUTd (§212) ué 1O BekaBikdv pépos Tol AoyapiBuou Tol &p1Bpou 5682. "AMAG 1O Bekabikdv
wépos ToU Aoy 5682, d el Tols Tivakas eafveran, elven Té 75450, "Apa Aoy 56,82 = 1,75450.
‘Ouoics edpiokoper &1t
Aoy 568,2 = 2,75450 I Aoy 0,8703 = 1,93967
Aoy 0,000507 = 4,70501 || Aoy 3,74 — 0,57287.

MepimTtwois B'.—0 aplpdc div repiEyetar eig tolg nivaxag, fjtor odrog
Exel meprocdTepa THY TEaCApOY WUNpioY.

Edpioxopev mpédtov, s kel els Thy mepimTaow o, T XOPOKTT)PIOTIKOV
ToU EnToupévou AoyapiBuou. Karémv, Si& thv elpeow Tol Sexadikod Hépous ToU
Aoyapifuou, xwpilouev 81" UmodiaoToAfs T& Téooapa Tp&Ta Ynola ToU SobévTog
&p1Bpol. Kat’ alrdv Tov Tpémov yeypaupévos htov & &p1fuds, mepiéyeTon peTafy
BUo Biadoyikidv drepalwy ut Téooapa wneia. ‘H eUpeois év ouveyeiq ToU Bexadi-
KOU pépous EmiTuyydveTan ExovTes U’ Sy, &g’ dvos pév TV yvwoThy i8i16tn T,
ka® fjv:
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'Eav a, f, yeR" xai ebvac o << f <<y <= lopa < doyp < joyy
Kal &g’ Etépou ThY mapadoxny, kad fiv

lua puxods perafolas Tav dolludy, al petafiolal 165 dexadixod uéoovs elva
avdloyor Taw pevafolrdv vav doliudy (ratd noocéyyew, drar ai petafolal iy
dpibpdn elvar puxodtepat TS povddos) xal ATIOTOGEWS.

‘H dveotépeo apadoyn dev efvon Tedeicos &Anfrs, dxpiPéoTepov ai HETEPo-
Aci &Y Aoyapifuwy Bev elvan dvahoyor Tpos T&S HeTaRoAds TGV Ap1Buddv.

Mpdypoart, fewpnowpey BUo Biaboyikous drepaious o kad a1, o= 0
kai kohéaoopey & T Siagopav : Aoy (o + 1) — Aoy a, fitor :

& =hoy (a+1)—hoya f & = }\chx—;rl
f & 7\°Y( 1+ L).
o

. . 1 .
MopaTnpouper Topa 6T 81a a —> oo, OTE = — 0, &yopev :

1
Aoy(H = )40,
fiTol 85— 0.

"Qote, 1) Sragopd TEV Aoyapifuwy Buo Biaboyikdv dxepaicov 8iv pével TrdvToTe
) abT, dAAG EAaTTOUTA ke doov ol dpibpol advouv kai kat' dkohoubBiay
Stv dAnbever d11 1y abfnals TGV AoyapiBucy even dvdhioyos THs avfnoews Ty
Gp1Budov.

"Emraibny Speos 1) Slogopa aUTn pével émi ToAAoUs dpifipous dpeTdPAnTos,
Buvdpeba v Becopriowhey, @s EyyioTa, T alnow 1év Acyapifuwy dvddoyov
Tpds THY atEnatv TV Gp1BudY.

Kooy TouTtov, 81 Thy ebpeov Tou Sekadikou pépous ToU Aoyapifuou
ToU &p1Buol épyggégsecx @5 els Ta KaTWTEPw TapadelypaTa EpgaiveTan,

Mapiderypa loy @ Na £0ped 0 hoyapbpog tob 17424,

Avoig: To xapax’TT}plOTleU Tou {nToupévou Aoyapibuou eivan 4. Xwpilopev ToU Sobivtos
&piBuol 61’ UmrobiaoTofls T& Téooapa TPGT Yngia kal oUTws Exouey Tov &piBusy 1742,4. ‘O
BcBels dpiBuds kal 6 1742,4 Exouv (§212) 16 alTo Bexabikdv pépos Teu Aoyapifipou Twv. *Ap-
Kel Aormov v elpoopev 76 Sekadikov pépos Tou AoyapiBuou Tou dpifpou 1742 4.

Mpds TouTo tpyadopeda s E6fis : "Emeaidi, mpopavds, elvou :

1742 < 1742,4 < 1743,

£ 41
TETCQ OT1 Aoy 1742 << Aoy 1742,4 < Aoy 1743,

*Ex Tfis dvicérnTos TauTns, Emaid, (g Ek TGV mvaKey gaivetal, elvar :
hoy 1742 = 3,24105  xal Aoy 1743 = 3,24130, mpoximrre: :
3,24105 < Aoy 1742,4 < 3,24130.
“Hror & {nroupevos AoyapiBuos mepiéxeTan petafl Tév dpiBiuddy 3,24105 kai 3,24130, of
drroiot Biagipouy kot 25 povadag méutTng Bexabikis TaEews (w.e'.5.1)

*Ex Tév mivakev PAémopev Emrions 61 ToU dpifuol avfavoptvou kata 2, 3, 4, 5, .. dke-
padog wovdBas & AoyapiBuos autoU abfaveTan dvtioTolyws katd 50, 75, 99, 125, .. pe.5.7.
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Avvdpeba d0ev va Bewpricwpey THY alfnow TolU Aoyapifuou s EyywoTa dvddoyov mpods THY
alfnow Tol &piBuol kal v& Utrohoyiowuey Téoov Tpémer vk aufndf) & Aoyl1742 = 3,24105 B
vé Trpokiywn & Aoy1742,4 kal £ alTol 6 Aoy 17424, ‘O UtroAoyiopos yiveTtan s E67js
Els alEnow 100 dp1Buol katéa 1 dvmioroiyel alf. ol Aoy. koré 25 (e’ B
» » » 0,4 » » » s R

Apxt | x=25.04=10 peoc

Kat® &kohoubiav :
Aoy 1742,4 = 3,24105 - 0,00010 = 3,24115

Kol ouveTTéig Aoy 17424 = 4,24115.
Al duaatépe mp&Eers BiardooovTal kal s tE7js :
Aoy 1742 = 3,24105 || AUnois dpiBpév 1 abnois Aoyopifucwv 25 we’.5.71.
hoy 1743 = 324130 ||  » a0t 2 BN i 50
A == 25 il x=25-04=10 pe'b.T.
"Apa : Aoy 17424 = 4,24105 -+ 0,00010 = 4,24115.
EVpeBivros &1 Aoy 17424 = 4,24115 éyopev
Aoy 17,424 = 1,24115, Aoy 0,0017424 = 3,24115,
Aoy 1,7424 = 0,24115, Aoy 174,24 = 2,24115.

HNapasderypa 2ov. Na eopedif 6 LoyamOpog tod apiipod 24,3527.

Avolg : To yapoakTnpIaTikéy TolU {nToupévou AoyapiBuou elvan pogaviss 1. *Edv 8¢ o=
Aamhacidowpey Tov Bofévta dpiBpdv i 100, To Sexadixodv Hépos Tou Aoyapifuoy péver (§ 212)
GpeTéPANTOV. *ApKel AotTdv vér elpeopey T BekaBikoy uépos ToU Aoyapi@uou ToU &pibual 2435,27.

Mpos ToUTo Epyalopeda ds kal els 1o TponyoUpuevoy TrapdBery g, fiTot:

Aoy 2435 = 3,38650 || AUEnois dpibudv 1 alfnois AoyapiBuwy 18 e’ 5.7

hoy 2436 = 3,38668 ‘ » ¥ D27 » > e
A= 18 ‘ x=18.027 = 4,86 ~ 5 pe'. ST

“Apa Aoy 24,3527 = 1,38650 + 0,00005 = 1,38655.

Inpeimotg : Eis ToUs AoyapiBuikols mivakas Utrdpyouv ékTods Tou TAcioiou mivekiBia, fka-
oTov TGV Omolwv géper 6 Emikepatiba piav TéHY dv T aUTij oehibi Biagopidv petaly TéHv Aoya-
pifucwv 8o BiaBoyikdv dpiBudv. “FxaoTtov mivakiSiov SreapeiTor &' elbelag

ypauuiis els 800 otiAas. TouTwy f) wpdTn péper Tols puotkals &pipous 1,2, ..., 9, 18
ol 6moior pavepddvouy BékaTa Tijs dxepafos povddos, f 5t GAAT Tas &vTioTolyous
&V Aoyapifuwv abfhoes els povdbas Tiis TEAeuTalos Bexabikiis TaEews. Tij Pon- 1 1.8
Beiqt ToUTeov UTroAoyifopey dptows Tas clEnoes TG AoyopiBuwy, ol dmoian dgei- 2 3,6
AovTan els Sofeioa; Siagopas (A) Tév dpiBudy kal ToUto BidTI TaUTa SiSouv 3 5.4
&’ elBeias, Si1& Tag Bragdpous Bragopds A, Tas Tipds : 4 79
A 1 A S, Ax9 5 9,0
T TS e T 6 | 108
OUTws, & Umohoyiouds Tou Aoyapifipou Tol mTapabeiypaTos 2 yiveran 7126
pe Ty Perifeicy Tol mvaxidiou, To dmroiov géper Emikepahiba THY Biapopay 8 | 14,4
A= 1B 96,2

Efg 1o mvokiSiov TolTo &mévavtt ToU 2 (oTAn ) eiven 3,6 ko dmé-
vavmi ToU 7 sivan 12,6, A& émeih) TO wnolov 7 mapioTd els Tov dpifudy 2435,27 EKaTOOTY,
fiTor povabas 10 gopds wikpoTépas, Tpémer va AdBwper 1,26, "Qore els alénow Tol &piBuol
kata 0,27 dvmioroiyel alfnors Tou AoyapiBuou katd 3,6 + 1,26 = 4,86 ~ 5 we.5.r.
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Avdrabis TéV Tpdbecov.

Aoy 2435 — 3,38650 A = 18
Eis ab§now 0,2 oUfnos Aoy 3,6
% ¥ R A S R
Ga Moy 243527 = 3,3865486

Kkad Eesh To 6ov ynglov ToU BeK. pépous elvan peyahUTepov ToU 5, aUfdvousy kaTd povdSa To
Sov yngiov. *Apa B elvar Aoy 243527 = 3,38655 kal ko’ dxohoubiov Aoy 24,3527 = 1,38655.

§ 218. MpopAnpa . (artiorpogor).— Na £bpedi) 6 apbpdg, 6 dnoiog av-
stoyel gig dobivia hoyapidpov.

A Ty Emriducty ToU TpoPAnuaTos ToUTou dvalnToupey TrpdTov el Tous
Ao yapiBuikoUs Tivaxas TO Bexabikov uépos ToU Sobévtos AoyapiBupou. "Eveka Tou-
Tou Siakpivopev &Uo TEPITITWOTEIS, kaBdoov TO Bekabikov ToUTo pépos dvaypd-
PeTan 1) pf els TOUS AoyapiBuikols Tivakas. TO xapakTnpioTikév ToU Sobévtog
Aoy apiBuou dmiTpétel TOV kaBopiopdy, oupgdovas Tpods ThHy IBidTnTa &' Tiis § 212,
ToU AROous Tév yngicov ToU drepaliou pépous Tou EnToupévou &pibuol.

> AxpiPécTepov tpyaloueba Gos k&Twobh

Mepimrwors o —To dexadukov pépog tod hoyapifpov eipicketan cig

To0g mivakag.
“Eores &T1 OEhopev va elpowuey Tov BeTikov apifpov x, 81 Tov &mroiov elvean:

Aoyx — 2,62716.

Abog : Xeopls va haPapey Ut Syw o XGPGKTT!plOTl‘Kév 2 dvcx(:n'w\?usu Tp@dTOV £l THY
oTiAny O <@y AoyapOukdy Tvakwy Tov Spbudy 62, ol dmotehely T& Blo pdTa yngla
ToU Sexadikol pépous TOU Aoyapifuou, dKo?\obBw? &valnToUpev els Tév mrivaka Té Etepa Tpia y-
pia 716. OUreo PAémopev ST1 Tata Kevtan els v 423nv opilovtiav ypaupfv kal oThAn 8 T&
wipla Aorréy, pt & &Trold ypageTal & GnToUnevos &p1Buds kai 1) Biaboyn aUTdy elvan 1) dkdhou-
fos 4, 2, 3, 8. ‘O LnTOUNEVOS &p1Buds Aormov B elvan 6 Excov .423 Sexdadas kal 8 povddas, fitor &
4238, *Emra1df) B¢ & Aoydapibuos Tov Exer xapaktnpioTkdy 2, fmeran (§212,8") 811 & {nToluevos
dpiBuss B Eyn Tpla dxépatc yneia. "Apa Exopev :

x = 423,8.

Ko’ &potov Tpémrov cUplOKOUEY, 571 els oV Aoydpibuov .y, 3,75343 dvmioToryel & dpibuds

0,005668. To yapakTnpPId
TPOTOU oTuavTiKOU YNel
Inucioog: “Eotw 671

Tikby Tou 3 = —3 gavepdvel &1 Utrdpyowv Tpia pmBevikg mpd Tol
ou 5 Tol 5668 (BA. § 212, 8.

pENopey vé elpwpey Tov dplipov X, Bi& Tév drroicy elven Aoy x =2,63022.
"Epyalopevor s QveTépe, TapatnpoUuey 811 Té 022 B'éu EL"piUKETGI‘Elﬁ T&s oeipds Tou 63, Tére
dvalnTolpey aUTd Els TOS otipds ToU 62 gipov Euﬂpoo’eﬂf Tou &aws?lwov (*). nf)dyuq'n TolTa
cuppaiver, 16 16 022 uet’ GoTeplokov El'inUKE'I‘C((l ,El; THY TeEAeuTaiav oeipdy Tou 62. ‘O InToy-
pevos &pibuss x elvat guverréos 6 426,8. “Opofwg ebpioxopey :

Aoy x = 2,63003, 7voTe  x = 426,9

Aoy x = 2,63002, » x = 426,6.

’Edv
»
MepimTwols p'.— To dexadukov pépog 1od hoyapiBpov div ehpicketan

gig 100G mivaKag. il ) o -
lov : *EoTco 671 QEAOBEY VO EUPLOUEY TOV BeTikov Gpifuov x, Si& Tov Smroiov

elvan : Aoyx =1,25357,
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Averg : Tlapatnpoluey &1 16 Bekabikdy pépos Tol BobévTos Aoyapibpou dvalnToUpevoy,
@5 Tponyoupives, els Tous Tivakas eUpioketar petaly Tou 0,25334 kol ToU 0,25358, &ls Tous &-
mofous dvTicTor oty ol &piBpol 1792 kai 1793 dvmioToiyws. “Hror Eyopuey :

1,25334 <7 1,25357 <7 1,25358
kad Kot dxoAoubiay 4
17,92/« % = 17,93,
"H8n TraparnpoUuey 671
A — 1,25358 — 1,25334 — 24 pe'.5.T,

kad & = 1,25357 — 1,25334 — 23 pe'5.r.

AapBavouévou 88 U’ Sy ST katd Tpoctyylow ) alfnois TV AoyapiBumv elvon dvd-
Aoyos Tiis alioees Tév dpiBrdy kol katapTiGovTes THY drdAouboy BiaTafw, Exopev :

AlUEnois AoyapiBuou kard 24 we'.5.1. gépar alifnow ToU &p1Buol kaTd 1

» » » 23 » » 2 2 il A
23 23
y=1 mr=r = 0,958.

TMpoabiTovTeg els Tov 1792 Tov 0,958 ebpiokopev 1792,958, &nhadny T4 958 16 mpooapTEpey
elg Tov dpiBudy 1792, O mpokimrew &piBpds 1792,958 EXEl TPOQOVES T alTd pé Todv % ynoia
kad ket THY aUTAY oe1pdy, AW Speos 1) Béois THis UmoBiacTohfs b TG X Kavovileran &md T
XAPAKTNPIoTIKOY ToU Aoyx, Gmrep dv mpokeipévey elven 1,

Od& elvan Aoirdv : x = 17,92958.

ZuvToudTepov 1) fpyacia altn SiatdooeTar dg £E1)s

1,25357  1,25358 == 1793 || 24 1
12533 12533 — 112 | 23 v;
Lagopai: & — 23 A= 04 1 I e 23 0,958
- 24
“Apa x = 17,92958.

Zqpeimotg : *H Siagopd A TV &xpwv TéV Aoyapifucy, ueta€U Tév OTolwv TEpiEyeTan &
Bolels AoydpiBuos, xohertar peydhn Siapopd 7 8 Biagopd & Tol HIKpOTEPOU ToUTwy &md 1cU
BofévTos kaAeiTon pikpa Srapopd.

20v : Aidetan 61 :  hoyx t3,4'.'641 kai {nteltan vi £Opedij 6 x.

Avolg: "Ex T®v mwékwv Tapatnpoluev &t

3,47640 < 3,47647 < 3,47654

Kal &pa 0,002995 < x < 0,00299.
"Hn, mpos elpeciv ToU X, k&pvopey THy dxdAoubov Bidrabiv
347647 347654 —+ 2006 || 14 1
3,47640 3,47640 = 2995 ' 7 ¥
Dogopod: 5=7  A=12 1 | . urh T?4 ;o,;_

Olrw T& onuovtikg yngla ToU x elven kard oepav 2, 9, 9, 5, 5. "Apa & InTotpeves &pi-
Buos x efven & 0,0029955, Bi1éT1 TO yapakTnpioTikdy ToU SobtvTos hoyapiBuou evar 3. ‘Opoiws
0& Exwopev :
"Eav hoy x = 047647, téTe X = 2,9955

» Aoy x = 5,47647, » X = 299550,
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"Ex 16 dueoTépes EEdyeTon Tadpa O drohoulos :

Kavéy. A va eloouey tov dolpdy éx toi loyapluov aitod, eig mep(-
nrwow xal’ iy 6 Aoydeipog (évv. T6 dexadixdy Tov pEgos) déy eboloxetar els Todg
nlvaxae, wavalérouey debtd Tod pixpotéoov dplfuod, dotis dvtiotouyei elg Tov -
xpdtepov Tav oyaolluwy TOD mivaxos petald av dmolwy 6 dollsls Aoydoluog
mEQIEyeTaL, TEYTA TA dexadixd yypla Tod anhixov Tis dtawéoews 61 A, Bvlbla § 7
wixpd xai A 1 peydAy dwpoed. Meta tadta =alopillopey iy Oéow TiHs dmodia-
otoiffs, Aaufiavorres ba’ Gyy TO YapaxTyooTIHOY TOD dollévrog Aoyapiluov.

‘Edappoyai TGV AoyapiBpwv

§ 219. Mg THv Pondeiov Tév 18101 TwY TAV AoyapiBuwy kal TGV Aoyapiful-
k&Y Trivekeoy Suvdpeda val Guinywuey Ta&s Tpdges Emi TGV &piBuddv els &AAog
&mhovoTépas, fiTol TOV ToAaTAaoiaopov gs Tpdobestv, THY Biadpeotv els doai-
pEaW, THY Oywoty elg Buvdpels els ToAAaTAGGIAGHOY kKad THY Efaywy v TV pi-
Lo els Sialpeov. OUTw ut ypfiow T&v Aoyapifpwy tktehouvton mpdles, aof
SroTon &hAcos B Fioaw HoaxpdTaTan kol Buoyepeis, &v ui Buvarad.

T& tmbueva Tapadelynora 8a KATaOTATOUV TEPIoaOTEPOY Caés ToooV
Heydhcos &rhoTrolel THY txtéheoy Blagopwy Tpdagewy 1) épappoyn) ToU Aoyiopol
B1& Tédv AoyapiBucwy.

Mapaderypa lov : N& drokoyiodf did 1@V LoyapiBuov o yivopsvoy :

x = 180,2 x 35,32 x 0,724,
s B Aoy X = Aoy 180,2 + doy 35,32 -+ Aoy 0,724.

*Ex Tédy Trivékey evploxopey 8TL:
Aoy 180,2 = 2,25575
Aoy 35,32 = 1,54802

Aoy 0,724 = 1,85974
T hoyx = 3,66351
L= H608:

“Apa: 2
7,56 % 4667 % 567
899,1 x 0,00337 x 23435

Aboig : AapPavovTes Tous AoyapiBuous dugoTépawy TV peAGV Tis Sofielons TapaoTéorwms

Mapsarypa 20v: Na £0pedf 6 X, Eavelva  x =

Eyouey :
Aoy X = Aoy 7,56 -+ Aoy 4667 + Aoy 567 — (oy 899,1 + oy 0,00337 + Aoy 23435).
*Ek 16y TrivaKwy EUPITKOMEY :
Aoy 4667 = 3,66904 Aoy 0,00337 = 3,52763
Aoy 567 = 2,75358 Aoy 23435 — 4,36986
7,30114 | - 4,8513?
Merd v &palpeoty TPOKUTITEL: :
Aoy x = 2,44984
e =217 .
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Mapasdziypa 3ov @ Na e0pedi to nhiifog tav ynoiov tob apipod 847,

Aborg 1 Oétovtes x = 8% kad y = 8 eipiowopey &mi:
x=8" «xal Aoyx =y-Aoy8.

‘Emeidny 88 Aoyy = 8 hoy8 = 7,22472, émetan 871 ¥y = 16777300 mepimou kal
Aoyx = 16777300 Aoy 8 = 15151412,

"Ex ToUTou BAémopev 811 & x 0 Exn Tepimou 15151413 drépona wngio.

Enu. "Aveu Tiis xprioecws Tév Aoyapifuwy Erpere mpos elpeov ToU ¥ v Képwpey 7 ToA-
AaTAaciaouovs Kal Tpos eUpediv Tou X &Adous 16777300 mepiou TOAAaTTA AT 1T HOUS.

Mopadevypo dov : Na Onoroyiedii, kata npogiy oy, | apbpnoucl i tig napastioLng
2132 (1,04 10,003

70,0042 < (345,6)°

Abag @ AapPavovTes Aoyapifuous dupoTépwv TV peAdY Tis Sobeiong iodTnTog Exopey
OUNpLIWS TrpdS Tas (816TNTas TEY Aoyapifuwy

1
Aoy X = (Aoy 27,32 + 20 Aoy 1,04 + —5—?\0)/ 0,003) — (—‘11—- - Aoy 0,0042 + 2 Aoy 345.6).
'Ex Tév mvdxwv euplokopey :
BonOntixal wp&éers Il TeAikal mpaEers
Aoy (1,04) = 0,01703 ’ roy 27,32 — 1,43648
Seeas0 | 20 - Aoy (1,04) = 0,34060
0,34060 ‘ 1
.......................................... , 5+ Moy (0,003) = 1,49542
Aoy 0,003 = 3,47712 ‘ - Tk
L o0 = 2ATIIE B gt S Bl
5 oy,_ S = T o P B T O sl
=T+ 0,49542 = 1,49542 , § Moy (0.0042) — T,40581
Aoy 0,0042 — 3,62325 A 10 BT
,62325 4 * i
Frovtoo = 0B _ Tilens | Adporona "~ 448295
=T + 0,40581 = 1,40581 ' ke
.......................................... | Aoyx = 1,27250 — 4,48295 —
Aoy 345,6 = 2,5385;' =—3,21045 = 4,78955.
507714 ;
"Ek 1@y mvdxev edplokopey ; x = 0,000615957.
ATZKHIEIZ
474. N& ebpebi] & AoydpiBuos ixdotou &k TGV K&Tw EpiBpdov :
l. 02507 5. 6,8372 9. 85,007
2. 4579 6. 527837 10.  0,0004124
3. 0,003817 7. 63,347 11. 326,537
4. 107,3 8. 25234 12. 14,1606
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3
8

14, 0,0682947 16. 537892 18, 472 4 ﬁ_.

13, 0,00643598 15. 31,2865 17. 524

475. N& eliped] & Berikds ap1duos X, yvwoTol éuTos &1 :
1. Aoy x = 2,48001 5. Aoy x —= 4,87622 9. Aoy x = 0,70020
2. Aoy x = 1,96895 6. Aoy x == 2,99348 10. Aoy x — 1,66325
3. RAoyx — 497534 7. Aoy x = 1,79100 I11.  hoy x = 4,15050
4. Aoy x = 3,69636 8. Aoy x —= 2,78C00 12. Aoy x = 5,25865.

476. N& utroroyiogdouy Bix tédv Aoyapifuwy ol k&Twh Tapactéoss :

1. 82,75 x 0,3974 2. 25200 « 3,1416 3. 437 x 0,5223
. 4,25 % 308 x 0295 5. 3,72 x 7,8 x 9312 6. 3,14 x 252 x 395
?‘ 56314: g 8 0,8276: 25.2 9A 10025 o 4,35
10. 4,36 11. 0,895 12. 10,25 13. 3,02w
14 28314 15, )2 16. 1,414 194 Y
18. 9,35 % 3,1416 9.0 8P 1135 20, 0,45% % 2,25 v3
o1 1/ 273 % 0,130 2. ‘ 1258 x 0,824 o3 V?_s,c\ % 0,312
. ‘/ 7 L 252 0,85 i
477, "EmivaaTe Tas k&t fiodoes
. xt=58326 2. xd = 0,0247.
478. XpnowomotouvTes TV Ty :
E-TT-0G-PE-7)
Umohoyioats TO Eppabov E fuds Tprywvov, ¢l al Tpets TAeupai elvan
i 1 ]
«=2025m, P 180,2m kal ¥y =753m (1= 3 TEPIRETPOU ).

479. “Ywooyigare Ty &piBunTIKnY TIMRY ToU X, 80115 OpileTon UTrd Ths oxéoEws

= A

Byt a=021355  P=29534, y=44340.

480. Tpsis &piduol &, X, ¥ guvbtovTan S1a Tiis oy EoEWS :
axy® = Jx.
lov, ‘YmohoyioaTe T0 ¥, &v elvar o = 0,3 kat x = 1,8215
Zov. ‘Ymohoyioate TO X, dv glval o = 10 xai y = 0,5242.
481, Mewperpikfs Tpodbou dibovrat o = 3, @ = 8 kal v = 13. N& elpebij & 1305 dpog 1rg
ke T6 &0potoua Iy, TEY Spuv GUTHS.
482, "Errondevoare Bick THis XpNoecas T&V AoyapiBuikdy mvakwy Tas dkoAoUBous iodThTag:

5778 % 69 _ 6,431, 2. V85273 | 51,3388 — 5,62962
0,75 » 3,107
EER X @06 — oza58%5, 4 _ J12415xV3ISWE
B T8l,3 x 32,41 17,1826* x "} 0,002987 Vg
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483. Na Umodoy100f] 51 T&v AoyapiBuKev Tivékewy 1y &pifpnTikn Tipd THg TOPATTACEWS !
3

_ 43" x70,0004975 V'zf?z x 1595
‘Y0,312 137 « 'y0,03

("Ynod. “Ymoroyioute ywpioTd ExaoTtov Spov Tiis TapaoTdoews Kai TpogbécaTe dkoholfios
TX €§arydueva).

Il. EKBETIKAI KAl AOTAPIOMIKAI ESIZQIEIS KAl 2ZYZTHMATA

‘Ex@ericai é§100oeig

§ 220. "Opropoi.— Kodeitar éxbetiy tlicwog maoa tficwors, 1 Gmoia
TEPLEXEL piay TOUAGKIoTOV SUvapmy i exbETny TOV &yvwaoTov f oUVApPTNOiV Tive
TOU SyvddaTou.

T.x. ai é§lowozrg :

F=81, 2" _5.443-¢q FEH_
elval ékBeTikal E€iochoes,

"Erilvorg ExBetifis £6i0oews kaheiton 7 eUpeois TV TudY THY &y Vo TwY
auTfs, ai émolon Thv dmoaAnBedouy.

Al ouvnbéoTepen kBeTikai é€iocaaris Exovow 1y Blvavtar v APoot piav
TV droroUbwy popeddv :

o). ’Exfeticai £8iodong tijg popeiic

o — B (1)

ivba a, BeR* kal a # 1.
Mpos emmiAvoty Tfis dvewTépeo éxBetixfis EE1ocoecs Siakpivopey o TEPITITAIOEIS
MepimTwois.—0 B sivar dovapg 100 a §j dbvaron va peratparij sig §6-
vapy tod a. ToTe, éav elvan p—= ak 04 EYwpEY : of = ok kal ouveTréis x — k.
Mopaderypa : Na Zmlodf 4 Eicmoc : 3% — 729,
‘Erilvag : "Emeibn 729 = 35, ) Sobeion Eicwois YpageTan :
' =13" kai BB x — 6.

MepimTwois|lL—0 B dév shvarar va netatpani sig dOvepy tod a. Eig v
TepiTTwow alThy AapPdvovtes Tous Aoyapifuous dugoTépwv TGV peAdV THs
(1) Exopev :

\ ok Ao
X - Aoy a= Aoy B kal ouverrdss & elvon x — —oF -B-.
Aoy «
5
IMapaderypa : Na Emivdi) 1 ticnog : 2° — <
‘Enihvoig 1 AauPdvopey ToUs Aoyopifuous dugotépwv TdHY perGy Tiis Sobelons E€icwoecg

el Ry Aoy 5 —Acy 6 — 0,07918
= —_— OY CY - = - J:
X-Aoy2=Rroy5—2Aoyb f x= Aoy 2 0,30103

— —0,26303.
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B). *Exbenikei #Eotaeig il popeiis

aso = B @

Ev0a g(x) slvon dedopévn ovvapTnoLg 100 ayvostovkaia, PER ' pta # 1.
Mpopavéy Bi1& g(x) — X Eyopev exdeTiknv E§lowotv THS Tponyoulévns popefis.
Mpos emihuaiv TéV gEiomaoev Tis uopefis (2) Siaxpivopey, dos kai Tponyoupé-

veos, BUO TEPITTTWOES, xall’ doov of dplpol a xai f elvaw 7 pny dvvdpec évig

xal Tob avroi aoiflpov.

Mapaserypa lov : Na énhvlil 1 élicwag 53+ 943,

"Enilvsig : Emeibh 243 = 38, 1) 50éElGG tEiowots ypdeeTal
qri—Sx 411 _ 3% kal 5i6a1 x2—=5x 4 1l =5 @ x*-5x+6=0. (1)

Al piZan Tiis EE1000EWS (1) elvon x = 2 kal x = 3, o dmoian elven kad pigen THs Bobelong
tiowoews.

Napéseiypa 20v : Na $mivbi 1 icoos : | - gl B

*Enihverg : *H cfeioa tiowos YPAaQETAL §

D9 _ 30 qi Bi8a (x— 1) (x*=9) =0 @ x-1DE-3)&+3)=0

Al il Tiis EEIGGOEWS avriis elvan x = 1, x = 3, x = 3. AUrton 8 elvan kal pifon s Bo-
Beions Efiocoews.

Mapadeuo Jov: N embodi 1l icweig §°2 = 437.

"Enihveig : AauPavousy Tous Aoyapifuous dupoTépwy TEV pehdv Tiis Boleions tiocoecs
Kol Exopev :

LR Aoy 437 A 2,64048
(3x — 2) - hoy 5 = Aoy 437 f)r 3x—2=- Nops i 3x-2= ~0.6589T
A 3¢ —2 = 3,77767  kad t§ alTfis : x = 1,92589.
[Mapaderypa 4oy 1 Na tmavdi 1 édlowaig :
o =y, (1

Evba a,p,yeR' kai @~ L B#1
"Enikuatg : AauPavovTes ToUs AoyapiBuous dupoTépwy TGV pehdv Tis (1) Exopev :

1A : Aoy y
p* . doya=2Aoyy 1 B = Koy @

"Ex T (2), AapPavovTes tx viou ToUs AoyapifBuous, eUpiokopev :

: = hoyy
X - Aoy p = Aoy (?\oya)
1 1077)
fi s ).7)7[_5 'lo‘r(ko'ra (€]

e . : ; Aoyy e
Ard v Eyn vénuer 10 BelTepov péros Tiis (3) Tpémer v& elven Ty > 0. Tolto UpioTa-

T &raw of Aoyy kal Aoya slvar opoonpor, SnA. T &ugdiepor of akal y va elvar > 1 # &ugod-
Tepor < L.
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3

7). "Exbitkal iErohoag tiig popeig :
(¥ =g (a*)

Eidixds katwTépw 8 pederriowpey ¢Elomotts TGV HOPPGV :
W, X4v
En ] ke Or

ivle ceR .
Y1: Aa® 4 BoX =0
Yo Apatiis o Aggpnive - Ay @

=412 el
Al E1owoes altal dudyovTan efs THv popenv (1) 81&x Tfis dvTikaTaoTdows ;

EVeC{ Hi » Vi € ZJ

aX=y

Naepadeiype fov: Na imiodi i iEicooc 45 —7 .25 — 8 — 0.
’Enidveng : ‘H Bobeioa §iowois ypégetan: 22% —7 . 2% 8 — 0 kal taw Tebff : 2X =y,
Y—Ty—=8=0.
Yi=8 xkad y,=-1
QDL Kaliy 28 =—1F 0y,

Exouev
Al pifen Tijs EE10doews aUThs elvar
2% koi 81861 : x

"Apa fa elvan
2* —8

H fElowois (1) ypégetan 2%
‘H ifiowas (2) elven &BUvaTos, B16m 2% - 0 &1 kébe x € R,

“Qae 1) pia Tiis Bobelons éiocdoews flvan ¥ — 3.

Iapaderypa 2ov : Na émivbf 1 ibiocwoic :
P2 5. 3% | 3% _3x—2_ yag
'Eniivoig : AUtn yp&eetan :

3L g 5k 4—3—x—~31= 128
3 9 L

OéTopev 3% = y xai Exouev THY ticwoy :
y
Sy + 5y + g P 128

f 128y — 1152.
€ T V=9
F=9 §i F=3 ki Gpax x=2
s2x—1 4 3 gx+1 _ gg

Téte Exopev :

HMepdderype 3ov : Na émivdi 1 #icoong :

’Enilooig : AUt ypageTan :

(55 x

= +3.5%.5-80=0
(5%)" 4+ 75 . 55— 400 = 0.

f
©itopev 5% = y kol Eyopev Ty EElowoty
y*+ 75.y —400 = 0.
Y1=5«a y, = —80.

ATTn Avopévny 5i5er
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"O8ev 1y (1) elvan looBlvanos mpds T& Leuyos T Egiocoecoy :
=5 xa 5 =-=1280

*H wpdrrn 8iber : x=1

H Seurépa eiven &8UvaTos, B16TI 58 > 0 81k kéde xe R.

5°). "Exbetikai 25100081 TS MOpQiS ¢

f(w¥) = g(P*)

SuviBels TEPITTTATELS TTiS dvwTépw popeiis elvan ai kéTwd :
Bl A =08 P
52_. A-}E‘--}-B-\X“ﬁx—i—rv{.’)z":: 0.

C)

Al E1ocosis alTan dvdyevTal gig THY popefv (1) 81k 15 dvTikaraoTdoees

BE

MMpdeyuarn, Bid BIXIpETEDds dupoTéprov TGV PEAGV Tiis fiocdoeces B, Gid [3?

alTn peTaoynuaTileTol €S Ty :

5y A'(E)z\i-B(g)xr;fF,O

X

kai §1& THs QuTiKaTao TATEWS ( 3 ) =y (1), 7y &lowois &, yiveTen :

Ay*+By+T=0.

Avopévny clirn Kol € OGOV B*
¥p kad vy Ald TS TIHES Y

[apadeiype loy @ N Eraudi) 1 £Slowalg :

3. 2% 4 9% 1 X2 _ 6.8

"Enilvog : ‘H Sofeion 5iowas Yp&pETAN !

PER O S
SO o o s e
3 I ARt 1 6
i 2" (‘16"7)" 3 (z5 105)
: 2 )\ 16
7 ('T 625
A < 2 \4
ﬁ Fr-()

"Apa elvan :
Nepaderya 2ov : No Embodi 1 Sloweag: 3 9% _5. g% 2%+l _ g
*Eriduoig : ‘H Sodeion &iowais ypdpeTon :

2PN = BaDR s a2E — )

WnionoBrke amod 1o ivotirouto EknmaibeuTikrg MoAmkrg

ay* i Sk Yl al &oict AUovTon KATd TA yVwoTo
=y, kol Yar i e 9 tAsEREs s

—4Al >0, 8& 8won 8o TrpaypaTikds plfag
yy kel y == v, 1) (1) Biba Tés Exberinags ool
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Dicnpolvres &ppdTepa T& AT alTiis Sid 32 AauPdvouey Ty looblvapoy tEiowoiv &

2.(%)1“_5‘ (%) £ B )

o7
Oétouev (—3 e y xai ) (1) ypdoetan: 2y — 5y + 3 = 0.

AUTn Exe pilas: y, = 50 ¥Y: = 1 kad tmopéuos ) (1) elven looBuvauos pé 16 Lelyos

2y 3 : 2 A% 1
(T) =7 Kol (T) =1
AUTon ypapbueval :

GY-() G-

=—1 Kol - X =10

TV tiohoewy :

8idouv dvmioToiyws :

£’). "Exbfetikai éEohosig tijg popoiic :

[ €)

Evla I (x), g (x) modlvevopikai suvaptioceis tod X.

Al §iotoeis Tis dvartépa popgfis Exouv TTpogavdds AUaels Tas Aloels TGV 2E1-
CWOEWV : () i) =11

g =0 xad f(x)=0.
IMapadevypa : Na émludi 1 2icwoig :
o —3x 2" = 1,

Enidvorg @ (i). Al pifon Tijs x2 — 3x + 2 = 1 elven rpogavéds AUcers Tis Bobeions.

AUTY ypdgeTan x*—3x + 1 = 0 xal Avopévn Siber :

L= % kal  x, = ,,3:2]’,5,
(ii). At AUoeis ToU ouoTrpaTos :
= 2x =0
x2—3x42#0
Tpogavdds Ikavotroouv. THY Sobeicav.
Elvar 8¢ X(x—2)=0 kal @x-—-1)(x-2)x£0.
“Apa: ; =10
‘Emropéves 1| Sobeioa Efiowars Exer Tés pidas :
e A A3ENs s
x=10; x——iﬁ, xg—z .

Hopatipnoe : ‘H Egiowais {{(x)} ™= B, &ba f (x) TOAVwVUPIKY cuvdp-
TNols Tou X, émAveTal, STav TO B Suvaral vé Tedff UTO TNV poperiv: B = a¢.
O Exoopey TOTe & {f (x) }1 = o kad ouverrds B elvon { (x) = .

Iapaderype : Na EmloBodv ai iEc®aeng @

@. x*= 4 @ Be=el, (i) @- Th e Lt S i
(i) "Exopev 4 = 2* kal ouverdds B elvon x* = 22, ’Exk TadTns rpokUTEl X = 2.

(ii) "Exopev —1 = (—1)—' koi ouveméds 0 elvon x* = (1), 81e x = —1.
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(iii). "Exonev 27 = 3 ko ouverréss & elvon (x* —7x -+ 15)¥ 7% — 3 Aty elven
igoBUvapos pé Ty x*—7x + 15 =3 f x*—T7x + 12 = 0, f omolc Avopévn &ide :
x=3 «xal zx=4.

*ExBerika ZuoTfpara

§221. ‘Opropoi.— Kaheitan coatnpe tkbetik®v Eedotov ué Yo 1) mepio-
coTépous dyvdaTous, TV oUoTNUa g6iowoewy ik TéV omoiwv pla TolAdyioToy
elval éxBeTixn.

Al Tipai Tév dyveoTev Bl Tag orrotag guvaAnetouy ai é€iodoes ToU ouaTr-
HaTos GUVIGTOUY ey auToU.

‘H gmidvotg T@OV EKBETIKGY ouUOTNU&TwWY aTnpiGeTen el Tédv 80T Twv
16V Buvdpswy kai TEV Aoyapifucy kal Tfs els THY Tponyoupévny Tapdypagov
ExTedeiong Oecopiog ETIAUCEWS TéV EkPeTIKGDVY E§10CoEwY.

Mapodeiypata @ lov. Na im0} 10 ovoTRG :

42V 2 =32
akitd . V=t a9

*Erihvaig : To Bodiv guoTnua elvar iooblvapov pt 76 :
XHV—2 _ o5
3¥HY=2 . 3,
2ot yi=1
ToUTo &Anbeyer OTOV ! X+ y=25.

AlovTes T6 aioTn e TOUTO eUploKoLEy THVAUOW D X = 2,y = 3.

2ov: Na émdufi] to o0OTNRE:

Y .o4Y — 3981312 (1)
2Y . 5% = 400000. (2)
Enijuog ; AcppavovTes TaUs hoyopiBpous dpgoTipuwy TGV peAdY Thv Efiowoewy (1) kai
(2) ebpiokopev To lgoBUvauoy Trpos TO Bofiv guaTTa
x-Aoy 3 + y-hoy 4 = Aoy 3981312 aH
y-hoy 2 + x-hoy 5 = Aoy 400000. 2

Ottovtes Aoy 4 = Aoy 2: = 2 hoy 2 xai ToMAaTAao1dGovTEs TG PEAT Tis (2°) émi 2, ebpi-

TKOMEV x Aoy 3 + 2y-Aoy 2 = oy 3981312 Gl

2x Aoy 5 + 2y-Aoy 2 = Aoy 40C000.
AUovTes 6 aUaTH TEV tEiowoewy (1) kai (27) epiokopey :
2 Aoy 400000 — Aoy 3981312 2.hoy (2% 10°) — Aoy (211.3%) %
A 2hoy 5 —hoy3 2hoy5—hoy 3
10— 10 Aoy 2 — 5 Aoy 3
22Ny 2—hoy 3

s AvTiKaBioT@YTES TV TNV TaTny ToU X els THY BeuTépaw T@Y Bobeiody Egiodoewy elpi-

— 515

OKOMEV ) 400000 4.10°% 22.25.58 ]
= e I LI e

= BE 56 56

&k THis dmolas Exopev Y = 7.
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"Apa al pifen To0 ovoTuaTos elven : x =5, y = 7.
3ov : Na émlvdi) 10 odatnpa :
5 o }.,\ (1)
-y &)
"Enidvaig : Tpogavns Abois Tol ouoThparos elvan: x =y = 1. ‘YrroBéTovTes Topa 671
x>0 y>0rkalx %1y eUpioropey, &v AdPoopev Tous AoyapiBuous GupoTépeov TV E-
Adv 7@ EGiomoewv (1) kad (2), 81116 Bobiv oo Tnpa elvan icobUvapoy i 6 ;

y-Aoy x = x-Aoy ¥y 19
3- 20y x = 2.p0yy. @9
AteipolvTes katd wédn Tés (1') kad (2°) Exouey ; = ; ,
&k TR omoias AapPhvoper  y = —32\— (3

OérovTes THY TIpAY TalTnY ToU y s THY Beutépav TéY Bobeiody Ef10c0ecov Exopev :

137:(3.\)2 1 x*= 9-x“

2 4
. 9 ] : ; : 9
A x? {x ~Z ] = 0, kol émerdf) Umetédn x > 0, FmeTon: x — i
OttovTes THY TR TatTOY ToU X els ThY (3) Aappdvopey
3 9 27

O3 i

‘Emopéveas, kad T& dveotépe Ektedivta, of pifan Tol cuoThpaTos elvar Té Lelyn :

x=1, y=1) «kal (x: e

9 27)
gL sy

AoyapiBpikai éSlowoeig kai AoyapiBpika cuaThpara

§ 222. "Opiopoi. —a’). Kohsitar hoyapbpks iiicweg wioa éfigwos, 1
dmoia Tepigxer TOV Aoy dpiBpov dyvdaTou f) dyvioTwv aiTis i kai auvapTh-
oewv aUTédv. TT. ¥. ol kaTwb Eiocoes elvan AoyapiBuikad : ¢

3?\oyx—-;~ Aoy (2x+ 1)=2oy V2x—1+2
Aoy x+3hoyy=7
Aoy, (3x+ 1) — Aoy x= hoyy (2x — 3).

‘H &widvors 1év hoyapiBuikév §iodoewy otnpileTan #ml TéY 1S10THTOY
TGV AoyopiBuwv. TToAhdkis Speos 1 EmiAvols wds AoyapiBuikiis éiotoews dud-
yetan els émidvo E§lochoewy TGV k&Twhl popedy :

(i) Aoyx=vy, (i) Aoyx=2Aoya, (iii) Aoyf(x)= Aoya,
(iv) Aoyp I(x)= hoyy g(x),
Evha o yveooTOs BeTikds GpiBuds, [(x) B kal g(x) yvwotal ouvapTioels ToU dyvi-
oTov, ai émoicn UmokewTan gis TOV Tepropiopoy f(x), g(x) > 0 kal P 7y Pdois
ToU Aoyapifuikol ousthpatos (0 < B # 1).
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*Ex ToU &piopol Tou Noyapifuou kai ToU TopiopaTos I, 16, Il Tfis § 202 mwpo-
KUTTTEL TCopar OTL:
(i) ‘H éEiowos Aoy x =Y elvan iooBUvapos kit v . x— 107

(i) ‘H » Aoy x = Aoy a » ut 1 oUotTnua: x—a, o > 0
Gty *H 5 cdoydlEy=R0y& 2 & ¥ » : I(X)=@, =0
Gv)H » royp [(x) = hovp g(x) » » 2 I =g(x), g(x) > 0.

Enpeioog : Eis TeplTTWOW ke’ fiv ol AoydapbBuor éxouv Angdi ds wpos Siagdpous Ploers,
0& petarpimavTan TavTes G PSS THY auThHY Pdow.

$). Koheitar evotnpa royoprOpik@v Elodocov AV oUoTnua Ef1odoewy
&k TG OTrolwy pia TOUASYIOTOV elvan AoyapiBuik.

Al Tinad oY dyvoaTey Bi1& Ta&s OTrolas ouvaAnfelouv o Efiowoes ToU
CUGTHUOTOS GUVITTOUY AUg1v aUTOu. : ’ i

‘H &rriduoig TEW Aoyoplfiikidy ouoTnpaTwy otnpileTen éml TéY B0t TCV

Té&v Aoyapibucwy kol THS SvwTépw fxTelelons Bewplas EmAloews AoyapiBuikdv
t€1owoecov. =
‘Qs TapadelypaTa {otwoav TA aréhouda :

Nopadaypa lov: Na Emhvdi i islooac :

;. hoy(x + 2+ 2oy fx—3 =14 2oy}3.

‘Enidvog : "Ev TpdTOIS mpémer va elvar x + 2> 0, x =3 >0, Stex > 3.
1 — oy 10, # Bobeioa Elowots ypdgeTan :
Aoy VX + 2 + hoy Yx —3 = Aoy 10 4 oy |3

Aoy (Jx+2- Jx—3) = 2oy - 1013

*Emeibi)

ﬁ ——— -

3 fx+2)- (x=3)=10 13

A (x+2) - (x—3)=300

A xt—x — 306 = 0.

*EE arijs eUpiowopey 5= 1_8 Kaj' e S 17"

‘H x = — 17 &moppimTeTal, o5 pi) TTATpOUSE TOV TIERIOPITHOV X = 4

pa 2ov : Na b} 0 iSlowalg :
T M

mrpémer v& elven x > 0.

Tapadcy

Erikvolg : Heptootopios : ‘ 5
v GugoTepa Té uékn Tiis (1) els TO TETpdrywovov kal Exopev

x*r7x — 100, @
ev ToUs AoyapiBuous &upoTépeov TGOV PEAGY Tiis (2) Kal Exopev :
Aoy Ix - Aoy x = Aoy 100

—; (Aoy x)2 = 2

“Yyavoue

Aappdvop

7
A oy x): =4
kai &pa : Aoy x = £ 2.
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*Edv AMdPoopev Aoy X = 2 Exopev hoy x = Aoy 100, &pa:  x = 100.
"Edv AdPouev Aoy x = — 2 Exopev Aoy X = Aoy 0,01, &pa:  x = 0,01.
TMapaderypa 3ov : Na émboli 1 idicwog :

hoyyz (2 R0y, X - hovy X 4 hoyyy X)= 6. )
*Enilvoig : ‘H Bobeica ifiowois elvan looBlvapos pé Thiv :
2hoy X - Moyy X + hoyyr x = (J2)* =8. (@)

Qs yvooordy (§207) elvan :
Aoy, X = 7;2\'; g' #v0a ol Aoyx kai Aoya elvan cos wpods Pacv 10.

Adyw alToU EXOMEV :

Aoyx  Aoyx _ Aoyx _hoyx  2hoyx

R A N P ==,

Auvéper auTidv N (2) yiveton:
Aoyx  hoyx | Z2Moyx _ 8

2hoy2  Aoy2 Aoy 2

Aoy, X =

; AT RN s POVEN o
n (?\oyZ) 5 (?\oyZ) =
EE aTiis eUploxopev :
Aoy x 5 Noy:X
e L e

’Ek Tfis TS EXOueV :
Myx=2hoy2=2roy4, &pax x=4
kal £k THs SeuTépas dpoiws Exouev :
?\oyx:74?\oy2=?\oy2_4:7\oy%, &pa X =g
IMapaderypa dov @ Na émiovd{) 10 cdompae @
Aoy x + hoyy = hoy 14
3x—y=1L
Enidveg : Hepwoowopds: x >0, y > 0. ‘HmpoTn Eicwois ToU ouoTpatos ypagetan:
Aoy (xy) = Aoy 14  «xoi  Bider:  xy = l4.
"Exopev 00Tw v émAbowuey T iocobuvauov m’.u;-rnuot:
x—-y=1
Xy =14,
Avopev TO oUOTNPa ToUTo Kal ety pémer x > 0, y > 0 elpiokopev :
X =7/3 xal  y=6,
IMopaderypa Sov : Na £émiv0f to cbotnpe :

xmyy-rH Aoyx+2

=1
yVE+2 — gv—2
Erilvoig : Tpogavis AUcts Tou ;ruc‘rﬁuchog glvan: x =y = 1. “YmobéTopev Twpa oTI:
x >0,y >0 xafos kai x 7= 1 # y.
"Ex Tiis padTng, AoyapiBuifovTes, AauBdvopey :
(royy + 1)-doy x = (hoy x + 2)-hoy y

1 Aoy x Aoy y + Aoy x = Aoy x Aoy y + 2hoyy
| Aoy X = Aoy y?
Kai ouvetdds @ X =y €8]
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Adyw TaUTns T BeuTépa ¢Eiowals ToU ouoThuaTos YpdgeTal :
y W2 _ 202
"Ex tayns, fmeidhy y # 1, AauPavopev :
fir2=2(-2, #&: y=6
Ay =61 (1) 8idar: x =36

*Apa T SoBiv oUoTnua EXEl T&s AUOES :
E=1y=1) ((x=236y=6)

AZKHZEIZ

484, N& tmiudodv al k&Twdi tE10coEs ©
X 2

(9% X1 2x 4
1. 5V% — 625, 5ogx=Rxll = 97 3 Vo7 = QA=

i (3)33 7’(@)7\ s 2.9%-T.F43=0, & F-4VFi3=0
"

M iy 3,- 5 S8 T3t T ool 9 DSt s506%
5,‘(--
RA—2X 1, 1L eE PR ool S R e R T e T PRI

10. (x*—5x + 6)

485, ‘Opoicws : ;
8l b X ) ‘

Lo1sb4 — say) ™ 2 Vs =25, % *=x X 301 4%,

T " y 15 5
3y x—1 V‘l __] 3)3\ 4' s gE—l _ : Loas s 0,
& (4) g 3 2(]{ 3x-+1 3%

- Ta—13 . a2tn—2) . Vrdn—3. a2%—3
6. 5% 2_3.2“'3.—12-5" S ok T ¥ 20% — 33X _ Va3 _ 523

486. N& tmiuBolv T& K&Twh CUOTANOTE :

: x¥ = 243 40 -2 1024

it 5, X 2y 9

k gex—v— ] : i’]024—— ( 3 X ) gx—2 gy—3_q-2
X oY +3.— 15 < 3“\ vE— 1 - 2* = 3y

4, ¥ _ 3% =3 g i yEox = 0 3% — 2y,

487. ‘Opoilcs : ¥
xx:\'( 5 )\.\ \::!a . .\\"'\f\"*

I 2 ' yX Y — x3 Ay %'l

488. N& $#mAudolv kot v& Biepeuvnoly T k&Twh CUSTHHAT ¢

[0 X =3 p y o == p)‘ X = N\ru
1 . ! 2 3L i
= ‘ = yP x¥ = y*.
i 5 = ."'x x% = y . .
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489. N& émulolv al kéTwd tfiodwoes :
2
30

7 5
3. Moy + hoy (Z’i 5 2) = 2%y (x—1), 4. Aoy [hoy (2% + x—11)] = 0,

L Doy (x+ 1)+ 220y 15x = 2, 2 ; Aoy (x —2) + oy [4x + 3 =

5. yhovdx—doySx _ 0,01, 6. (4,()1012-1-1”}'; = 100, 7. ghorx S gS—hovx _ 12;

Aoy x Aoy x + 3 11
N T3 Ao 9. Aoy. (Roy,x) = Aoy, (Aoy,x).

490. ‘Opoiws :
1 doy (2% + 2. 3%) + Aoy 8l = x - Aoy 3 -+ Aoy 178
2. (Roy,x) — RN TR o0 (iey gronal3 3. 10-xM7% = yo §x,

Ix
4 xl"’ 10 _ g, (3x)horx?, 5. ?\oyw,x Aoy, x ?\nyzv,__.x Aoy, x = 54.
491. A mroiag Tipds Tou 8 A Eicwois: x*—2 (1 + Aeyf) x + | — (AoyB) = 0 Eye
pilas mpaypaTikds kai loos ;
492, N& émidvlolv T& k&Twbl ocuoThpaTa :

AoyX — Aoyy = | X 4 Noyy =1 X rov5 Xt roy7
Aoyx® 4 Aoyy? = Aoy ?f‘\,g L 10 = 11}{) JROTE _ ghovy
p chory | .‘,kou = 20 . LMoY | y?.u‘yt = 200 3 (-jx)luy} ixn (5:‘_)1“-,-5
. o ]J'\\: ) ' V hory _y?.u',f\ — . 5'...“?‘\ ’ Bh’”.
493. 'Opoics :
s - ).l)‘f__\‘
,\'M”‘v Il .‘,l\u-,-\ s 200 V54\ =3 25 y\ (1 - },t) — 10100
L x 2. 410 3. ) —
)Y d VoY Aoy fxy —ﬂ?\oy\/k.,}
V(?\o‘,f.\)“ - (hoyy)¥=1024 V v*o1Y — 10.000 ] ¥ .
. (2")10?\' i ‘\,?.oytzw — Bx? < (3)&)"”"3 L (5}')10'{5
"y ROV T ghovs _ hoyd

494, N& ebpefouv al TrpaypaTikal AUCEls TOU guoTHUOTOS :
= e e R G R e
495, "Eav o, Pe R — {1}, v& mAuij 16 olornpe :
Aoy, X - Aoy ¥y = Aoy, B, oMotary — Yx.
496. N& emiaudf 1) Eiowas :
Aoy (2127XH! _ 42) 1 doy 4 = Aoy 21-Aoyx -+ Aoy 76.
497, ‘Opoleos :
[Roy (16x —5—x2) + Aoy, 2] Moy, 5% - oy, x =2,
498. Na ebpedolv al Tipal Tds émrolas AapPavar & 6, 8¢ R, &v al pifa 7ijs éEiodoews :
Aoy [Roy (x* + x Acy® + 110)] =0,
&roTEAoUY AUGIV TOU GUOTHBATOS ;

viovr - ghovy = 20 Aoy Vyz = 1.
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KED®ANAION IX

ANATOKIZMOZ — IZAI KATAOEZEIZ — XPEQAYZIA

. "Avarokioudg

§ 223. Eiocaywy!kal gZvvoiar — Oplopoi.— MNwpifouey &k T *ApiBunTi-
kils OT1 tokog AfyeTal T TTooov To Ooiov AauPdvel Tis Baveilwv els &Ahov ypif-
pore, &l mwAdov Tou Savellouévor. Trooou. TO Trooov TO oOmrolov Baveilel Tig,
AbyeTan Ke@ahatov, O B8 TOKOS elvan 1) duoiPn) Ty omoiav kaTaPdAAel & Savello-
pevos Bix iy XphHow Tou keparalou. "OTav TO kepdAaiov pévn TO altd kaf’
ANy THY Si&pxeiov TOU Sovelou, 6 Tokos Aéyetal anholic: Aéyouey 8¢ ToTe 811 TA
xphpare TokiGovTal £ni anhd 10K, 6 8¢ Tokos TG 100 Bpy. &5 piav ypoviknv
TrenloBov kedeitan Emrokiov. TToARGKis Suws & Tokos EkAoTNS XPoVikils Trep1dSou
T‘-F;ogﬁeg-rm elg TO Kepdhaiov kal &moTeAel poly pt aUTd TO KepdAaIoV THS Emo-
WéVT)S XPOVIKT]s TEPIOBOU. QUTws 6 TOKOS qu)a?\ouo*n:otshm kol TokileTan év ouve-
el kaTd TOV aiTOV TPOTIOV. ‘H mrpodofeots altn ToU Toékou eis TO KegdAxiov, fiTo!L
f) KepehaioTroinais TOU TOKOU AEYETAl &vaTOK10o RS, & BE ToKos, & omoios
AepPévetan &rd ToV duarokiopov, Aéyeran abvletog.

Els Tov GuaTokighov koelTon  «&miTokiovy & Tokos Tiis pds Spayufis els
wiav ypoviciy mrepiodov. Korrd OUVETTEIQY TO ETTITOKIOV €lg TOV QvaTokiopov elvo

{oov Tpds To 1100 ToU ¢rritoxiou ToU darhou Tékou. Toute TapioToTal KaTwTé-

pw wE T (T = TO trorroaTOV TOU ETTokiow ToU &TAoU ToKoU).
Kepdhoudy Ti Aéyouey 511 @vatokiletar STav O Baveiopos Tou yiveran émi
AVATOKITHE.

SuviBeos fi XpOVIKN TreploBos korr& ThHY dmolav dvarokifeTon Ev kepdhoiov,

elvon T Etos A 1) Egaunvia.

Eis Tov &UATOKITHOV Siaxpivopev apykov kad tzh‘m‘w 1| oovletov Kj;{p&},u10y_
To Tehixdy kepdhouov elvat TO GpYIKOV HQEﬂuéVO}’ KaTd TOL‘»'S‘ Té‘Ko‘ug o0 Baveifo-
pévou (&py1kol) xepohariov KOTS TO Y POVIKOV BIGOTNUX KaTd TO OToiov Bifjpkeoe
& Bavelopos. WEx i ey 182

T& TrpopAnuaTa TOU QVATOKIOHOU Ruouekv 81 TUTTWY, ToUs OTroious eupi-
oxopev Sicx THs AVoews ToU drohovBou yevikou mpofAnuaros.

§ 224. MpopAnpa.— Kepiratov K, dpuypdvy avatokiletar dud v €ty pé Emto-
KoV T dpaypdv. Zireitul v £0pel i) to elkoy kepdhaov kK, .
‘H pic Sporyun B pépn pET Ev ETOS Toxov T, &pat ai k, Spayual O
tihos ToU TrpwoTou ETous kT Bpy. kel ouveTrdds TO kepdhanov k,

Aborg.
Pépouv el TO ; et
Boy. els TO Téhos TOU TrpcbTou ETous Ba ylvy

l‘u St kuT =2 ku (1 -+ T)

18

WnionoBnke amod To ivotirouto EknmaiSeuTikrg MoAmkrg



fiTor 1 16 xegddatoy ky modlamdacudletar énl Tov (oralepoy) ovvtedeotry (1-+-1),
fva dchay o {yroduevor moody els To Télos Tob mowTov EToug.

Ar’ duoiou ocuAhoyiouoU eUpiokopey, 6Tt ai ky (14 1) Bpayual es 10 Té-
Aos ToU ETous B& yivouv (pt ToUs Tokous Twv): ko (14 T) - (1 + 1), fito
ky (14 )2 Spaypai. OUtw petd §Uo £Tn TO KepdAaiov k, B védb eis :

ky (14 T)2
‘Opoles épyatodpsvor ebpiokopey 811 of k, Spaypad els 1o Téhos ToU TpiTou ETous
6a yivouv : ky (1413

Téhos, TpoywpolvTes kad” dpotov TpdTrov, eUpiokopey 6T o ky Bpaypad els
T TEAOS ToU viooTou ETtous B yivouv ik, (14 T)v.
*Apa TO TeAkdv kepdhaiov k, §ibetan £k ToU TUTTOU !

ke =k - 141y A

‘O TUmos (1) xeeiTon Throg Tod dvatokiopol kai cuvbtel T& Téooapa oo
ko, T, v, ky . "Av BiScovTon T Tpla £ clrddv, TéTE Aopev AoyapiBuikéds TolTtov,
o5 Tpos TOV drropévovTa &yveoTov,

*EvioTe Sucws & dvaTokiopds ylvetan Sid v Ern kad fiuépas Twas Ay, m fpépas,
(n < 360), TOTE TPOS UTTOAOYLTUOV TOU TEAIKOU kepahaiou k okemTOMED Cos EETs:

MeTd mopéhevow v ETév ai k, Spayuai 0& yivouv : k(1 + ). To moody
ToUTo B& petv drodpn el &TAG Tk 1 fuépas (n < 360) kal ToUTo &i1dT1 ai 1
fluépon Sév ouvioToUv plav xpovikny mepioBov, fitor tv Etos. "Emeaidi els Tov dmAolv
TéKov TS FmiTékiov elvan ¢ e= 100. 1, 1o woodv k, (1 -+ T)¥ B bwon els n fuépas
TOKOV :

bt 100k 1 fitol kg (14+7) -0

36000 360
‘Emroptveos TO TeAIKOY Kepdhotiov peTdr v ETn kad 1 fiuépas O elven
ko (1+7) -0
360

k=ko(1+ 1)+ -
“Obev :

R g miaatll
k=kyA+7) (14 360) (n < 360) @

. Els iy wpEtw dvrl To TUou (2) xpnopomolodpey (guviifns) THy katd wpoatyyiow
lodtnTa (TUmov) :
=k (1 aemy W @)

‘0 (2') 8ibe1 oyebov TO afrd Earydpevov pk ToV (2) kad elvan whéov el pnoTos Bik Tous Umo-
Aoyiapous.

Iapatipnets. ’Eqv 6 dvatokiopds dev yivetan kat’ Eros, dAAa kat’ foa
¥povikd SaoThpaTe, fitol ko E§aunviav 7| kora Tpnviov A katd pfjva KA.
Suvéueba vd yproipoTomowpey Tov eupeBivTa TUTOV ky = ky (1 + T)¥ pdvov
els THY mepiTTwow kaf’ fiv 1O T TapioTd TOv Tokov Tiis 1 Bpayufis els Ev
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& TGV SlaoTnudmiov ToUTwy Kad TO v T TAfBos AV Xpovikdv ToUTwy Sia-
OTNUATWY,

‘ "Eqv & dvarokiopds yivetan kaf’ Eounviav f) kard Tpwnviav f katd ufiva,
TO’_I'E TO émrrTokiov Bév elvan TO fipiou fj T TéTopTov f TO Swdikarrov dvTioTolycs
Tou étnaiov émitokiou, GAAG &MAo, T& droiov UmrohoyileTan cos s -

"Eoteo T, TO EmiTdKiov pE ypovikiy TrepioBov T Eapmviav kol T 1o ETTITO-
1:10\1 HE Y povikhv epioBov TO €Tos. ZkeTrTduEVOL g dvwTépw (§ 224), eUpiokopey
OTL 7 1 Spaypn els TO TEAos TR TpdTNS Eaunuias B& yivy (14 7,) kel e 1o
TEAos Tfis Beutépas Efamnvias 6 yivn (14 7,)% Emions f) pla Spoyud el To
TEAOS ToU Ertous GuaToxifopéun B& yivy (14 T). Emeidn 1y pia Bpayun efte
ka®” Eapnuiav dvatokioBf eiTe ko’ ETos Tpémer v 8181 TO alTd TrogBY XPTIHA-
Tov, 8& Eycopev: (1 + 1) = (1 +7T) kol guvendds elven :

,=V1+1-1 (3)

‘O TUmos (3) ouvdéel 10 EEapnviaiov kai 16 itijerov EmiTéKIO,
’ "Av & GuaTokionds YiveTon kaTd Tpiunviav, Emeidh Td Erog Exer 4 Tpiun-
vias, &v T, efvan 16 TpipnViaiov EmiTékIoY, B Exwuey oreTTTApEVOL dog QVwTépw
(I+T1)t= 1471 Kai ouverrdds 8& elvan :

T, = i/l-[-f—l 4)

O TUmos (4) ouvBéel 10 Tpumviaiov Kol to Et|olov émitdkiov.

MNapadeiypara émi o0 avarokiopoi

e l'lu{uiﬁcl-,-p.a lov :“.i\uvaitf.a 715 5.000 3px. pt avatokiopoy npic 6 9% xat’ £rog. MMosag dpaypag
0a hapy v Ok peta 8 Emn;
Avoig : "Exopev : ky=25030;, T=006, v=8 1-+71= 1,06.
"O3v & tomos (1) Tiis § 224 yiveten :
kg = 5000 - (1,06)s.
AcppévovTtes Tous Aoyapifpous Té Towy peAdv EYOHEV :
Aoy kg = Aoy 5000 + 8 - Aoy (1,06).
"E€ alrou, émaidh elven Aoy 5000 = 3,69897 kol Aoy (1,06) = 0,02531, AcuPévopey :
Aoy kg = 3,90145.
"EE ol ky = 7969,83.
"Hror & Tokioas Tas 5000 pé dvatokiopov kat’ £t1og wpds 6%, 0& A&Pn petd 8 £ év Shw
7969,83 Spayuds. : ‘
Inp. "Eaw & dvaTokiopds Eyivero émrl 8 &1n kal Auépas Tivds, 0w .y, 72, TETE els TOV TUTOY

k = ko (1 4 T)".(l ¥ ;20)
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76 utv ko (1 + 1) elvan 7969,83, 6 5¢
12 % 0,06

1+ 322) v 14 St = 1,012

YApa k = 7969,83 x 1,012 = 8065,46.

Mapaderypo 2ov : Mocag dpaypac npinel vi avatokion Tig KaTa THY Npépay til¢ Tevvoeng
tiic Quyatpis tov mpog 6 Y, kat’ Erog, S1a vir Exn mpoika &' adriy 300.000 Spy. ape copninphony
10 200V Et0g;

Aberg : "Exopev v = 20, k, = 300000, T = 0,06, 1 + T 1,06.

‘0 Témos (1) ToU dvaTokiopol Audpevos s pds k, yiveTon :

kV
AT o
‘H (a) AoyapiBulopévn &iber :
Aoy ky = Aoy k, —v - Aoy (1 + T) ®)
A Aoy k, = Aoy 300000 — 20 - Aoy (1,06).

Ex TR lodtnTos TavTns, Emeidn elvon Aoy300000 = 5,47712 kai Aoy(l,06) = 0,02531

AapPévopey
Aoy k, = 4,97092.

‘EE olr: ky, = 93524.
Mapasdevypo 3ov : *Avarokiler tig 80.000 Spaypig npog 6 °/, Etnoing. oo xpipata 0 Lapy
neta 9 En, v o avatokiopog yivetat ka0’ tEapnviav;
Avarg @ To tSapnuiaiov émTdkiov T, eUpiokdpevov &k ToU TUTTOU
T=fT+7—1 dver: 7,=]1,06—1=0,0295.
"Exouev 8 v Trpokeipévey :
ky = 80000, T,=0,0295, v=9x 2=18.
"Ofev & TUmos (1) yiverau:
kg = 80000 (1,0295)1s,
'EE altou, Epyaddpevor ¢ xal els TO Tapabaryua 1, ebpiokopev :
k = 135140,6 Bpaypds.
Mapadevypa dov : Meta nooov ypovov 12589 Spaypai avaroxifopevar kKat' Etog npog 5 o yis
vovtar 45818 dpy.;
Avoig : ‘O TUmog (1) ToU dvaTokiouoU Audpevos s Trpds v BiBE :

royk, — dovk,

'S Thovdato 0

“Exouey © ky = 45818, k, = 12589, T = 0,05, 1 + T = 1,05.
"EE &hhou Ek TdV mivdkwv Exopey
Aoy ky = Aoy 45818 = 4,66104 ||
Moy k, = Aoy 12589 — 4,09999 |\
Mogops = 0,56105 | Aoy (1 + 1) = Roy (1,05) = 0,02119.
kal £k i (1) AapPlvopey :

__ Moy 45818 — Aoy 12589 0,56105 56105 2
S Nt DO T 2110 @
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"Extedolvres Ty Siaipeow TadTnv elpioxopev TmAikov 26 kal Gméheimov 0,01011. TodTo
?nuu[\,ﬂ &1, Bicx va oupBi TO {nToUpevov TpéTrar TO Bdverov va Biapkéan) 26 En kad Niépas Tivds,
EOTW .

D& va elpuopev Tas fuépas abTds ipyalopeda ds EEis :

MveopiGopey, 611 & TUTTOS TOU &vaToKiouol, étav & Ypovos dmoTeheiTan &md Etn Kkal Tuépas

elven ; k=ky(14T1)" - ( 1+ 268 )

"Edv elg Tov TUTTOV aUTov Bécwopey
k = 45818, k; = 12589, T = 0,05, v = 26
0,057
360

"Edv AéPeonev Tous Aoyapifuous Tév lowy ToUTwy Exopey :

eUplokopev :
45818 — 12589 . (1,05) - ( 1

= =l . = -4 J 5. n
Aoy 45818 — Aoy 12589 -+ 26 - Aoy (1,05) + ?\oy( 1 €0 )
| Aoy 45818 — Aoy 12589 — 26 - Aoy (1,05) = ?\Oy( 1 4 0,05 - ) (€]
4 : 4 360 3 )

“Exouev 2€ &AAou ék Tiis (2) 6Tt
Aoy 45818 — hoy 12589 — 26 - Aoy (1,05) = 0,01011.
TMapapéiiovTes Tautny Tpds TV (3) oupmepaivopey 6T
0050y
?\OY( Ik 360—) = 0,01011

] ;
f Aoy ( 1+ -720-5) ~ 0,01011.
"Ex Tiis ioéTnTos TauTns elpiokopey BraBoyikdds &1 :

~1,02355 @ — 0,02355,

n n

L+ 00 7200
"EE oG : n=16956 A 1= 170 fuépa.
"Qoe & {nToupEvos Xpovos elval 26 £tn kai 170 fpépat, Tou éTous Aoyilopévou ut 360 fAuépas.
HMapatipnors. evikéds elvan

_ Moy k,—Roy k,

T Aoyl
"Av 5t v elven TO UdAorTov THs Siaipéotws TouTns, B elvan ;

o e Ty
u_~loy(11— 36[])

4 i e ) O o)
"Ek i tEiowoews TauTns evpiokopey O 1+ 320- Kol GUVETTGS T 1.

Eis T& mpopAfuoaTa TOU dvaTokiopoU Utrdyovtal kai mpoPAuata Tivk
oyéow Eyovta pds THY aUENaW fi EAGTTWOW Tou wANduouoU ToAsws Xwpas,
olov 1Y k&Twdi:
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Naopaderypa Sov : 'O nhnBuopdg mag noreme slvar I kérowkor napetnpfifn 8¢ Gt oltog
. i o S | g :

abfaver ket E1og Katd 1o - o8 wponyoupivou Etovg. Znteltar va £0pedfi nocog 0a ivon 6 -
Ouopog tng petd v o

Aboig : Metd v o5 & TTAnBuouds Tijs TdAecos O elvan :

Dmed 3 rr.(1~|--1).
M u
Metd Ev &kdun Etos, . els 15 TéNos ToU Seutépou ETous & TTANBUCHOS THS TroAews B lvan :
1 1 1 133
Th{ -)-Tl(l-l- ) A ﬂ~(1~ )
( H t M 5] " t H

Kab’ Spotov Tpdmov mrpoywpolvTes elplokopey, 671 els T& Téhos Tol VioaTol ETous & wAT-
Buopds Tiis ToAsws B elvan :

n.,zn-(ur;)v

Inp. 'Eqv & mAnbuopss TT éhattobtar xatd 16 1/p Tol Tporyoupévou Etous, TéTE &
avaTépw TUTeS YiveTa :

n.,=n-(1_%)”

AZKHZIEIZ

499. Karabéter mis els 1o Tayubpopikdv TapeuThpior 7200 Spaypds al dmoic dvaroxi-
Covran kb’ E§apunviav pds 4,5 %, Ernoicws. Téoa ypiuaTa 0 A&Pn fv 8Aw weTa 15 En ;

500. TMooov moady Tpéter v Tokiowpey pé dvaTokioudy kad’ EEapnviav Tpos 4 9, fva petd
18 En yivn 200.000 Bpy.;

501. Tipos mroiov émiTokiov 24850 Bpy. dvartokifépevar kat’ éTos yivovTan peta 12 £ 50000
Bpaxpal;

502. Mer&wdoov ypévov 40000 5py. dvaToxilpevar kat’ ETos Tpds 5 % YivovTan 68524 8py.;

503. Katébeat Tis s TO Tayubpouikdy TapieuTiplov Toody xpnudTwy, TO &Toioy dvaTo-
KifeTar kat’ Eapmyiav wpos 6% Ernoiws. Metd 5 Ern EAaPe 26000 Spy. Téoa xpruaTa elye kora-
Oéaer;

504. Kepdhandv 11 dvartoxiouevov kat étos yivetan petd 3 E1n 5625 8p)., HeT’ AR &t SUo
dxopn yiverar 6084 Spy. Mpds moiov EmiTékiov Eyve & GvaToKITHSs;

505. Met& mogov ypdvov kepéhaidy T1 TpimhactdeTan dvarokifopevoy kol iEapnviay Tpds
6% ¢rnoiws;

506. Avo kepéhoua T Ev &k 5000 Bpy. xad T ETepov EE 8000 Bperyuédv dvarokifovran dvTi-
aTolyws pe emTokia 5% kal 3%, Frnofws. Meta wégov ypdvov T& SUo Kepdhaia B KaTaoTOUY
foa;

S507. N& é€eraabii i slvan oupgepdrepov vé dvarokion Tis 60.000 Bpy. émi 10 E1n) wpds 5%,
érnoions 7 va Savelon T aliTd Togdy pE dmAoly Tékov Tpds 7 Y, kal els ToV auTov Xpovov;

508. TMogdv T1 a Bpayudv dvaTokifeTan ¢l T1 ypovikov Si&oTnua. *Edv dvetokiZeTo ToUTo
p ETn SArydiTepov, TOTE TO TEAKSY KepdAaiov O& fiTo katk P Bpayuds OhiydoTepov, tdw Spws dve-
TokiGeTO p ETn TEPITTETEPOY, TOTE TO TEAIKOY Kepdaiov B fiTo KaTd y Spayuds TrEpICTSTEROV.
Né& eUpedfj 1o EmiTdkiov kad 1) Sidpreia ToU dvartoxkiopol,
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509. 'O mAnBuouds tvas kpdtous alfaveral kat' ETos Katd TS dySonkooTdy Tou TPOTYOU-
uévou érous. Metd méoa E1n B SimAaciacti i fa TpimAaoiaci & TAnBuopds aliToU;

510. Mia méris £xer 8.000 karoikous kal & TAnbuopos alTiis EAaTtToUTan Ernoiws kard 160
KaToikous. 'Edv ) EA&TTwots EEakohoubnon kaTd THY aUThy dvahoyiay, petd méoa Ern § woALS
auTn 8& £yn 5.000 kaToikous;

L 1

511. Els piav oA f) Bunopotns elvan o oy Tou mAnBuopol s, ol 8t yevwhoes To =

ToU TAnBuopol. “Emi T mapadoyij 6T #) dvatoyia alrn b elven # abrh es T& Ewdpeva £,
V& eUpedf perd ooy ypdvov B& SimAaoiacti) & TAnBuouds Tns.

2. "loat karabioeig

§ 225.— Suyva of &vBpwol & Tas oikovopias Tev kaTabéTow fva oTobe-
POV YpnuaTikdy TToooy eiTe s TV dpxMv ExdoTov ETous (f) oupTrepoovnpévns Y po-
VIKTls povdBos) Tpds oXNHATIoNOY Evos kepahaiov, eiTe els TO TéAos EkdoTou ETous
(A oupmegeovnuéuns xpovikis novados) Tpos EESpAnow Evds ptous.
Té oTabepov alTd YPTHOTIKOV Troo0V KeAelTal katdleows.
Eis InTAnora fowy katabioewy Siokpivopey &k&aToTe BUo TepiTTaoe :
«). Al karabéoels yivovtal els THv @p x| v Ek&oTou ETous, kad
BAE Al kertabéoels yivovTtar el 10 Ttéh o g EkdoTou ETous.
Al ioon kaTadéoels BuvavTan va yivavtal kad’ Eaunviav f| katd Tpiunviay
kel Emri fva dhpioptvoy Xpovov.
T& mpopAnuaTa 1Y Towy kaTaféoswy Alopev 81 BUo TUTwY, Tovs dTroious
eUpiokopey §1d Tijs AUoews TGV xoholBwv BUo TpoPAnudmay.

§ 226. MpoPAnpa I.— Katabiter g gig myv apynv ékaotov Erovg a dpy.
pé Gvatoxiopdy Kai pé tékov T Tijg prdg dpaypiic eig £v Erog. Znteitan ti noodv Oa
oynpation Sie 1@V kKatabiceov tobtwv peTa v €T ;

Abeig : ‘H mpaTn karabeols Tév a Bpayuidv 0 peivn els Tov dvaTokiopdv
v &t kad ouverréds dvatokiGopévn B yivy @ o (14 T1)7.

‘H Beutépa kaTdbeats, dos dvaroriGopévn &l v ETog Ay dTepo, B yivy fon
mwpds & (1 1)1, f) TpiTn B yivy ¢ a (14 1) 2 Kok

Kot oty Tov TRATToV TrpoywpouvTes ebpiokouey, 8T1 f) TeheuTtala karébeois
o Spayuév B peivr) elg TOV dvaTokioudy v ETos kal ouvetrdds 8& yivn fon TTpds :

a1 =a(l+1).

Edv ouvetréds TapaoTnowpey Si T 1O ooy, &mep 81k T&V koTabéoecov
ToUTwy B& aynuaTioti s TO TEAos TOU viooTou éTovs, B Excopey :

B — (] )Yt (A p e o (L T
e IR A g bl AR s 6 v et - 6 e A

To Seutepov péhos Tijs TeAeuTaias io0TNTOS elvon &Bporoua Spav yewpetpi-
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Kkfis mpoddou, pé Adyov (14 1), &pa katd TOV TUTOV (1), § 169 B& looUtan pé:

«(ey ) et
l+71-1 '

“Qoe: E:u([+t)£l+?\__l (l)

‘O Tomos (1) koAeitanr thmog 1@V icwv kutaliccov, £k&oTns kKaTaPoiio-
uévns ig v apyfv Tis EkdoToTe Xpovikiis TepIdGoU.

Eqp. Al Suvapes (1 1) &1 T = 0.03, 0.04,..., 0.06 kad S1& v = 1,2,.. ., 50 wapéyov-
Tar &md elikoUs ivaxas kal oUtw SieukoAUveTan & UTToAoyiguds ToU Z.

Moapadervypo : Kataféter 1ig eig v Tpanelay pé dvarokiopov ker’ Etog 5 9, mosov 2.500
Bpx. £ig TV apriv Ekaostov Etovs. Tloce ypnpara 0a Lafn pera 10 En;

Adboig : "Exopev a = 2500, T = 0,05, v = 10 xal f) ticwaos (1) yivera :
3 (1,051 —1

T =2500 % 1,05 ¢ ——* 005

‘H mapéoTacts (1,05) Urohoyifouévn ywpiord elvea fon mpds @ 1,628,
*Apa (1,05)° — 1 = 0,628 kal tmoptvas :

0,628
Z=2500x 1 St el
105 0,05
"Ex tabTng, Bik Tév Aoyapifuwy f) 51" an’ elBelas dkredioecs T mrpdgewy, elpiokopey :

2 = 33016,97 &py.

§ 227. NMpoPAnpa H.— Kotabiter tig eig td téhog éxaotov £1ovg a dpy. né
dvatokiopdv kol pé toxov T Tijg g dpoypiis cig Ev Erog. Znteitar, T woodv Oa
aynpaticdi] £ig to téhog Tob viostob Etovg, fjtot dpa tfj viesti) katadicer ;

Aborg : Al o Bpayual, of émoian katarifevron els & TEA 0§ TOU TpwTOU
fTous B peivouv Emi dvatokiopd &mi (v — 1) #rn kal ouvend@s Ba yivouv :
a(l+7) L Al a8paypal ai dmrolal kararifevral gl 70 TéAos ToU Seutépou ETous

Av’ dpotov Adyov al a Spayual Tiis TpiTns Katabéoews & yivouy: o (1 4 1),

TTpoyxwpouvTes duoiws euplokouey 611 ai « Spayxual Tiis TpoTeheuTaias kaTa-
Béoews, ol dmroial B& peivouy e dvaTokIou pévov Ev ETos, 8 yivowv : o (14 T).
Téhos 1) TeheuTala katdeois dev tokiletal, kad' Goov B yivy €ls TO Téhos Tou
TeAeuTaiou ETous kol auvetréds B elvan o Oltw 7O dBpoiopa T@Y KataTsBéuTwy
ooty (ueTd TGV ToKwY Twv) 0& elval :

E=a(l+tp'+all+1)24+ - - +a(l+T)+«

) (8170, Tumos 1)

r=a . (l_}-t)"_—-] (2)

T

‘O Timros (2) xodelital thHrog T@V Ype@ivtik®y xutatabicemy kol ouvbiel
TX TECOQPA TOOX Z, &, T, V.
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Nopaderypa Elg kamviotig £50dcier d10 10 kanviopa tov 12 §py. fipepnoiog katd
péoov Gpov. Na brokoyradii ti noodv Ba eicénpattey &ig 16 60ov Etog tig Nhikiag tov, Eav katélbete
£l¢ 1o Téhog Exaatov Etovg Ta ypiipata mod SiEbete Sia Ty Gyopav oryapittov ig piav Tparclav
i Gvatokiopd mpog 6 95, Tvwatod Bviog bn obtog dipxiee kanvilwy and tod 2000 Erovg tiig M-
Kiag tou ;

Abaic : Tax riota i€oba ToU kamvioTol avépyovtan els 12 - 365 = 4.380 Bpy.

"Exouev té1e : o = 4380, T = 0,06, v = 40.

Ofev & TUmros (2) yivetan: 1,06y — 1

Z = 4380 . = 0.06 ) )

“Yrrohoyigopev tv mpdytols THY Bivanw (1,06)%. Tlpos ToUto Bétopev: y = (1,06)% kai

Eyouev :
Aoy ¥ = 40 - Aoy (1,06) = 1,0124.

’Ex TauTng ebplokouey y = 10,2895.
"Apa (1,06)* — 1 = 9,2895 xai ouverrdy
9,2895
Z = 4380 - ~0,06

"Ex taiTns AoyapiBuilovTes eUpioKopey :
Aoy £ = Aoy 4380 + Aoy 9,2895 — oy 0,06.
‘H lodtng alTn, Emeds evat : hoy4380 = 3,64147, Aoy9,2895 = 0,96800 kal Aoy0,06 =
= 2,77815 yiveran : roy E = 5,83132.
*Ex TavTns evploxopey : I = 678142,86.
“Qoe 0& eloémpaTTey 678142,86 Spayuds (1).

AZKHZIEIZ

512, Karadéter Tis &l dvaroxiond moodv 8050 Spayuddv mpos 4,5 %, els THv &pxfv Eké-

oTou Etous. Téoa yphinaTa B A&Pn petd mapobov 18 Erdv;
513. Tarrp Tis GTOKTATAS K6pnv BéAer va kaTabéTy kat' ETos Trogdv T1 Gplopévoy B’ al-

Thy, fva ToUTo AvaToxifopevoy kaT ETos mpds 59 yivy peta 21 Ern 250.000 Bpy. Méom wpéme

va elvan 1) Ernoica kardBeais;
514, Karadére Tis Els THY &pxnV ikdoTou EToug 10.000 Bpaypds tml dvaTokiopd Tpds 5 9

trnoiews. Merk méoa trn 8& AdBn 150.000 Bpoyuds;

515, Korabérer Tis bl dvatoxiond mooov 2050 Bpaypddv mpés 4,59 els Thy dpxiy kd-
oTou ETous. Metd TrépoBov BexamevTaeTias Emauoe va katabitn, AR dgfike TO oxnuaTIoBiv Ke-
péhaiov bl GuaToKIoHed wpds 5 9%, Ernoiws. Tooa 6a AP els 10 Tédog TGV 24 ETdv &mod Tijs

TPWTTS KaTaBéoews;
516. Kartabéra Tis kaTd THy fuépav T@OV yevebhiwv Thg kdpng Tou &g TO TameuTHpiov Tig

*Ebvikiis Tparégns 5000 Spy. el vaToxkiond mpos 4,5 V5. ZnTeita, T mogov 8a Exn oxnuaricdi
KaT& T elkooThy TpWTNY EMETEIOY TOVY Yevedhicow Tiis kSpns TOU;

3. XpewAvoia

§ 228. "Opiopoi.— Xpewhveia kaheital f) EvTos dpiopévoy xpdvou dmdaPe-
ats peous &1’ fowv Booewy, ai dmroic karaPdAiovTal elg 10 TéAOS Ek&OTTS Ypovi-
Kfis TepdBou, .. els TO Téhog ToU ETous ) Tou E§opmivou kAT

Té Tooodv tkdoTns TV fowv 8doewy, TO dTolov kaTaPdAAeTal is TO TéAhog
E&aTTs XPOVIKTS TEPIdBoY S1d THY dmoaPeciv TOU XpEous, kaAsiTal xpewhiciov.
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Elven pavepdv 6m1 pépos utv ToU xpewAusiou xpnaoipeter 51& Thv mAnpeouty
TV BeBouheuptveov TOkwY ToU ¥péous, To Utrdhortrov 8¢ ouvTeAei els Thv Pabuiaiay
&mréaPeciv Tou Xptous. :

"AtrooPévuutar 8¢ T Yptos, dTav TO &fpolopa Shwv TEV ¥pewAucicov peTd
TGV owvBéTwy Tokwy aUTéY dmoTeAel ogdy igov Trpds THY TeAkn &fiav ToU
dvaTokifopévou &pyikoU kepaiaiou.

T& ouvnBéoTepa TpoPAripaTa THs ypewiuoias Alopey B1& Tol TUTou, Tov
otrolov eUpiokouey &k THis Aosws ToU dkoroUBou yevikoU TrpoPAfuaTos.

§ 229. NpofAnua.— Edaveictn 1 a dpayxpag ini dvatokiopd pi tijv copge-
viav va. £€oglijoy 10 ypog Tov dia v icov Etnsioy docswv katafallopivay sig 1o
téhog Ekaatov Etovg. Znteitar va ebpedil 1o nocdv Ekaotng docLwg (xpewhiciov),
Tvaotod dvreg ot Ekaotn Spaypt) eépet eic Ev Erog tékov T dpuypds.

Aborg @ To Savelobév moodv a, dvartokifouevov, peTd v €Tn O& éyn dvélbn
elg: a (14 T)¥, &mep kai dpeider va TANpdoT & SaveloTrs.

OUtos Spws mAnpdvel els 0 TéAos ExdoTou ETous Eva Ypewhlcoiov, EoTw
8t TouTo x 8py. AkenolUTtan Aorrdy v {nTron kad alTds ToUs TOKous Ty ETn-
oiwv §ooewvy, Tous dtrolous dAAws Te B EAGuPave, tav dveToxie EkdoTny Sdow.
Al 8doeis alTar (pé Tous Tokous Twv) O dmoTeréoouy, kaTd TOV TUTTOV (2) TV
XPewAuTiKGY KaTabBéoewv (§ 227), Toodv igov mpds :

(l4+7)yr-1

T

X .

ARG TO Troodv aUTO Tpbrel vé efvan foov pi TO dpeAdpevov: o (14 T)v,
Evreufev Exoupsv TNy EEiomaw tiig ypewlvsiag :

1 v—1
P SRR (1)

"Ex s &l10cboews TadTns Tpoodiopilopey Td InTouuEvoy XpEwAlciov X.
AUtn Auvopéun s Tpds x ) o 5iBel Tous TUTOUS

at (14 1) ’ g X @ =11 i)
a5ty —1 (1") xeid i S TR 1

"EvioTe 1) mpddtn kaTaPord) ToU xpewAuaiou yivetan ETn Twd petd Thy au-
vayw ToU Bavelou, A.x. perd p étn. Eig Tv mepimTwow adtiv ) dvtioToiyos
tEicwoig 1iig ypeolvsiag elvan :

X - MV;‘H_.I_ —a(d+1) (Brarri;)
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Mapadeiypara Eémi Tijg XpewAuoiag

Mapaderypa lov. Na £0pedf) 10 xpeohderov 16 dnolov npénet va nhnpodvy pie kowvatne, W
omoia tdaveicn ini dvatoxiopd mocov 300.000 Spaxpdy npog 5°/, pé Ty cupgwviay va tEopii-
an 10 xpéog Tobto B’ ETNoioV LPEWAVTIKGY ddoewv Eviog 50 Erdv.

Avorg : Kerér tov TUmov (1) elvan

300.000 - (1,05)* - 0,05
(1,05)% — 1 ;
*Emreidd (1,05)% = 11,4674 (Sati;), 9 GuedTépw looTnS YpdeeTan
_ 300,000 x 11,4674 x 005
R 10,4674

7 Aoy x = (Aoy 300.000 + Aoy 11,4674 + Aoy 0,05) — Aoy 10,4674,

‘H lodns av, Emadh evan: Aoy 300.000 = 5,47712, Aoy 11,4674 = 1,05946,
Aoy 0,05 = 2,69897 kad Aoyl10,4674 = 1,01984, yiveron :

Aoy x = 4,21571.

’E€ 0¥ : x = 16432,69.

Mapaderypa 2ov : [olov nocdv dovatar v daveradij ig, Eav BEky va EEoelnon 10 pioc adtod
£i 20 £t &1 Enoiov gpewiuciov 5000 dpy., brav td Emrdriov elvar 4 °/y;

Abag : "Exopev tvratfia X = 5000, T = 0,04, v = 20 xai Ay £€lowais (1') ylveren :

5000 [(1,04)® — 1]
T 0,04 (1,000

“YmrohoylZouev &V TrpcaTors THY Buvapy (1,04)* kal dxohoubus ebpiokopev B T&v Aoyapi-
By : a = 67953 Sporyuds.

INapaderypa 3ov & Aaveiletal Tig nogov 120000 dpayxpdv in’ dvatokiopd npog 8 °/,. Mocag
#mnolag ypewlunikag 506G t@v 15000 dpaypdv npine va mhnphoy da va tgopliioy 0 daveoy;

Aberg : 'Ex TS tEiodaews (1) AauPdvopey :
xQ+ W —x=ar(+71)

69ev A+ 1= = —X&T ) (2)
€ ol : v - Aoy (1 4 1) = Aoy x — Aoy (x — aT)
-2 e

"Emreidty elvan X = 15000, « = 120000, v = 0,08 kai ouverrdds x — ot = 5400, 6 TUmos (3)
6ider :

Sy day 100D doyadfl)
Aoy 1,08

'EE avthis, émaibn Aoy 15000 = 4,17609, Aoy 5400 = 3,73239 xad Aoyl,08 = 0,03342,

AapuPévopey o
u_——dwé =13 émn..., T 13 < v < 14,

To tEarydpevoy TOUTO BEIKVUEL, &t pkmrer v& wAnpaon 13 8éoes Tédv 15000 Spy. kal plav
Sxdun, 1) dmoia B& elvan wikpoTépa &V 15000 8py., fiTis UmrodoyiteTan s Efs -

“Yrrooyifouev mooov yiveten 10 Bdverov Tédv 120000 els 16 TéAos Tédv 14 Erddv, fiTor Umo-
Aoyilopev T6: K= 120000 - (1,08)*. Merd Talta UmoAoyilouev TO Toody, TO moiov
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Exer mANpdoEr pé Tas 13 Bdoes Tdv 15000 ixdoTn el TO TéAos TV alTdv ETH, fiToL T4 :
15000 {(1,08)! — 1]

0,08 .
&te fi Biaxgopa K — X &ider iy Teheutaiaw 8oow. OUres elpioxouey 611 1) 8bois altn dvépyeTan
els 4252 Bpoaryuds.

3=

Mepurfpnois. Kata Ty éfiowew (2) 1is maps. 3, iva & mpéPAnua elvan Buvardy, Trpéms:
v& elvan X > ar, SnAabi To xpewhboiov pétrel v UepPaivn Tov ETATIov TéKOV TOU AP YIKOU Ke-
ohaioy, &ep kal Tpogavs, Bi1oT1 GAAws Biv O éyiveto moTi ) E§6pAnals Tol ypious. "Av
X = a7, ToTEe 1] Eiowors (2) Biv Exer Ao, BiéTi & TapovopasThs ToU P’ péAous pndevileral.
Eig Ty mepimTwow aUtiv To Sdveov Adyetan miywov, 81T oUSémoTe éEopheitan, 16 BE kara-
PadAduevov Troody X ypnoipedel Sid THY TANpwpv TGV ETnofwy TokwY ToU KepaAaiou,

AZKHZIEIZ

517, Koworns tSaveiodn 61" duéyepow oyohikoU ktnplou 120.000 Bpaypds wpos 6,
érnoiws opAnTéas ¥pewAuTikds €l 25 Ernoias Séoes. Mdaov ypecotloiov B TAnpdvy ETnaiws ;

518. "Epmopos Ymodoyifer 61 Blvaran va Siabéry étrioiov XpewAUaiov 8.650 Epayucov &l
20 &tn. Méoov Savetov Slvartan va ouvdyn S1& THY Tpoaywyny T@U EUTOPIKGOY ToU Emyaprioewy
mpds 6 Ernoiws;

519. Aaveifetai Tis ¥pecdAuTIKES Troody o Spaxudy éml dvaTokioud ME TOKOV T THs nds
Bpayuils. Né ebpedi) 16 kat’ ETos xpecwAlciov, iva yeTd v éTn T6 Xpéos Tou EAarTTwOT KaTd T6 o,

(CEpapuoyn : o = 40000, T = 0,05, v — 12).

§20. 'H &ophnars xptous mpémer va yivy els 20 Etn ypewluTikds. ‘ExdoTn 815 (Frnoia)
0d elvan 46130 Bpy., b dpyion Bt #f TAnpwp pETE TO Sov Etos dmd Tou Savelou. Mooy elvan 6
&pyikdds Saveiobiv oody, &v TO EmiTdkiov elvan 4,59 ;

521. Zuvijye Tis Baveiov ypewAutikov 250.000 bpy. mpos 7Y, é€opAnTéov futos 8 Erddy.
Tpels pfivas petd ThHv kardBeow Tiis wéutrTns KpewAvTikis Booews BéAer v £EopAron TouTo 133
ShokArpou. TMéoa wpémer v kaTaPdin;

522. A& méowy YpewAuTikGY Sdoewy EopAsiTan Saveiov 25.000 Spy. STav To Emitéxiov
elvan 6 9, Sraiferon 82 dTnoiws ypewivaiov 3000 Spayudov.

523. Zuugwvel Tis va TANpwo els fva dopaAiTTIKOY Sdpyaviopdv v Ernoias 8éoeis Tpos o
Bpx. tkdoTnV U ToV Spov, 6T1 & dpyaviouds B Tou Eacpahion Sid Té& Emdpeva 2v Ery Erhooy
elodBnpa &k B Spayudsv. TO mpddTov eladdnua Tév B Bpayndy 8& kaTaPAndfi HeTd Ty Teheuraiar
katadeav aUTou. Of Tékot elvan olvletor kal T EmiTdkiov lvan T Sid piav Spayunv eis &v Eros.
ZnTeiTan :

lov: Na UmoloyioBij & Adyos % kol

P
2ov : N& opio8) ) Ty Tou v, &&w elven P = 2a kad T = 0,05.
524. Tlpos moiov émitoxiov pémer va E£opAndfj Saveiov 20.000 Bpoyudv ik 16 trnofwy
Bogewv &x 1780,30 Bpy. ixdoTny ;
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KE®PAAAION X

ATPOZAIOPIZETOZ ANAAYEIE AEYTEPOY BAGMOY

§ 230. Eicaywyf.— Eis v wponyouptvny Té&Ev (PA. Madnuatikg A’ Tu-
wvaoiou, Touos A, kep. IX) eidopey Tds emAbovtal TwpofAnuaTa dpoodiopi-
gTou dvaiUoews TrpdTou Padiol, dkpiéoTepov NaxoAninuey uE Ty émituow,
uTds ToU Z, tElohoewy TS HOpPis :

ax+Py=vy, ©Omouaq,p,yévZ

Els 16 mapdv KepaAciov 8& doyoAnBduey pé TNy ueAétny elBikddy Tivwv Tepi-
ey Tou kaTwdl yevikoU mpoPAnuaTos dmpocdiopioTou dvailoews P’
Pabuol, THs yevikijs WEpITTOOEWS Wi UTroryousvns evros Tév oploov Tou TrapdyTos

PipAiou.

§ 231. MpoPAnpa.— Na& &mhudij, éviog tob Z, 1 ibicwo :

1 (xy;00:) =0, )
drov £ (x, y,...) dxéparov nolv@vopov Og TPoS X, Y,. .., devtépov Pubpob, Exov
navtag Tobg GUVTELETTAS TOV (axepaiovg.

To mwpdPAnua TOUTO Btv EmiAUeTal TTavToTe. KaTwTépw 6& i€eTdowuey £ld1-
Kkds Tvas TeprTedoes kad® &S gmiTuy XaveTan M émiAuals ToU TrpoPAfuaros, doyo-
AoUpevol kuplws ué triavoty eldikdv Tivev E§lodoewy, Seutépou PabBuol, ué Suo
&y VoTOUS. peeiy ' s ‘

‘H yevikn (TANPNS) popen was egiacatws SeuTépou Pabuol ds Tpds X kol y
glvan 1) kdrwb :

ax?+ Bxy+ yy:+8x fey+n=0 ()

Aeybueda, Yowpls TOUTO va Treplopifn TRV yeVkOTNTE, 8T1 of ouvTeAsoTal
a, B, ¥, 5, € kad 1 elvat Siépanot kad TTpdTO1 TTPOS GAANAOUS' &V EvavTig TEpITTMOE
Tous kaBioTépey TotoUTous (TrEs; ).

"H3n 6& doyohndduey pé THv Emidvoiy T@Y kaTwll PepIKAY TrEpITTWOEGY
This (2) :

Mepintoorg I "Eav givar 7= 0, p # 0. (AnA. Eelner 16 y?). ToTe
f (2) dvdyeran eis ThHY EGlowaty:

ax?+ Pxy + Bx+ey+n 0. (3)
AUTn elvar goBuvapos Tpds TNV
(Bx+e)y=—oax?—8x —n. 4)

Araxpivopev 7181 Suo TEPITITWOELS
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la. Eav Bx +e/—ax®—8x —1, T16Te: —ax?—8x—n= (Px+¢e)-(kx+A)
kad 1) (4) yiveTea :
(Bx+e)y— (Bx+e) (kx+2) =0 7 (Bx+e)-(y—kx—A)=0.
AUTn elvan iooBuvapos Tpds TO Jelyos TEV E§iocosoy ;
Px+e=0 (), y—kx—a=0 (i)}
‘H (i) Exer dxepaiav Aoty ToTE, kal pévov ToTE, &v Ble, SnA. v éﬁ €Z. Té-

Te Spws N (3) Exer &meipous TO TATfos Aoeis Tds ¢
3
F'J

‘H (i1), TpwTopdduios cos rpds X kol y, Avopgvn koard T& yvwoTd (drpood.
&vdhuois TrpaTou Pabuol) &iber &mreipous drepaias Aoes, af omoial §idovtar Umd
TV TUTTWV :

e y=nh, (Bvda h Tuydv dxépaios).

X=Xg+ h, ¥y = Yo+ kh,
tvha heZ kal (x y,) wa dxepaia Aois THs (ii).

Ip. ’Edv Px 4 ef —ax?—8x —1), 16T, dv kx + A elvan T6 rAikov kol v 10
Umédoiov Tijs Siapéoews (—ax?-8x—n) : (Bx f€), 7 Elowors (4) elvar igo-
Buvapos TTpos TNV :

v
e ®)
kai 2av of &piBuol k, A kai v Biv elvon TdvTes dxépaior, dAAG khaouaTikol, EoTw
pt EAdy10TOV KOWdY TTOAAXTTAGTIOV TGV TIEPOVOLACTEOY aUT&dY TOV P, TTOMATTAG-
o1&louey dpedTepa T& péATy Tiis (5) éml p kal Exopev Tpos EmiAvow TV :

y=Chx-tA)+

py= (kux +2) 5
#vba ol p, k; = kp, A, = Ap, u; = up elvan TavTes drépaiot.
*H8n mapoaTnpoUpey T £6fis ¢ A va Exm) dxepaiav Mg ) (37) Tpémer kai
dpkei vd Urépyn dréponos x ToloUTos, ¢hoTe 6 Px + & v elvan SlaipeTns Tou vy
’E€icoUpey Ao1rov TOV PX 4 € ué GAous Tous BixipéTas 8y, By, - TOU v, kal ¢k
TGV TpokuTrTous®y E§1ocdoewy Px  e= &, Px + e=8,,... eUpiokouev (&v
Urrdpyowv) Tds drepaias Tipds ToU x. -Akoloubs, Tas evpebeioas drepalag Ti-
pds ToU x dvTikabioTéipey s v (57) kal éetdlopey Sk Tolas £ alT@V Aap-
Pévopev dxepaias Tipds ToU y. Kard TaUTta Siotnpolpey TEMKES povov ékefvas
(& Umépyouv), ai dmoian kabioToUy T6 P péhos Tiis (5°) ToAAaAdaiov ToU p.

€]

Mapatipners. ‘Ouoles Eetdleton xai Ay mepimroos a= 0, f # 0,
'‘Egappoyai; In: Na émlobi, tviog tod Z, | tiowolg:
2% —Txy —3x+ 14y —2=0.
ADo1g: AlTn elvan fooBlvapos Tpds Ty Eflowo :
(Tx — 14) y = 2x? — 3x — 2.
To Tx —14/2x* —3x—2 xal T6 TnAikov Tiis Biupéoews (2x* —3x —2): (7x — 14)

B0ev: 2x?—3x — 2= (Tx — 14) . (—.?—x-]- -.f,-)z(x—2)-(2x + 1)

L2
elval 70 —— X +

1
7 7
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Téte 1) Bobeloa tfiowats yiveran :
x—2)(@x+1D-Ty(x=2)=07" x-2)(2x—-Ty + 1) =0.

AUTn elvan looBuvapos Trpds T felyos Tév Eiodoewy :
(x—2=0 (), 2x—Ty+1=0 (i) }.
Al dxéponen Abaers Tiis (i) evan ad x = 2, y = h, ot h Tuydw dépatos.
*H (ii), Avopévn kard Té& yvwoTd, bide Tds AVoEs
x=3+7h, y=1+4+2h, heZ
2a: N& tmhodfj, tvidg tob Z, 1 ihicwng:
x4+ 2xy+ x4+ y+1=0
ADarc: Aim elven lgoBlvapos pds ThHY tliowo :
@x +1)y=-—-3x—x—1. ()
To 2x 4 1 f—3x*—x—1. ’Exveholvres Thv Biaipeow (=3x*—x—-1): (2x + 1)

1 o 5 L
eUpiokopey TrmAikoy — SR g 4 ral GroApion g = g kol 4 (o) elvan laodivepios pds
v € :
Ty Eicwo 3 - 1 54 )
P e ®)

MoAhomAaoiélovTes dupdrepa T& HéAN Tiis (") trrl 4 (BnA. Emi 16 E.KLTT. 1év Trapovopaotév Ty
kAaopdrov 3/2, 1/4, 5/4) Aappévopev Ty fooduvapov tlowoy
A 5)
Tl e LT o)

Of Bicapéran ToU 5 elvan ol o+ 1, £+ 5.
*Eficolves TO 2x | | wpds Tols BiapéTas aUToUs AapBavopey Tas Eiodaes

2x+1=1 2x4+1=-=1, 2x 4+ 1=175, P L= =5,
'BE arév AapPévoney dvmioTolyws: x =0, x=—1, x=2, x=-3,
Al Tipad oddren Tou X Tiféueven SiaBoyikds els Thv (y") Biouv dvmioToiyes :
el Y= S Y ) y=5.

*Apa #) Bobeioa Eiowots Exe 4 dxepalas AVosis Tés -
(x=0y=-1) &E=-Ly=3), &=2y=-3) @=-3y=>35)

Mepintoorg Il ’Eav gsivar B=1v=0. (AnA. llelmer 10 y® xai 7o

ay). Tére 7 (2) dvéyeran s T Efiowow :

ox?+4 &x +4ey+n=0. ©)
AUTn Avopévr s Tpos y Bidel :
__ox®+8x+4n
A i ey ™

"H8n dmobekvuopey Tas kéTwh TpoTdoes :

In: *Eow i) (6) déyevar axepalay Twa Maow (y, y,), 0d déyerar dg drepalag
Moeig xal vdg :
T =2xy+ eh
y=Yo— (2aZy+96) h— ach? (8

&fa helZ.
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MpéypaT, &v eis THv (7) Béowpev 6mrou x = xo+ ¢h, h€Z, Exopev :

2 {5 ax? 4 8x,+ N
y=— (%o + €h)? 4 S,(,,"Qi,Eh,),J L i 0 - 0 (20xy+8)h-oeh?,
*ANAG
ax? 4 8x4+4 h

B e e

"Ofev : y =y, — (20xy + 5)h — aeh?, &nA. dxépaios &p1Buds.

*Ek Tfis dveoTépw TpoToews ouvdyopsy Todpa TO EEfis 1 &v 1) Efiowais (6)
Eyn dxepalas Aloeis, &prel var elpoopey plav TuyxolUoav E§ abTdy kal dkoAoubug
B TEV TUTwv (8) & Eywpev &meipous TO TARBos drepaias Aoels. TS mpdPATua
auveTréys dudyetan els THY dvadiTnow wds dxepalag AUoews Tis (6). Tlpds TouTo
&modeikviopsy TNV K&Two 'rrpc'n-adw A

2a: "Edv 1 8klowoig (6) déyerar dxepalag MWoew, tdte dmdoyet drcpala Ad-
atg avriic (&g, Y'o) Toradty, dote va loydy :

0 =a0=1zl. €©)

MpdypaT, £0T6 (X Yo) Riet dxepaia Ao Tiig (6). ToTe, & 6 x; wAnpol
THY (9) 1) TpdTaos Eeiyln, &v x1, Emeldny, cog E8eiyfn eis TV TponyouuEvny RS-
Taow, & x,+ th, heZ, TiBépevos s v (6) dvTi Tou x 8ider Bix TO y &kepaiay
Tipfy, &pkel ver Beifwuey 811 UTrdpyer drépatos h, doe v elvar

0=x+¢eh <<|g|

fiTor :
¢ x
e 0 dvTioTolyws — o =h>-1--2,
EF 5 £ £ 3
ka®’ &oov elvan e > 0 &vTioTolyws € << 0.
"Qoe, dpxel v BeryBi &1 Udpye dxépaios h TolouTos, GOTE :
X X ) ] X X
he [ —0 ] — —-9—) dvtioTolyws he(m— el _i].
E 3 € €
ToUTo 8ucs cupPaivel, 516T1 T pfikos ToU SiaoTipatos (§ 114,5")
Xo Xo : : Xo Xo
-0 1—-2) é&moToiyws (—1—— ——
[ € 3 AN £ €

efven 1. OUtas 88eiyn &1 Umrdipyer dxepadar Tipd) ToU x, GeTikn) | undév wal wi-
KkpoTépa ToU | e, Bidouoa, ¢k Tiis (7), Sia TO y dxepaiov TipAv.

Katémy TouTtou 81 Thy epeoiv dkepaias Avcews Tiis (6) Epyalopeda dg
£Efig : AlBopev els 16 x BiaBoyikéds Tds dxepados Tinds: 0, 1, 2, Si0ies Clel=1)
&Te, Eav 1 (6) #yn) dxepaios Avoes, & TUTros (7) B& Bwor), &1 plav ToUAdyioTov
TV TINGY aUTéY Tou X, dkepaiav Tipy B1& 16 y. "Edqv &1” oubeuiav Té@v dvwtépw
TGV ToU x & TUTos (7) Btv Bhor) dxepaiav Tiufy 81& TO y, ToUTo 6& onuaivy
611 1y (6) Btv EmbéyeTan drepaias AUoELS.

Inpeinog : "Eav edpoopey 81 T x Tipds Tol Siaauaros [0, [€]) WX, TES: Xo) X4y Xare - s
X, @oTe 81" aUtas &k s (7) vé AapPaveopey dkepaias Tipds ToU Y, TS Yor Yoo Yaro o 0¥, QVTI-
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aToixws, ToTe B& Exwpev Bi Thv (6) Tés drepaias Agers : (Xy, o), (X, Vo (% ¥, )-'Eap-
uolovtes 81’ ixdoTny TEY AcEwY TOUTwY Tous TUtious (8) eUplokopev drepalos Aloerg Tiis £€1-
owoews (6), of dmoloan dpes Biv elvea kot dvérykny maoa o Aot alTis.

Hepatipners. “Ouciws eEetdileran kad A TepiTTwols 6= = 0,

'EQappoyi: Na eopeboiv ai dxépmar Abong thg tEisdorag :

3x* 4 2x—5y—1 = 0. (=)
Aborg: Abovtes Thv («) ds Tpds ¥ AapPdvopey :
3x2 4 2x — 1 "
it o ®)
"Evralfa elvan e — —5. Awd vé elpoopey dxepaiov Aaw Tfis (o), SiSopev els 16 x TéS diKe-

paias Tipds ToU BiaotipaTos [0, |e]) = [0, 5), fito1 Tés Twds: 0, 1, 2, 3, 4 kai AapPdvopey
éx Tijs e QvTioToiy s TaS Tiuds :

1 4 : 32
_"'u"*'sl VAT B Y:=3, ,Y:;:'Sa Yo= 1L

OUres fyopev Tés drepatas AVoers :
(x=2y=3) xd (x=4,y=11).

Toe Speos 4 (o) B BxeTon dmelpous dkepalas Aosis, ol dmole SiSovton dird TOUs TUTTOUS
(8). OU7eo Brcx Thv Avow (x = 2, y = 3) ol Timor (8) &ibouv :

x ='2—5h, Y =23-14h + 15h?, heZ
kal B1& T Mg (x = 4, y = 11) ol alrol T¥mro1 5ibouy :
x = 4 — 5h, ¥y = 11 —26h + 15he, heZ.

Mepintworg IL Eav eivar @ £ 0, y +# 0 kai P*—day = k% ke Z. ( Ay,
1) moodTye B2 — day elvar TEhetov TETPAYOVOV dxepaiov dpiluod).

Eis v mwpokeipévnv TEPITTWaIW Suvdpeba v EmIAUowUEY, EuTds ToU Z, T
tClowow (1): ax?+ Bxy+ yy4 b6x + ey +1n =0, éxovres U Sy T K-
Tt §Vo TPOTAOEIS :

In: "Eay o # 0, y # 0 xai p— day iootrar mpic 16 TETRdYWYOY axeoalov
o k £ 0, vire 4 (1) tllerar Smo Y poogry

(Ptgqy+r) (pz+qy+r)=d, (10)
dmov B, q,r, p'q’, 1 xal d dxépason apiluol.

Mpaypor, 0 Beifcouey 6T elvan Suverrdy TpooBéTovTEs £is Ta pEAn T
(1) kerédAnhov dpiBudy A vé gépeopiey adTiy o T popev (10).

"Eotw Aoimov 1) fiowais ;

ox?+ Bxy + yy 4 8x + ey +- n4- A=A (11)
‘H (11) ypdgeTon dos Tpicovupov Tol x ol
ax®+ (By+8) X+ (ry*+ ey + n+A)=A2, (12)

ALG vax pépeopey Twpa TO TRETOY pEAos T (12) els T popetv Tol TPWTOU
uérous Tiis (10), dipel v& TrpooBiopiadii & A doe 7 Bicepivovoa A(y) Tol TPICO-
vUpou :

ax®+ (By + 8) x+ (yy?+ey 4+ n+ 1) (13)
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va elvan TeTpdycovov TpwToPofuiov ToAuwyipou dg TPOS ¥ PE oUVTEAETTSS
oupuETpous &pibuols. ToUto elven Suvardy — kai udhioTa TO TpwToPabulov
mwoAucdwvupoy 6& elven Tijg uopefis ky + o, émou o olpperpos &p10uds — 81671
Eyouey :
A()= By +8)2—4a(yy*+ey+n+2A)
= (P*—dory) y* — 2 (206 — BB) y + (6% — 4an — 4ai) (14)
xal 16 Tprovupoy (14), dp’ Soov elvar £ UmoBéoecas P* — 4oy = k? (k dxépoios
# 0), Bovaron va 168, s yvwotdy, Gd Thy popetv (ky + o), Bvba o oup-
METPOS &p1Buds.
Ls& vér elvon 10 A(y) TéMelov TeTpdrycovoy &prel va TpoaBiopiofij & A daoTe
7 Slokpivousa A Tol A(y) vé elven undev (Sieeri; ), BnA. v elvan
(20e — P&)% — k2 (82 — don — 4oh) = 0. (15)
"Ex 15 (15) Suws mpoaSiopiletan 6 A, 51411 Eyopev :
k* (8% — 4an) — (206 — B5)2
PR | 4&](5'"__'"”"’77'”'

Obras, dpiGopévou Tob A, i (12) AopPdver THY popeny :
5 e (B0 (opd- o3l [x - Bua) s by b)) 1 o

h— (16)

S 2« 2a

A (204 B=K)y+ (B —0)]- [2ax+ B+ k)y+ (B+0)|— 4. (I7)
QoTe, mpdrypaTi A (1) TiBeTan, Ud Tés Tebeioas Umrodtoels, U THY popetiv
(10). *AmoBeiviopev Tepa kol Thy EEfis TpdTaOW

Ra; "Edv 6 axépaioc d # 0 &y v Oetixods Suagérag : 1=468), 8, ...,0,=|d],
tdte 1) élowais : (pr+qy+r)(pPzt+qgy+r)=d (10M

xal T 2v oveTiuara :
: 2487 - ; d
oty resglin.g, B GIHRT S 5 (18)
1

bmov e=1 #f) —1 xal i=12,.. . v Epow téc adric dxepalus Moe.

Tpcoypamy, &v (X, yo) elven dkepaia Ao THs (10°), TéTe: pxo+ qyo+
+r=kxa p'xg+ q'yo+1' =2, Smou k, AeZ Ko k-A=d. "Apax k| d kad A | d,
gmopéveds k= €8; , dmou e~ - 1 kad §; , i— 1,2,...,velve of puoikol &p1fuod,
oi omroiol Siaipolv ToV d kad A = —%: _eg_i: ;gr = & T Biom 2= 1, fiton
1) Tuxoloa dxepadar AUots (X, ¥,) Tis (10°) elven kad Ao dves &k TGV ouoTT)-
uéTwy (18).

"AvTIoTpdgus, &v (x,, ¥,) elven drepala AUGIs dvds Ex T ovoTnuéaTwy (18)
Exouey :

i ; ; d
Pot @¥otr=eb wal p'xo+qy,+r=e—.
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ToTe Suws € adTédv TpokUTrTE: :
’ . ; d
(PXo+qyo+1) - (PXo+ q'yo+1') = (65 ) - (E 5. ): €% == d,
1 1
fiTo1 1) (X, y,) elven AVois kad THis (10°). *H TpéTaoIS 8Bsy &medely .

"HBn, Exovtes U Syiv Tas QueTépw TpoTdoess 1 kal 2, Suvdpeda va -
Auocopey dvtds ToU Z Thv (1) €ls ThHY TEpiTTRow Kol fiv elven @ o = 0, y #0,
P*—day=k£0, keZ Epyadopevol s EEfis: Dépouey fv TpaToIS THY (1) Yd
THY popiiv (10) kai dxoroUBeos Epapudlopey THY TpdTagiy 2.

’EQ9appoyai: In: Na copebodv ai dxtpaor Moeeig g Eomotac ; VE= 9y 11,

Aberg: 'H Bobeioa tEiowois Yp&peTan s 9x*— yi — ], (a')
"Evralfa fyopev: o = 9, P=0y=—I,p*—4ay = 36 — 6.
H (o) elvan tooBlvapos mpds TV (3x + y) - (3x — V=L (B
Ol Bieipéran Toiy 11 elvan : + 1, 4+ 11. "Apa ) Sobeioa tEicwois kad & TETOAPE OUTTHparTe -
{3x-|—y-_—_ 1 {3){-{—3'211 {3:(—#.\:-—-—1 {3)(—?—_\':—11

3x —y =11, x—y= 1, 3x —y=-11, 3x —y=—1,

Eouy Tds alrég éxepaias AUoers. “*H Emriduais TouTwy elvan oAy &TTAT.

2a: Na émivbi, évtog tod Z, 1) éEicwog

2%% + 6XY + 4y - 5x 4y 2, * ")

Enilverg: ’Emady pt— doy =61 —4.4.2 — 4 — 2 mpoadiopifoper KaTdAAnoy
dpifudy A dore 1o TP&TOV pEAOS Tiis Eflocoecos @ 2x2 - Xy 44yt + 5x -y 2+ A =1
va Tibetan Uy HopeAY ywoutvou Sbo mpwroPabpicoy ToAVLV LY s mpos x kal y.

"Ek Tol Tymou (16) Exopev:
1@5-429-@21-65r

P A X :

‘0O —20 elvan Aormrdv & KaTGAANAOs Epibuds, & drrofos Trpérrer v TpooTedd els T pEAn g

(r") doe T8 TpdsTov BéXos aUTHis v TiBeTan Urd T ropghv (10). Mpayuar, & s (y') Eyopev:

A=

) 2x? + (6y + 5) x 4 4y* + y — 18 = —20, (&%)
OTETE TO TpdTOY HéAos Tiis (8') Bewpolpevov Tpicwupoy s PSS X Exer pilas ToUs &piBpovs ;
Pra=—(V+ D+ VO + 5By +y-18) _ —(6y +5) 4 @y + 13)
122 4 4 T
9
fitor : pr= -y + 2, pr = —2y — 5

Tome bueos 1 EElowas () AauBéver THY popery :
9
SE—p) X—p)=2(x+y-2). (x LTS ) = -20

A x+y—-2). (2x + 4y + 9) = —20. ()
Ol BeTikol Braipéran Tou —20 efvan of - 1,2,4,5, 10, 20,
Tote 4y (') evan ioobivapos PSS T& 2 - 6 = 12 guoThuaTa :

[x%—y—Z:sSi, 2x+4y7{9ﬁe--¥20}

8|
émov €= + 1 fj -1 kal 8 e(l,2 4 5 10, 20).
Olrw, mx., Bid e = 1, 8 = 4 Eopev TO oUoTnpa
X+y—2=4 ot X+y=6
2% + 4y 4 9 =T }, nTon : X+ 2y =7 }
TS dmoiov BéyeTan THY Alay (x=19,y = -13), 1) dmola elven kad Aboig T Sobeiomng.
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va elvon TeTpdoyovov TpwToPabduiov moAuwviuoy TPOS ¥ ME CUVTEAETTAS
ouppétpous Gpifuols. TolTo slvan Suvardy — kal pdhiota TS TpwTodbuiov
moAucovupoy 8 elven Tfis popefis ky 4o, 8mou o oUupetpos G&p1Buds — 8161
Exouev :
B (¥)= (By +8)* — da(yy? +ey £ 0+ )
= (B~ day) y2 2 (20— BB) y + (5~ dam — ) (14)
kal 16 Tpidvupov (14), o’ Saov elvan &6 Umobéoecos P2 — doy — k2 (k &xépanog
# 0), Slvaran va TebH, o5 yvwoTdy, o Ty popenv (ky + )2, Evla o oUp-
METPOS Gp1Buds.
Ao v elvan 16 A(y) TéAeiov TeTpdywvoy &pkel v mpooBiopichf & A doTe
1) Siakplvouoa A Tou Ay) vé elvan pnBev (Siaerl; ), SnA. vk elvag :
(20 — BB)% — k2 (82 — 4o —4oA) = 0. (15)
‘Ex s (15) Speos poodiopiletan T A, 81611 Eyopev :

_ k* (8% —dan) — (20e — p5)?
EFEd=al, e 2 % 68

Obraws, dpifoptvou Tol A, 4 (12) Aappdver v popenyv :

o | RO (et "),] . [x 1 —(EworBlretiimo) ]
2a 2a

7l [2ax+ B—-k)y+ (5 —0)] - [2ax + B+Ky+(B+o)|=4ar. (17)
“Qae, mpdrypar 4 (1) TiBeten, G1rd T Tebeloas Utrobtoeis, Urd Ty popeiy
(10). "AmoBeiviopey Tepa kal THY EEfis TpdTaow

2a. "Edv 6 axéoatos d + 0 &y v Oemunods Supérag . 1=68,, 0, ... 6, —|d [5
Tdte 9] éflomais : (pr+gy+r)(pztqgy+r)=d (109

#al a4 2v overiuara ;
¥ e ’ , d
PE QYT =80 W Gk (T S e (18)
1

dmov =1 % —1 wai i=102,..., » Egovy Tac abtas dxeoalag Moeic.

Tpdyuom, & (x, y,) elvan depaia AUois Tiis (10°), tére: PXo+ qyo+
+ 1=k kal p'xy+ Qyo+r'=A émouk, AeZ xaik-A=d. "Apa k| d kai A|d,

émopévaos k = €5, |, Smrou £ — 4+ 1 kol ,i=1, 2,..., vielval of puoikol dpifuot,
= 5
oi émoiol Siaipoly Tov d ked A — —?{—: 5817-: E;ST =€ —glf, Bivm €2 = 1, fiton

1) TuyoUoa dkepaic Alolg (Xor Vo) Tiis (107) elven kad Adais vde ik Téov ovoTn-
udrev (18).

"AVTIoTPORLS, &V (X4, ¥o) elvan dxepaia AUGIs Buds Bk Tésy cuaTtnudTav (18)
Exopev

; ; ; d
PXo+qyp+r=e€8; kad p'xg+q'y,+r =S
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Mepintoaig IV. Eav elvar a = 7= 0 kai Bden £ 0. Téte ) (2) dva-
yeta els Ty Elowov : Pxy 4+ 8x 4 ey+ n=_0.
AUTn ypheeTon BiraBoyikeds :
Pxy + p8x + Pey + pn =0
P2xy + POx -+ Pey + Be = Be — Pn
(By +8) (Bx + €)= & — Pn. (19)

Al drépanca Aoeis Tis (19) elvan ai dxépancn AUCEIS TGV oUTTHRETWY ¢

Px+e=k, By 8= E;—BT‘--},

s =

omov k | 8 — Br.

'Egpappoyd: Na émhodf, Eviog tob Z, f ificwaig :

2%y -3x+y+1=0. @9

'Emilvorg: "Exopev a =y =0, Pben = —6 = 0.

‘H Sobeioa elvan ioobuvaucs mpods Ty Effowow : dxy — 6X + 2y + 2 = 0 kol alTh TPoS
™MV : (2x + 1) (2y—3) = 5.

Ol fetikel Sicipétan tou —5 elvar of : 1 kai 5. ‘H tridugis ouvernrdis Tiis (L") dvdyeton €ls
THY ETiAvoiv TV TEOTAPWY CUTTHUATWY :

{2x+1=1 2x+1=-5 {2)&7}—1:—1 {2x-!~1 =5
oy =3 D8 = el Sp. Bt ts o B

Al Aoeig Tév ouoTnudTwv adTdy elval dvTioTolyws :

x=0y=-1), @x=-3,y=2), x=-lLy=4, @@=2,y=1)

Avdran elven af dxépanan Aloeis Tis Sobeions é10woews.

Depintworg V. (Mevikny meplmrwois). "Eav giver @ # 0, ¢ 0 xai
B2 —day # k% keZ (dnh 1o fP—day év elvar Tetpdywvor dxeoaion). TOTE f)
€locois (2) (oeAls 285) Avopévn dog TTpos x Bider

— (By+8) £ V (B*—4oy) y* — 2 (20 — BB) y + (5 — 4am)
o i b e E = R N = : e 2 o0y
2a

“lvac ) (1) EmAleTon Evtds Tou Z O Trpémer va oupBaivouy Ta E6fs - mpddTov
v evon: A= (B2—4oy) y2—2 (20e —P8) y + (B2 —4on) = k2, #ba y, k
tv Z xod Seutepov mpémer : 2a | — (Py + 8) + k. ZnToUpev Aoimdy katd TpédTOV
mofen Tipad ToU y kebraToly 1o Umdppbov Oetikdy. “Edv el 1o BeuTepoPdBuiov
s Tpds y Tpiovupoy A, 6 cuvTteheoThs P — 4oy ToU y* elvon dpvnTikds kod af
pitan py, ps TporypaTikal, TOTE Tpémel & y va kelTan METAEY T@V pifdv, Bik va
kabioTaTal ToUTo BeTikdv. ‘Etropévos els THY meplTrTwow abTiv mepopilduela eig
Tag axepalag Tiuas y tag mwAneodoag Tiw:

PL=Y = Pe

"Ex Tév dkepafoov ToUTwy TINGY Tou y éxAéyopsv pdvov ékelvas, al dmolm
kobioTolv 1O Umédppilov A TéAelov TeTpdywvov drepaiou kal TéAos, E§ alTéwV
éxelvas af émoion Tibéuevea els Ty (20) kafiaTouv TO X dképaiov.

Egappoyf: Na tmivbfi, éviog tob Z, 1 igicmmg :

2x* - 2xy + 2y —2x—Ty—9 =10 (")
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‘Enilvorg. Aty YPagETan 1 2x2 4 2 (y — x4+ @y —7y-9)=0.
AbovTeg TaUTHY 65 RS X Exopev :
= ZO-DITO-D2-T-9 _ 41+ 5Ty T
TE oA Ty st s TR g
"Ev mpdbrong mpérer :
—3y* 4 12y 4 19> 0, A -l =y=5 xal tmealdy yeZ, Eyopev :

y=-1,0,1, 2, 3, 4, 5. °Ex v&v TIRGY aUTév AauPdvopey pdvoy éxeivas of ool kaBioroliy o
UtrdppiGov Téheioy TeTparywvov. Altar elven ol Yy=-=l xal y =5,

A& Ty TRy y=-11 (") 8ibar: x=2 x=0.

A& Ty Tipmy y=>51 (B') &ibar: X=-1,x=-3

"Apa 1) Bebeioa oo EXEl TEouapas dKepaiog AUCES Tés :

(x=2y= =1 CX=0iy =21 a1, ¥=35) (x=-3y= 53

§ 232, "Aképaiar Avosig Tiig Elo0oewg:

x*+ ky*=z?, kel @)

“Aveu BAdPns THis YEVIKOTN TS Buvduefor v Becopddpey Tov dréparov k-
Tote feTikdy, Bi6T1 dEAAcog A (1) 8& Ndvato va ypagdi Umo THY popery
224+ (k) y2 = x2, s fiv & (—k) 8& fito wéMv BeTirds.

H (1) tmdtyeran mpogawdss Thy Aot : x — y=12=0. ’Emions Si& y=0
EXOUEV 1 X = - 4, &re f) (1) &mdéxeron Tas dxepaias Avoers @ x — z, y=0 ko
X==12 y=0. 8& {ntiowuer Tdpa diepaias AUoels Tis (1) pé y # 0. Aicai-
poUVTEs &updTepar T PEAT, Tiis (1) 81k y2, AawBéwouey Ty EEicwoty -

x2 2

z
'\; 3 T k= _&{z"' (2)
Oftopey ; — : + lr:l (3), #vBa ol m, n dképarion TPETOL TPds dAATAoUS.
"Ex s (3) J\aﬁﬁdvou&u:
72 x? n*  2nx
S R 4
"Ex t&v (2) kad (4) EXOuEY :
e n? . 2nx 5
e )
kad €€ oty AopPdvopey :
X _ kmi—p?
g < ©

Elvar mpopaves 611 4 (6) dAnBelel, v elven x — (km?>—n%) b ko
y= 2mnh, &vba heZ. Ex Tis (3) AapPdwvopsy, &v QUTIKATOO TG WY TAS TIpdg
aUTas TV X kal y : 2z — (km? - n2) h. "Apa af didpanan Auoers Tfig (1) 8isovtan
UTrd TV TUTTO!OV ;@

I |
X=(km®—n?h \i Y= 2mnh { Z=(km®+{n®)h ‘ )
|

&vba of m, n, h elvon dréponor &pipod,
‘Ouolws EmAleTa 1) t€iowars kx? |- y2= g2,
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Enueioog. H (1) Ba k=1 duéyeTan els THy Elowow : X* 4 ¥y = 22, 1) Omola koAeiTon
kad moBayoperog EEicwatg, B1om BlvaTal vét Becopnf] 611 ouvbéer Tag TAeUpds dpBoywviou Tpryd-
vou. Al dxépanan AUoels aUTRS 64 BiScovran Umd TEV TUTTwY (7), &v Béowpey k=1, fjtor:

x = (m*—p%h, y=2mnh, z= (m? + n*h, heZ &)

01 BeTixoi dxéponot of droiot tronBevouy TH X* + y* = 2* kahoUvTan mubaydperor apie
Opoi. ‘H &mhouaTépa TPISS uBoyopeicv &piBudv elvat : a5

Mé&n = h =1 ol Timer (8) yivovral:

x =m*—1, y=2m, z=m*+ 1 (meN, m=z#1)
al keholvton mobaydperot Tonot, &v Kal g Truberydpeiot TUTTO! pépovTan ol yvwaTol els Tous TTu-
Baryopeious :
= S M g et
TR y=m, = ST

EuBa m TUX GV TEPITTES QUOIKOS apiBuos = I
'E@appoyh Naedpelobv ai aképorat Mool g tEloMoLmg ¢
X2 4 4y* = 2%
A bo1g: AGTn Tpogavdds EmiBExETaN Ty Mow : x = y = z = 0, kaBay Emrions kal Tés

Moeg: x =2,y =Okad x=—-2y=0. Al hormad réporen AUoers elpiokovTan &k TGV TUTWY
(1) B1& k = 4 xai elvon ol kéaTwh :

x = (4m*—n®)h, y = 2mnh, z= (4m* + n®)h, évba m, n, heZ.

AZKHZEIZ
525, Né& evpefolv ol dxépancn Aoeis TV tEIoWOoEWY
1. 2xt—2xy—5x—y—3=0, 2. 3xy—2y*+2x—-3y +4=0,
3. 3y2—2y—5x—-1=0, 4. 5xy —2x—3y—18=10.

526. N& émiAuboly, Evrog Tou Z, ol tEiowoes :
1. 2x* —xy 3y —13x + 1Ty + 6 =0, 2. (x+ 7)) (y + 8) = 5xy,
3. 2x? + S5xy —12y*—28 =0, 4, 2x® + Txy + 3y* =5y —-2=0.
527. ‘Opoiws ol Efiohoes:
1. 3x2 + 4xy + 2y*—6x —4y + 2= 0, 2 x*—2xy+2y-3x+3y—4=0,
3. 3x2—6xy 4 4x -5y —31=0, 4. xt+ 22Xy +y—-x+y—-4=0
5. x?—3y* = 7%, 6 5xt4yr=1z2, T zt—yt=2x%
528. Né ebpebolv af dképanan AUoes T EE1000EWS ¢
xG=|yD+y@=Ix)+ |xy|=6
529. N& ebpedj Sipnpros &pibuds, © smrolos ToMaTAcotaopevos Eml To &Bporoua T
wngiwy Tou Bibel ywépevoy igov Tpods 10 &BpoiTpa TéV KUPLY TGV yneicv Tou.
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KE®AAAION XI

ZTOIXEJIA ZYNAYAZTIKHZ ANAAYZEQE

§ 233. Eicaywyikai évvolal — gupBoAiopoi—"H Zuvbuaoticd *Avéiu-
015 EpgavifeTan T6 TpdiTov Katd Tov 1Tov alddva els pyaoias Tév Fermat xai Pa-
scal B1& THY cuoTnuaTikfv Emiduaw TAY TpoPAnudTwY T& dTola Trapouaiédov-
T €lS T& «rvynpd maryvidian. "ExToTe 1) dvdhuais abTn elpe TAsioTos Epappoyds.
‘H tpappoyn tns els THy Oewpiav Tév ThBavoThToow, Tepl Ths omolas yiveten
Aoyos &ls To emduevov kepdhanov, elvon 8y udvov f) dpycnoTépa, GAAG kai pic drd
TAS TAEOV OTHaUTIKES.

Ak T ouvTopwTépay Kol aloTnpoTépaY SIATUTTWOW TV &V TG TopdvT
kepahaie SiampoypaTtevopbvwy BepdToov, opifouey Té kTl :

a’). KoholUuey tpijpa T, T&V quaoikédy &pibuddv péyxpl ko TOU QuTIkoU v TO

UtrogUvoAov : T.={keN:pk=v}TouN.
TS T, cupBohileTal, ouvnifiess, kel pé: T, ={1,2,3,...,v}.
TMopdSerypa : T =1{1,2,3; 4,5}

B'). To ywopevov Tév Betikédv drepaicov (puotkédv) dird 1 Ews v 8 16 mapi-
gTOHEY ouvTopws pE v! (To cUpPorov v! GvaylyveoKeTal «» mapayorTixdyy).
To obuPodov v! dpileTan cog k&Twb

=1, 21=(Q1H2=1.2, 3!=21)3=1.2.3 kal émaywyds

vi=(v—Dlv=1.2.3...(v=2) . (v—1) - v (1)

Ara Ty mAnpdTnTa ToU oupPdAou v Seydueda dTi: 0= 1.

L1 1O gUpPorov v! foyuer 1) i8i1oTs
vi=(w—k)!v=-k+D@-k+2) - (v=-1v, k=v.

OUTe : 101=718-9-10.

‘H ypnooToinais ToU BavpaatikoU (1) els Tov ouuBoliouov Tév Tepayov-

TIKEWV OXETIfeTal pé THY KaTamANKTIKIY alfnov altdv. ToluTto gaivetan &md
TOV K&Twh Tivoka

J=1 41=24 7!=5040 10! = 3628800
2ill=2 5il=:120 8!= 40320 111= 39916800
31=6 6!=720 9! = 362880 12! = 479001600.
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L METAQESELS

§ 234. "Amhal perabéoeig.— Forw T TEMEPaTUéVOY oUvohov :
E= (o050 &
KooUpey pet@beory Téov oToryelwv ToU ocuvdiou E kdbe QPPIUOVOOT|HVTOVY
drretkdviaw ol E émi ToU tauTol Tou, fiTor :

M: E«——E.
KoahoUpev anapibunoty ol ouvdiou E kdde AUPIHOVOOTIHAVTOV  GTTEIKOVICIY
TOU TUTMATOS TEV QUTIKEGY dpbuciv T, = {1, 2, 3,.. ., v} &mi ToU E, fitor:

Teokis—raie E,  ieT,,
‘Exdorn &rrapifunais, s kal 1 petadeots, mopioTaTanr oupBoAikés (§ 87)
35, 3 ) ; ; = L2 Seiv

8¢ ves dploywviou oxnparos (ivakos) & Buo ypauudv, Y. ( 5 cx.,)'

Els iy mpddTnv ypoupiy Tol mivaxos ypdpovTan T TpéTUTI Kad els THY
Beutépav kaTwley tkdoTou TpoTUTTOU 1 elkdoy adTol. ZuvhBeos S ) TpwTN
ypouud) TrapadeimeTan kad ypdgovtar (TrapatdooovTtal) uévoy of elkdves kard uij-
Ko pas eUbelas, .y, ds k&b :

Clgh 7.l ay

els TpGTOY WoTE TO TP@TOV GTOIKEIOV THS TapaTdfews v elvan elkcov ToU 1,0l
BeuTepov elkcov Tol 2, TO Tpitov ek Tol 3, x.0.x. “Eveka Todrou kad S1& ranSa-
Yw@YKoUs kupiws akotrols TroAAol ouyypageis dpilouv s petdBeow v TPy Hd-
Ty (oToryeiwy) kéfe kardTagiv abtév es piov oapdy. Elva Qavepov &T1 Buo
petabéoes v mpayudTw evan Si&popol peTafl Twv, &v Kai uévov, &v &v (Emopé-
vws ToUAdyloTov BUo) fk TGv v mparyudTev elplokeTal TomrofeTnuévor eis Sio-
PopeTIKNY Béowv BvTds alTddv.

"Erre18n) 16 T, wkad 16 E £xouv 16 alimd mARBos oToryeicov, elvan Qavepov 8T1 TO
wAffos Tév petabéocwy Tol E iooltan wpos T6 TATOos Tév arrapiBunoewy ad-
ToU. Elvan émions avepdyv 671 16 ARBos ToUTo Biv EapTdTar &md THY QUO TEV
otoixelwy ToU E, dM& povov dmd Td mAdifos Tév oToryeiwv abrol. “Apa
ToUTo igoUTar pds TS TARBoS TEV eTabéoewy ToU T, . Ak Tdv Adyov ToUToV
TOAAGKIS v Slakekpipéva Tpdypare, &1k T& dmoix Stv pdg tvBiagéper 1) puals,
T& amuelcdvopey ué Tous &pifpols 1, 2,. . ., v. Kardmiv Tolrou of Evvolat &mapi-
Bunots kal petdBeais 8& ypropoToiGvTal KaTWTEPL &Bi1oKpiTews.

“As Umrohoyiowper 1180 TO TATBos dAcov TGV peTabicecy TGY v Slapopwv
wetafU Twv aToiyelwy. Elvon pavepdy &1 1o mAfiBos ToUTo ioolron Trpds TO TAT-
Bos SAwv 16V SuvaTdy TopaTdEewy TGV v oToiyeiwy (mparyudTav) es plav
oelpdv. To mhfiflos ToUto TGV petadéoewy &Y v oToiyelwv B TapIoTEUEY pé
TO cUpPorov M, .

Elvan govepov &1 81’ v mpdyua Umrdipyer ulo pdvov petdbeots, fiTor :

M=1=1!
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Al Buvarad petadéosis SUo TparyudTwy, LY. TAY oy, a, elver 5o, of ;
o0, Kol o,
81671 TO o, 1} 8¢ elven wpddTov i B efvan BeUTepov. Zuverrdss Eyopev :
M === 55 =12
Al petaBéoers TpiGy oToKEWY o, 0, 0ty Elvon af dicdhoubon EE :
B R TS =S Lo VR 6 L PR 1 ST ST 1 P
AnAad : My=6=1.2.3=3l
Mevikéas foyver 1y drdAoubos
Mpotacig—To nhijlog M. t@v peradiccmv v atoryciov eivar isoy npdg
to ywopevoy 1.2.3. . .v, fitol :

M,=12.3 ..v=vl=1NKk M
k=l

“Anddagic. Ak iy dmésabw i (1) 6& xpnowomoriowpey Thy &moBer-
KTIKNY péBoBov s Teelas émraycoyfs.

H mpédtaos loxver Bi& v=1 (tmrions, ds dveorépe EAéxen, loxver kol Bik
v=2, 3).

"Eorw &11 alirn foyuer B v = k, ol

Mg =1:2... k=k! k=1) (2)
O& dmroBeifwpev 811 foxUel kol S1& v—k + 1, fTor:
M= 1200, I (e 1y =30 1)) 3)

Tpéeypar, &s Becopriowmey Shas Tas petadéoss Tédv (k |+ 1) oTorysiwy kai
Ywplowpey avirds els dudbas BéTovTes €l THY TpWTNV Sp&da SAas TAs ueTaBéoels
al dmolan &pyiZouv .. dmd o oToiyelov ay, eis piav Beutépav dpada Shas Tag
petabéoss oi dmroiot dpyxifouv &mrd T oTolyEiov y, K.0.K. kad TéAOS €ls picw k - 1
ToEews dudBa T peTabboss ol dmroim &pyifouv &md TO oTOIYEIOV & 4 .

Elvan pavepdy 611 i Siagopol dAMAwY peTabioes EkdoTng duddos elver k1,
B16m alran AauPévovtan & petd TO TpdTOV aTokEiov, pE TS dTrolov apyitouv,
Yp&pwuey Shas Tas petafitons Tédv Aormrdy k oTtoiyelwv, af dmoim Aoy T
yevopivns Umrofécews (2) Tiis TeAelas emoaywyfs elvar: My =1.2... k= k!
‘Emropévars 16 maATifos Tédv petaBéoseov téwv (k + 1) oToXElwY elvon :

Mipi=(k+1)Mi=1.2.3... k (k+ )= (k+ 1)!
BnA. | TpoTaois (1) ioxUel kal Bid v=k + 1, &po ioyuer Si1dr kébe PUOIKDY &pi-
Bpov v.

'‘Egappoyai: In: Ketd ndcovg tpomovg Sivavrar vir napatayBobyv £’ fvag Luyod 10
podnrai ;

Abarg: To mAffos Shav v Suvatdv TapatdEewy 0 elvan drpiPéss doet i &mhod
netabéoes Tv 10 mpoaypaTwy, fiTor:

My, = 10! = 3 628 800.
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2a : Na e0pedi) 16 ni.fifog dhov 1OV ampudy tdv neyalvtépavy tob 1000, of dnoior oxnpari-
Covtar pé 6o ta ynoia 5, 3, 0, 9 pi Emepenopévig Tiic Enavaliyemng yneiov tivoc.

Avborg: Kabe dpiBuos ueyadimepos ToU 1000 dvrioToiyei els kémotay perdBeoty T wn-
@iwv 5, 3, 0, 9 Umrd THY TpoUTTSBEcIV Buws bT1 TO ynelov 0 8tv karéyer THY TpdTNY TPos & &pi-
oTepd Béow. Of dpiBuoi Spws eis Tous dmrefous TponyeiTan T6 pndev (.. 0395, 0539,...) elvan
TéCOo1 TO TAfifos, doa kal ol peTabéoeis THY Tpi&dY ynelwv 5,3, 9, fltot My, = 31 = 6. Of TETPQO-
wngiol dpiBpoi dvan M, = 41 = 24, “Apa 10 {nTodpevoy TATBos elvan :

M,—M,=41-31 = I8

§ 235. KukAikai HeraBéoeig.— Mia elbixny mepimrwots petabéoses elvan
gxefvn xab’ fiv EkaoTov oToryeiov Tol ouvéiou E &melkovileTan eis TO Emwduevdv
TOV TO Bt «TeAeUTaioV» aTolyElov o Els TO «mpG&TOVY . AnAadn) 1) petddeois

o e s e ey
(ae s O ocl)'

Mia ToiatTn petdbecis kodeiton kokhikn (§ 87).

*H dvouaoia altn éEnyeitan duéows, &v T& v Si1épopa oToiysia (50 o eI o 0
pavTaohédper 6T elvon TomofeTnuéva i Euds kiKMo, s Seikvle kol TO K&TwOL
oxfiua (2x. 15). Kerd Tabma pio kukhikr petédeors elvon 7 TapdTadls TGV v oTol-

AL Xelov kot pijkos Evds kiukAou. OUTw Becopoupévn uia ku-

‘“\‘a_. KAty peTéleois v oToiyeicov BEv Exal olte &pyfv obTe Tré-

’ pas, Suvdpedo &fev v Bewpddpey olovBfmoTe &k TéV v oToL-
Xeloov cos wpdTOV Kartd THY &v Adyw petdeow. Elven Tes-
pa pavepoy 8TL: 76 wAijflos Glan TéY surdixdr petalioewny

i1}

Qy,

a 5 1 s %
v atotyelor, 10 dmoiov ovpfolilerar pé k, | elvar icoy

mede : (v — 1!, fitor:
w—1
&k i =l 20 =D Yo L ) T 2.
k=1

MpdypaTi, &s povToobduer GAas TAs KUKAIKGS psTabéces T v oTolyEiwY
oy, Oy, .., & Avayeypoppévas eis Eve mivaka. Elven pavepor &1 € EkdoTns Ku-
KAIKTS peTaBéoecws TéV v gToryEicov, T.x. TV 00,0, . .o, TTpoKUTTTOWY v &TrAC
uetaléoels, al kdTwb :

Qplly. - . Oy Oy, GOy, Oy Xy, + ooy Oy, . . Oy Ly

Katémw TouTou, Emreidh dmd kdbe kukAKNY petdBectv Tév v oToryelwv Tpo-
KUTTTOUV v &mAal peTabéoels TGV v oToIxeiwy, EmeTan 6T €€ OAwv TGV KUKAIKGY
uetadéoecwv, o dmoim elvan k, TO TAfiBos, B TpokUyouy v - k, &mhad petabéoers,
ai omolen 8¢ igolvton pé ToV ouvodikoy &piBudy T&GY &TAGY petabéoecov v oToI-
Xeicov SnA. v! "Apa B Eyewpev

vile — M= |

"EE o0 : k— ”‘3 — (v—1)! (1)
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Egappoyn Kara nosovs tpomovg ti péhn wiidic intapelodc oikoyeveiog Stvavrar vi
kabioovy mépls piig KuKAKiG Tpanéing;

Avorg: Kabe vas &md Tous Tpdmrous alTous eiven pia KUKAIKY peTdBects Tav 7 drdpcv.
"Apa: ky=6|= 720.

§ 236. "ErravaAnmrikai peraBéoeig.— "Eotw &v wARBos v TRoy p&TwV

cloch Ao iE PSR SeERD e
Ky ky k,
omou T& ky ouprritrowy wé o, T& ky wé B, . ., T& ko ué 6, dTdTE Quokd B elven
ky kgt -+ kp=w.

KoAoUuey Eraveinnuukiyy petabeoww tév v adtédv TpayudTwy plav &mel-
}fémcrw ToU Tufparos T, = {1, 2,..., v} ¢l Tol ouvddou E={a, B,. . ., 8}, 1o
eraleg Exel cos oTolyela T& Sidgopa dAAAWY TpdypaTx o, B,.. ., 6, TolaUTn
@oTe ai k, eikéves var oupTriTTouy Lt @, o k, elkdves vd cupTriTTouy p By yed
k, elkdves va oupriTTouw pé 6.

Eqv p 7o mhAfiBos v oToryeiwy Tou E, Té1E: p =<

00T m.y. ai moveAnmriked petabéoers Téwv TPIGY TpaypaTeV o, o, P
elval af : oo, aopa, Poc.

’~Ec‘xv TOPGOTNOWHEY P TO oUuPorov My 16 TAfBos SAwv T&Y ETravadn-
TTIKGV peTaBioswy v wpaypuaTwy, € dv k, 1O mAfifos oupmimTouy uE TO «, k,

70 TAfiBos oupTriTTouy Wi T B,. .., k, 7o wAfifos ouptritrTouy pé 16 6, TéTE loyle :
A V! (B b
M= e ML TR e

ST KK o k! M

' 'Anode1Eg "As Umrodiowuey mpds oTrypdy, 811 T& v mpaynaTta elvar Sidpopa peta-
1Y) 'rr:ov Kal &1 aynuaTifopey Tds v peTaBioes Twv. Bewpolpey Tds v Adyw petabéoers XWPIo =
Uus.Els léuc'xiicrg G £E7js : @éropev els THY aTv dpdSa piav petddeoiv uadi pg SAas doat TpokUTTToUY
&ro czu-rf;v, STav Biatnpfiowuey Thy T&Ew SAwy TéV aToiyeiwy, T& dmoia dpy1Kdds Bikgepov ToU
o K)O.TC(TQE(.DIJE\J 8t T& Aorra (BnA. Ta TauTiGopevar dpyikids pE TO ) kol Ehoug 10U5 Buvaous
Tpotrous. Elvan pavepdy 811 petd O Tépas THs ToralTns Slabikaoias 6 pokipouy k! uetabéoes,
al dmolal 8& TapioToUv (R&v EravaBéowuey o — o = - . . — o, = @) THy aUThY éravednTrmi-

xfv petddeov. "Apa 1o TARBos TGV peTadioewy v Tpary uéTwy, dtrou petabl Tov Utrépyouv pdvov

k; 76 TAfifos TauTiZéueva ut TO o, T 8t AA Srapépouv peTafy Toov Kol &Td T a, elvan Ll
: k!
Av Topa els T& péypr TouBEe dog Bidgopa Becopnévra v — ky Aormd TpdyuaTa TAUTOTIOINCWHEY

k, 16 TAfifos uE 1O B, TéTE, KT TOV adTOV GUAROYIoWdY, ky | TS TAfiBos Bragépouscn Tpiv peta-

Béoers 0 TapoToUy THY oY EmaveAn ikl peTdfegy kal Emouéves TO TATBos TRV pETA-
Béoewv v TpoypdTwy dTav uetafl Twv Yrrdpyouy k, T mARBos ouptritTovTa ME TO o kol k, 6
mAfifos oupTiTTovTa pE TO P (a £ P), T& 82 Aormrd Bragpépoun uetal Teov ko Errions kad dmod
vl ;

T& a kal P elven :

Kar& Tov auTov TpoTToV oKeTrTOMEVO!, eTé p PrinaTa, pBdvopey els ThHv (1).
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‘Egappoyei: In: Moseg MEac* (dvoypoppatiopois) oynpatilopsy petalizovieg T
ypappate thg Aéksmg « E LA ag»; :
AOotg: Els Ty AéEw «'EANGs» T ypdupa A EravedapBavetan 2 gopds. Katd té dveatépw

Eyopev :
i 51

M;: = 60  AfEers.
2a : Mosag AéEerg Suvapela va oxnpaticopey petabitovieg ta ypappate tig Alewg «IMa-
VERLGTRHLOV Y,

Aborg: ‘H s dlavemotipovs mepéyer 13 ypéupata, &k Tév dmolwy 2 ever m, 2
elvar v xal 2 elvan 1, &pa Trpdrertan repl perabéoewy 13 ypaupdTowv veT’ Eravotipecs dpropé-
voov ¢€ clTéy. Zuvends TO {nToupevov mAfifos looUTar wpds :

13!
212121

Inpeiooig : Ak v iSwpev Téoa ypdupata 6& xperacfolv ik v ypagolv ol Aégeis alten
64 roMaTAacidowpey Tov eUpebévta &piBpdy il 13, fitor:

778 377 600 % 13 = 10 118 908 800 ypdppaTa.

"Edw 0tAwpey vd dmmokTriowpey plav 18éav Trepl ToU peyéfous ol dpifuol ToUTou, yvepl-
Zopev T& EEfjs 1 Mia oeMls fvds kavovikol BipMou ypadderan mepimou 2000 ypdupara, Mt T&
dveoTépe yphppoTa §& TuTreboly :

10 118 908 800 : 2 000 = 5.059.454 oeAibes.

"Av AdPoousy Tépous T@Y 300 oeAiSwv, 8& yivouv : 5059454 : 300 = 16865 tdpor.

Téhos, &v els plov kavovikiy BipAtotfikny SivavTan vé TomoletnBoly 100 Tépot, 8& &ma-
TnBolv 16865 : 100 ~ 169 PipAicbiikar &i1& vé TomrobeTnfolv ol fv Adye Téuol.

ML = = 778 377 600 Aégeis.

AZKHZEIZ
530. N& amiomonfouv Ta kaTwb KhaouaTo :
71 5! v! il v+ 1) (v—1)!
Dergy Plomemwt B —w > Yoo P s
531. N& &mhomondi] #) mapdoTaois :
e Bt

(U AT l)v-i'l E o -

532. Na &modeiyfolv al lodTnTes :

Q @H+D A+ @+ D! +vl=vl(v4 2)
B) vl4+2@—-Dl=@-1)!@+2)

Y) @—Dl—@—2)!=w—2)! (v—2).
5) 2Mv*(VA~1)M\'-vI = M\rﬂL M\-—I.

533. "Av Umdpyouv 3 Bpbpor &md Thy TOAw A Trpods THY oA B kal 4 Spduot dmd iy B
Trpds Thy T, keerd mdoous Tpdirovs Buvépeba vi peTaPdipey ik Tiis A els Ty I Bid péoov Tiis B;
TMégat elven af Suvaral iadpopal B1& TateiSiov pet’ EmoTpogfis &k Tfis Aels v T ;

534, Katd méoous TpdTous 6 peldnTed SUvavton vé mapatayBolv &g’ Evos Luyol; 'Edv &-
kot Tapdragis &montii Xpbvov 15 sec, mwéoos elven & dmanTolpevos ypdvos &' Ehas Tés Buva-
TS TApaTAEES.

535. Tboor &verypappaTiopol Tis Mews « y pagelovy Umbpyouv; TMooor & abrdv
apyitouv pt @; Méoor dpyifouv pt o kol TEAEIOVOUY pt O;

* Al AéEers Sév elvan drapaltnTov va Exouv vénuo.
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536. Tlooon Siapopetikad Atfes SuvavTar vé oxnpaTioboly pt Sha T& yphuporta T Aé-
Eecos  «Mississippisy.

537. TTécor &piBuol peyouTepor Tou 10 000 ypégovTat ut & ynoela 8, 5, 8, 0, 8.

538. Kard mooous Tpomous 15 Pipiia dlvavtan v& BiovepnBouv els 3 pobnrds, doTe &
TpédTos (o) v A&Pn 4 PiPAla, 6 Belrepos (B) v& AP 5 PrfMa kal & Tpitos (y) v AdPn 6 Pi-
PAla;

. AIATAZEIZ

§ 237. "Amhai dwatafelg.— "Eotwoav v 1o TAfifos Biagopa peTaly T
oToryeia (TpdrypaTa) OO, - - -1y - S T& &moia fecopoUvTan aToryEla Evds
ouvoiou E.

Kaheitan Suarakrg Tév v alTéov ororysicov dvd y, émou L =p=v, k&b Spgi-
povoofiuavtos meikéviors Tou Tuhpartos Ty ={L2,..., ul tv TR ouvdhw
E = {0y,0,...,a }. OUtw o Bidragig Tév v TrparypéTev Qud i elven plo Tapd-
Tois g5 oaipdy p TpoypdTwy dTd T& SobbvTa v. ‘Erropéveos §Uo Braraers Tédv
v oToiyeicv dvér p Becopotivton Sidgopot Stav fi Bév SrroTeEAoUvTal &To T alTa
&ipiPéds oToiyeia | dmmoTeAoUvTal pév &mrd Té ot aToryela GAAG Siagépouy s
Trpds THY oeipdy Tév oToyelwy. Katd Tov Spropdy THs GAfis BrordEecos ExaoTov
TpSy e mepiéyeTan els ol &mak. Errl mrAdov els Exdotny SidTagiv, s dveo-
Tépw EAEOn, Trailer pdhov &yt povov Trola U TPy POT 0 AdPeopev ik TGOV v,
GAAG kel Tréss 83 T ToTrodeThowpey €s oapdy i &voikTiis ypauufis (Tm.x.
e0felas). OUreos 2w Bewpriowuey T& 5 oToIyEla ay, &y, g, %y T 1) ueTEBETIS Oy0,0l
elvon pla Bidrrais 16V 5 ToUTwY TpaypdTwy &vi 3, 1) Bt peT&BECIS 0yaLay Elvan
wioe & A A 1 Bidrokis TV aUTé 5 mperyndreov dua 3. Elven pavepdy Topa OT1 al
Siard€es elvon kal avtal petabioes, NG &) ouyypdvws BAeov TV TTPAYHATWY,

O& Umrohoylowpey fidn TG TAffos TV Slagdpwy peTafU Twv BraTdgewy
16V v TpayudTeov Gud p. To mAfiBos TobTto & TO TaploTadPEY BE TO ouufolov
Al To droiov dvoryryveokeTan «biatdéers @y v dvd p. TIpos ToUTo &rodel-
kvlopev THy dxdhouov TPOTOOLY :

Mpértactc—To nhijlog t@v drerdewv tdv v npoypatov ava p didetar
oo 1o thnov :

A=v(v—1)¥—=2) - (v—p+1. (H

*AmodaiEic. “Ag Umrobéowuey 6T toynuaTicauey Thaas Tas SraTaeas TV v
TPOYHATOV & Oy, Cgye v O dvd (u—1), Tév dmofcov T& Afifog elven @ Al_.
“Av Bewpricoopey TUoUoaw 8 alTdY, T THY 0G0, .. O, aUTn & mepigxn
(u—1) & TGV TPAYUETWY Oy Oy .y Sy kol ouverréds Umrdpyouv v—(p—1) =
=(v—p+ 1) dxdun oToiyeia (wpdypaTa) uf &vijkovTa s THY &v Ady Sidtadv.
‘Edw 5t els T TéAos Tiis &v Adyw BraTd€ecos Emouvapoopey Ev olovdnmoTe O T
(v—u + 1) vmérorma oToryEia 8& pokiyn pia Bidradis TV v dva . OlTos
&md THY Bidrafiv oy, . . G-t B TpoKiyouy ai (v—p+1) Barées Tév v dvd p:

Oy Qg - Gyt O, G« Gt Qs OO o Gt G2y v oy Kylge - Gy
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"Emraidf) 6t dwo éxdaTny Sidrabw Tév v TpaypdTey dvé (u— 1) mpokUTrTouy

(v—u+ 1) Barders TGOV v v y, EmeTon 811 IO TAS Ay Biarages 0 TPOKU-

youv (v —u-+1)- A BroTdges TGOV V &va 1. AUtan 88 elvon m&oat al

Sioréels Tév v TpoypdTeov dvd ukad Bi&geopol petall Toov (Biati; ).
Kord talTa joyus & dvarywyikds TOTOS !

A= (v—u+1)-Bi 2
*EqpappélovTes Thv (2) Bt p=—2,3,..., 1 kai ExovTes G’ Syw &1 od Bia-
T&EELS TEW vV TTPAY BTV dvd v elval, TTpoavéds, v AauPdvopey TaS B lodnTas :
Al =v
A= (v—1)- 4
ey U e 3)

Al = (v—p-1)-Ah

TloAhamAaoiddovTes Tos lodTnTas TedTas KOTS PEAT) Kol TrapaieiTovTes ToUs

KOWOUS TapéryovTas EUpIGKOPEY
A=l =1) (v —=2)-a (v—u+ D).

“Hrol : to niijfog tov dutdleov 1@V v npoypdrov ava p cival icov Tpog 10
ywvopevoy p SudotkdY QuoLK®Y aplOpdv HAUTTOVREVQY KaTh povade pE mphTov
napayovia T V.

Karres Tabraelvon : Aj=T7 -6 - 5=210.

EuxdAcos Topa BlomioToupey &Ti:
u@ml)@m2)~0wmww):—30*1)0722;;$ﬁu*1)@TFN":

v!
DY
Mz &Ahas Aégers
Mopropa L—To nhijfog tdv SLutdEEoY vV TpuypdToy dva p didetar ono
tod tomov :

4)

Eis v eldikdy mepimrwoty kaf’ Av @ = v, EYOuEV :
AV ST ey 2 B Pl — !
Mg &AAas AfEeis :
Maopiropo [L—To nihijfog tdY SrutaEemy v mpaypdtov dva v icolta npbc_'
16 mhijfog 1@y peradicEwv TOV V npaypatov, HTo1:

A=Vl =M, 5

‘Egpappoyois:In:’Eaveig padnic Exn 9 Pfric kai 0Ly va toroberion 5 toydvra
abtdv gic Eva pagr, katd ndsovg tpomovg dhvater vi tpasy Tobto;
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A D arg: Of SBidgopor Tpémot elvan Tdool, doat kai al BiatdEers Tév 9 dvd 5, fitor :
Ar=9-8.7-6-5= 15120,

2a : IMagor nevraymgror apibpoi Orapyovy, Exovreg mavie @ yneic Sdgope petali tav;

Abeig: "Exaoros mevTayngios &pifuos (m.x. & 38906, 72925,...) elvan piadidrakis
1@v 10 wngiewv: 0, 1, 2, 3,...,8, 9 &v& 5, ut pévny Thv Slagopay 16 ynglov 0 Btv Trpémer v
KaTEYT) THY TpdTny Tpds T& &pioTepd Béow (). 05382, 03948,...). "AAAG af Biardfes al
#youoan dos Tpé&Tov gToryeiov T& 0 elven Soen kai ol SardEers Tév 9 ymeicov 1,2, 3,...,9 dva 4.
"Apa 16 {nTolpevov TAffos x elvan :

x=A'—A =10.9.8.7.6—9.8.T-6 = 9.8.7.6 (10— 1) = 92.8.7.6 = 27216.

§ 238. "Ewravahnmrikai diarafeig—"Eotwoav v 1O TAfifos Sidgopa
peTaU T TpdyuaTa o, Oy, - . .0y T& OTrola BewpolvTan oToiyela tvods ouvdiou E.

KoAoUpey éravolnruikiy datay TGV v alTdv TpoyudTwy dvd u, piav
Tuxoloav &mekdviow Tou TpfuoTos T, ={1, 2, ..., u} &g 10 olvorov E.
00T pia trovednmrixg Sidtalis Tév v wpaypdTwy dud i elval pia mapdtaig
KaTd pfikos wds eUfeias W TporypdTwy Anglévrav fk TéY v ARG els T Smroia
fooTov Tp&ypa uvaTdy va EravaiapBéveTal TO TOAU B popds. Elval pavepody
811 v Tpokeptvey Buvdpeda va Exywpev i HE=Vv i p > v

O Umohoyiowpey Thpa T TAfBos TGV EmavodnTTIKGY SlatéaEewv Tév v
TpaypdTwy dud W Ak Td TARBos TouTo, STrep ToplaTduey Sid Tou cuupdiou
8y, loyUel 1) dxdroubos :

I1pétaoic—To nhijfog 1@V inavelnnuik®dy Swetdaemv 1@V v TPpaypdatev
ava p didetar md tod thmov :

oV M
Oy = v

)

*Arodngig. Ak p= 1 loyie, 81411 ai émavadnmmikal Siarabeas TéY v TpoaypdTwy dud

&v elvan Soon kal T& Wpdyuaty, fiTor 8) = v = vl

"Eotw &1 foyver B u = k, fito1 foTw 6m S‘Lﬁ vE kal foTw pic TUXCUOa ETTaVOAT)-
mriKd S1&1als TRV v TpayudTLy dvd k, . fi @y, . .oy - Eav gls 16 TEAOS TRS fv Aoy Ema-
vaAnTrTikfs SiardEews Emouvdywpey v olovdhimoTe £k TGV v TpaypdTwv 0a mpokiyn pia
trravaAnmTiky Siatalis TGV v mpaypdtwy dva (k 4+ 1). OlTws amd Ty ddtabiw oya,. . Sy
8& wpokbyouv v EmavoAnTTikal Siatdfers Tév v dva k + 1 ol EETS :

(S-SR . ST - PR SR YT 11 PO TR PRI (- PRI S W

Emedd) 8t drd ixdony Sidra§iv (EravehnTrTikiy) TGOV v TpaypaTwy dva k mpekimreuy
v EmaveAnmTikad Siardbers Tév v dvé k + 1, Emeton 61 Gmod TaS '6: tmavednmikas Sardbels
8 pokiyouv "'SE trovednTrTikal Siatéers Tév v dva k 4+ 1.

Kotd TalTta 0& Exwpev: S‘Ii-:l = v~8§ kal Aoy Ths Umolioews Ths Tedelas Emayco-
Yiis, ke’ fiv ) = vk, Eyopev 8} = vovk = vE 1 Aror ) rpéTaos loyuel kai Bia v — k 4 1,
&pa foyUer B kabe puokdy &piBudy v.

‘Egoappoyn In: Ilocor meviayfgior ambpol Ordpyovy Exovies o¢ ymeie todg ap-
Opovg 2, 5, 7;

A b o g: "EkaoTos TéV dpifpdv adTdv (.. 52752, 77522, 55555,. . .) elvan pia émaven-
ikt Sidrabis Té@v 3 yneiwv 2, 5, 7 dva 5.

303

WnoiomnoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkig



“Apa 16 {nToUpevoy mAfifos elvan foov Tpds :
§i=3'= 243

Eoappoyd 2a: (Té nodfinua vov ITPO-1T0). Na ebpebij noca dehria t@v dbo otn-
L@V tob TIPO-TIO npéner vé eupndinpdoy tig maikmg da va fmroxy éva 13-apr;

Aboig: Edv & &ycw fyro povabikds, 8& Umrijpyov Tpia mpoyveoTikg, T& bmola anpel-
oUvTan pt Té& ororgeia: 1, 2, x kol Emopéveos 8 Errpeev & malkTng v& oUpTANPLOT 3 oThHAas.
"Edw of &ydves floav Yo B Empemrey vé SUBTIATPRAGT) 9 grhhas, els Tés dolas 8& dvaypdyn
T& EETjs oToyEla :

TENERE 2\2|2_|_x
nfii]2]x 1|2|x11

E3E3
B )

Al s &ve 9 ot elvca ol EmravadnmTikal BraréEes Tédv PG oToiyelwv 1,2, X
&vé& BUo, B elven: By = 3t = 9.

*Edw ol &ryddves foaw Tpels B Empemey & malkTng vé oupmAnpaon 27 otihas, els Tas ooiog
& dvaypbyn T& EEfis oToryela

Gl Ly i) et )y a2l e S X )

Al 27 oTfihan TpokiTrTouy &Td T& 9 oTokela Tob mivakos (1), Eav waparrhelpws EkGoTns
BudBos Tou Trivaros Bécwpey Tas vbeifers 1 1,2, x. Eiven 6t trrions ol 27 otijAan, al EravainmrTikal
BiarréEers TV Tp1&y oToryelwy (EvBeifewy) 1, 2, x dva 3, Aol eiva : 5, = P 27. ‘Emopé-
v Biax v EmitUyn & madktns fva 13—dp1 mpémer vé gupTAnploT ToTas oTiAg, Soo kal ol
travadnmTikal SrardEers TGV TPICY oToyeiwv 1,2, x dva 13, fiTor :

85, — 313 = 1594323  oThAs.
“Apa : 159413232 — 797162  &eAvia [TPO-TIO.

AZKHZIEIZ

539. ‘Ymohoyloare Tés AVE AL AY ol Belfate 8T A, = M,
540. N eVpedi] 6 v elg Tag xaTwbh TEPITITAOES &

Q)b AV =12 AY p) A =2.4AY

y) AY=I18.A0, By FAAY =AY
541. N& &modey6fj 6t AT = A% 4w AL .
542. N& &miomoindi] fi| mapdaTacs:

A2 AT = (=1 (v—2).

543, N& e0ped # T Tou: AL+ A + A+ AL+ Al

544, Tlooor TeTpaynpiot &pifuol Umdpyouy ExovTes BlapopeTiv wnolea kal ufy TepiEyovTES
76 0 kel 10 9;

545, AUo mwéAais A kol B guvbtovTan pé 6 &dpafooToryias. Kata méoous Tpémous Suvdpeda
va& TaE1Bevowopey ik Tis A Tpds THY B Kol dvTioTpdgws, XPTOIHOTIOI00VTES KA THY EMOTPOPrY :

a) SiagopeTikiy GuafooToryiov, B) toro kal THY abTiy dpafooToryiav.
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. ZYNAYAZMOI

§239. "Amhoi ouvduaopoi.—EcTw E v ouvolov pt v OTOIYEI: Cly,Cg,..0, Chy.
MpomiBéueda v dpicwpey T TAfBos TGV Blapdpwy PETalY Twov UTosuvdAcy
Tou E, &5 & dmoia dvnikouv k oToiyeia, evba k < v, "Ag EEcTdowuey kot dpyhv
pepikd Topadelypore. “Edv v=1, TéTe T& olvodov E Exel SUo Umootvoha : &
kal E. Eqv v = 2, TéTe 16 clvolov E = { &, o, } Exel Téooapa Ymootvohg

k=0 k=1 k=
%) farh (@} {oy ap} =E.
"Edv v = 3, 147e 10 olvorov E = {ay, o, oy } ExEl kTG UTTooUvoha :
k=0 k=1 k=2 k=3
%] fo} {a, o} {opaog}=E
{«} {on o5}
{o) {00 o)

Olrw .. &md T6 olvorov pt Tpia oToryela Suvdpeda v AdPoopey Tpla
UtrooUvoia pt SYo oToiyeia. ‘ExaoTov &8 TGV UroouvoAwy aUTdV KoAETal Kal
«&lg cuvdvoopog 1@V TIdY croigeiov ( Tpaypdrev) Gve dbor.

Mevikéds : KahoUuev suvbvaapdv Tév v mpaypdtomv dvd k, &vla k < v, kde
UtrooUvohov ToU E pé k oToiyeia.

"Ex 1ol bpropol ToUTou elvan pavepov 871 els fva ouvBuaouov TEV v Trpa-
yudTwy dva k, évBiapepdpea u v o v 51k Thy gUow TV AneBévTev Tpaypd-
TV, ouyi &t kal Bik THv 8o, T dmolav Exouv peTafy Towv, s s TS Bia-
Ta€ers. Tuvemdss Blo ouvBuaopol TV v TpaypdTwy dvd k elven BiapopeTikol
Hovoy Sraw Biv drmoTeAoUvTan &Id T& aUTd TrpdyporTa.

& Utrohoyicwpey fi5n 1O TAfiBos TGV BixpopeTIkEdY TUVBUGONGY TV v
TpaypdTwv dvd k. Ak TO TAfBos ToUTo, dmep TaploTépEy Sid ToU oupPdiou

v
( k) A ZX loyver ) dxdAoubos :

ITporaoic—To nhijfog 1dv ouvdvaopdy v npeypdtov dva k didetar Hrd
©ob timov :

=1 -(v—k+1)
(1) 2=ty o

'Anédeill; 1 "Ag kodéowpey x TO TAffos TEV ouvBuaoudv TéV v dvdk k.
"Edw &g Eva TuydvTa ouvBuaoudy &Y v dva k, SnA. 2w els Bv TUXOV UTroguvoiov
pé k otoixela Tou E EkTedtowpey Tréoas Tas Suvertds petadéoels TGV oToryeiwy
Tov, ai &mola, s yvwoTdy, elven k!, 8& Tpokipouv k! SiatdEels Tév v dve k
(Br1om E&oTn K TOV perodéoewv auTédv mepityel k oToyela &k T v). "Edw
TouTo Yivn €ls Ghous ToUs ouvBuaopols TéV v dvd k, Gv T TAffos ékohéoapey
x, 0& mpokuyowv : x - k! Biardes &Y v vk k.
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Elvon & olten mloan ai Sioardeis Tév v dvd k, 81811 1) Tuyoloa ¢€ aUTdy
TpotkuUyey &Td TOV ouvBucopdy ToV ExovTa T iBia wpdypata. Al SiatdEss
aUron £ &Ahou elvan Sidpopor peTall Twv, 51611 Soon pEv Tpotkuyay K Tod
adToU ouvBuaouol Siapépouy koTd TV TEEW TEV TpayudTwy aUToU, doat BE
Trpotkuay Ek Blapopwv ouvbuacudy Biagépouv katd fv TolAdyloTov TREYLA.

ZUVETTESs EYOpEY x - kl=A}

"ANAG (§ 237) : Ar=v(v—-1)..(v=k+ 1)

¥ Ay viv—1)---(v—=k+1)

Apa: X — kbl\ = ¢ ) k(! —= (2)

A &v Tebf x ::( }\: ) pokyUTrTEl & TUToS (1).

KoaTta TavuTa elvan :

5 5.4.3 T gaan il
(3)*1£§*m'(4)“ﬁ—727

"EE piopou Beydueda 6T :

(-0

"E&v moAdamAaoidowpey dpibunTiv kal TapovopeoThy Tfis (2) émi Tov
dpiudv: (v—k) (v—k—1)..-3.2.1, 8omis ypdgeran wai: (v—k)! Eyopev
BraBoy ks
M R DR 1) SRS =kERI (Rl (v=k—=1)" 3v2l

i k! ik k! v—k) (v—k—-1)...3.2.1
vl

kT (v—k)!

S

=35;

Wl w

Mé &Ahas Aégeis :
IMépropa.—Té nhijbog t@v cuvévaspdv v mpaypatey ave k sidcton Oro
tol timov :

v v!
(k)'mu:m@ )

‘E@appoyai: In:Aidovier tnta onpeia pij keipeve ava tpic éni evbziog. [ooe tpiyove
elvar duvatov va ketaokevaabovv, Gv évocopsy tadte 61’ edOsudY.

Aborg: Tpopavids kataokeudfovtal Tdoa Tpiywva, doct eiven ol guvbuaopol Tév 7
TpaypaTwy dva 3. OUTws Exopev :
( ; ) = ‘]ng = 35 Tplywva.
20 : Mia Exnaibevtiki] nEpLQEpera npoKeLTaL v ouppetaoy tic piav foptactikiyy Exdhioory
e mevrapel.obg avrinposmneias. *Enchéynoav appkéc 4 pabitpuar kai 7 pabnrai. *Ex tov 11
abrdy dropav tocas dugopetikag neviapeheic opadog Suvapcbu vu axnpaticopey Gote va nep-
Eyovrar: a) 2 pebiitpar, B) todhaxiotoy 600 pabitma, 1) 16 noli Sio pabitprar;
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Aborg: a). Al BUo padfiTpien Buvavran v Angolv &md Tas 4 Ekheyeioas kaTd ( é )
TpoTous, tud ol 3 pafnTai, of dmoior B& cupTAnpdToUY THY dpdda, SuvevTal v Angolv &mrod
— Wt , e - . 5 =
ToUs 7 EkAeyévTas KaTd ( 3 ) Tpotous. "Edv ExaoTos TV TpedyTwv ouvBuaopdiv ouvBuaotij pé

EKaoToV TéY SeuTépewv B Eywpey

4 7 4.3 7-6-5
2 7(2)(3)"‘”1-2 S e
P). Eis thv Seutépav mepirTawow 1) dpds 6& mepiéyn 1§ 2 pabnTpios kol 3 padbnTis

" o 7
(o-rs ol Tpémor oxnpaTiopol elven : ( g ) ( 3 ) =21 0) fi 3 padnrplas kad 2 podnTés

5 = 7 . ;
(O'TE ol Tpd1ro1 oynuaTiopol elvan ( ‘; ) ( ) i 4 pabinTpias kad | padnTiv

5 £I8. 4
(cm:. of Tpdror oxnuaTiopol Even : ( 4 ) ( ) )

- “Apac:

= (3) () () () () (D= asr-m

¥). Eis Ty mepimrwo abtiv ikdotn duds 8& mepiéyn A 0 podnTpias kad 5 pobntés, 7 1

nadfTpiaw kal 4 padnTds f 2 pabntpias kel 3 pelnTds. TkemTToUEVOL dos Kad el THv TepimTRoov B)
ExOuEV :

:(g)(;)"' (?)(1)"'(3)(;):1-21-%4-35—1'210:371.

§ 240. "AEloonpeiwTot iB16TNTEG TGOV AMAGV oUVSUATHGV.— 'Edv €l
&v Umoovvolov A Tou E dvfikowv k oTolyEla, Els TO oupTTAnpwpaTiKéY Tou A’
B& dviikouy v — k oTouyeia. ‘Emougves els ékdotny EkAoynv évds UTroouvdlou pé
k oToiyeia dvtioToryel kal pia Ekhoyh ToU oupTAnpwpaTIKol Tou ouvdlou pi
(v—k) oTolyeia kol dvTioTpogws. Kot drohoubiav & &piBuds Tév Umocuvdiwy
ue k oToiyeix évtos Tou E elvan Toos mpods Tov &piBpdv Tév Umocuvdhwy pi v — k
oToryeia. ToUTo B¢ BrarumrouTon kal cos EEfs

'Td 16t ng I.—Ta nhijfog tév cuvdvaop®y tdv v npayparav ave k siva icov
npodg 16 wifjfog 1@V cuvdvacpdv t@v v ava v — k.

"Hiror () =0 25) )

‘H Ayeppixt) &mddeigis elvan mions elkoAos.
Mpdypo

("ik ) <Vvk5'!"'|'§!—'(u’:k)1! 3 (T—_Ulﬁ il ( X )

Hapatpiosag : a). "Ex tol tUmou ( ;’\ ) - ( " ¥ k ) vfll: * 5.12 1(;}
Exopev mpopavds 1 (v — k) + k = v ik kdde v kad &1k kébe k. Mi GAAas AéCers tav o - B = v,

ol ukeneh

2 2
OUTtws ¢ Tijs ( f) = (k ,02), EmeTon k= 9.

-+
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#). Els Thv wp&&w 1) 18167ns | p&s 5ider THY BUVaTOTNTO V& eproprofdopey els TOY UTTOAOY -

- v o . v . » v : . ¢ .
oudy TOU ( K ) povov Bi& k = 5 sid11, &v k > 5 1éTe Umohoyifopev TO ( " k)
g

vl TOU ( ‘{\ ), koddéoov elvan ToTe:  v—k < \2: :

(50)-= 2049 48 . 47 — 230 300.

R, Tk (i%)-f 4 T

srotng 1L.—To nrijbog thV suvdnaopdy TOV v TPETRATOV ava k iocobtar
pé o nhijog T@vV cVVEVASHOY @y v — 1 mpaypatov ava k, nognpévov Katd to
niijlog 1@V cuvdvacpdy 1AV v— 1 npaypdrov éva k —1.

VN v—1 v—-1
()- (") (o) 2
*Andderbrc. ’Av&xmpoﬁweg Sard O BeuTepov pERos Tis (2) EXOMEV
(v—l)+(v—1)wi _(1—1)! (v—1! )
k ke )= T =1 = =D~ 1t DT
' Jr==101 L ,(L oL ,)7
T k-0 —k-1)! PRSI Y )

w—-1! v e o
= E=DIe-k-D! kv—-k) kO k)r( ) oeam

Tsrotng IIL—loyden:

"Hror :

v v v—Kk
(k+1):(k)"k’¥'i 5
TpdynaTt :
( v )__ v(vfl) (v-—k+1)(u—k) (v) -k
elgisp i iy Ck-(k+ 1) k k+ 1
ARG PR R 5
546. ‘YmoloyloaTte Tous (l ) ( ) (181 ). (193). (3)
547, AelEare &1 ( ) ( ) (166 )
548, 'Edv ( ) (klsz), v epefolv ol (l;)
549. "Edv ( ) ( )A 44 : 3, vé elpeBij & puotkds GpiBuos v. .

550 ’Edv A% = 3024 xoi () =126, vaelpedfio k.

551, Téoa UmooUvoha pt k oToixeia, €€ &v 2 otoryeia elvar Gpioptva, UTEPKOUV els &va
Uvohov pé v oroiyeia (v = 5); ‘Opolws ut 3 dpropéva oToryEly; ‘Opofws ut 4;
552. Tléoon 5—abes YapTidv &md plav Stouny 52 Tanyviox&pTwy BUvavTal Ve mepIEOUV

4 &ooous;
(Yrodatig 1 A&Pete U Syw THy Trpenyoupévy &oKNaW).
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§ 241. "Ewavalymrikoi cuvduaopol.— "EoTtwoay v SropopeTikG mpdi-
YHATO &y, Q. .., 0 T& OTrola BewpolvTan oTorysia fvds ouvdiou E.

KehoUuev  Enaveknnrikoy ovvdvaopov Tév v adridv TpayudTwv dvd k
kafe ouvBuaouov els Tov dmoiov EkaoTov otoiysiov (mpdypa) SUvaton v fra-
vehapPdveton 16 oAU k gopds.

Elvar pavepov &m1 tédpa Suvdpebo v Eywpey ff k=v il k>w

“Omeds els Tous &mhoUs ouvBuoopols olTe kal gls ToUs dravednTrTikoUs &y-
Srapepousho pévov B1& THY gUay TGV ATgBivTwY otoryelov e ExaoTov cuvBua-
POV, olyi Bt Bi& T Béoeis, &g Exouv TauTa peTally Twv. ‘Emoptves BUo Erovo-
AnTrTikol ouvBuaouol 6 BecwpolvTon BiragopeTikol ép” doov Blagipouy kard THY
QuUOIV Evdg ToUAdyioTov oToiyeiou Tou Trepiéyouv. OUtws of ErovaAnTTTIKOl
owvduaopol Tév a,, o, oy dud Slo elvar of &7 ;

o,Qy, Oy, g
Oy, CyCty
050,

“Quois, of Emavadnmrikol cuvduaopol TGV Qy, o, Guva Tpia elvon of €7 :
ESESSP SSESEPY Q0L A& pQly,
SnA. ke cuvBuaouds (BravodnmrTikes) dmoteAeitan &mwd 3 oToryeia, &k TV
omoicov Té SUo #) kad T& Tpia SUvawTon v elvon T T,

O& Umohoyiowyey f8n TS TATifos TEW EmaVeANTTTIKEY cuVBUGOUGY TEV v
TpayudTwy &vd k. Ak O wAfifos TouTo, Smep TAPIOTAOUEY B1& ToU cuuPBdiou
8%, loyue 7 dkdhoubos :

I1pétaocig—Tod nhijfog 1@V Enavalnnik®dy ouvdvoopdY TGV v Sragdpuv

neteld tov npaypbrov ave k, icottar pé 1o nifjfog @V andidv cuvdvacpudv
OV v 4 k — 1 npaypdrov dave k.

1)

"Hron : El=mrtht ( v-{--]]{( b )

"Andbeibig. Elven gavepdv &ti ol Eravanmrriol ouvBuaapol tév v v fv elvan doa Kad T&
mpdypoTe, fitor: §) = v
“YmoBtawpey Shous ToUs EmavanyTikols ouvBuacpols Téy v dwd K, yeypaupéveus els tve
riveko:. Els adrdv 8& edpowpey, kard Slo Tpdrrous, wooas Popas tppavileTan T Ev Kk TEY Sodbv-rwy
TPAYHATWY, .. T ay.
a'). “ExaoTos ETovenTTIKGS ouvBuaouds wepéxel k wpdypara, Aot ol U’ Syv ouvBug-
ool B mepiéyouv k - 8; Tpdrypata. Aobévtos Bt 11 Té v SragopeTing TpdrypaTe tpgpaviZovran
lodkis els Tév rivare, ExaoTov &€ altédv, Spa kal Té a, tppavideTon :
k-y &
S = é"é Popds. (2)
). Tous ouvBuaouols Tol Tivakos Siaxplvopey els Slo KoTnyoplas : els Tols TepIEXoVTas TS
oToryelov a; kal.els Tous uh Tepiéyovtas alTd. O elpwpey Tehpa kal kot EAhov TpdTOVY Tdoag
gopds TO oy repiExeTan els TOV Tivaka TdY EravadnTTikGY cuvBuaoudy. Secopoiipev Tols o
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veAnTrTikoUs cuvBuaopoUs of dtroion Tepixouy TO o, 'Edv dpatptowopey &1rd aUToUs Eva pdvov
&md T o, T& &Toia mEpiEouY, TETE aTol B mepiéyouv k — 1 wpdypaTa xad Ba eivar dhor ol
travoAnTrTikol ouvBuaopol TGV v Tpay pdTwy Gvd k—l fitor B elvan ARBoUs L) kod auveTrdds

e RO i : k —
karé THY o) TO oToiyEiov o, B EppavileTan : —-—i’-f{_:,"k_, gopds. 'Edv Tdpa els TO wAfbos
- Wg;; | ToV o, TrpogBéoeopey To TATifos TéV &paipebivTow oy, 6 brrotov elven 1. (Bi16T

EkdoTn doaipests ToU «, ESwoe Eva EravaAnTrTIKOV ouvBuaopov TV v dvd k — 1), eUpiokopev
Téoas popds EugavileTon TO oy els ToV Tivaxe, fiTol traveupiokopey Tov &pifudv, doTis Ta-
péxeTan UTd Tiis éxppdoews (2).

"E§igouvTes Tas 800 él(q)pércrmg Exouev :

k —1
= gx* ~—— i1 + Eir
*Ex ToU Omrolou -rrpom‘rrrrsl S dvaywyikds TUTOS
v+ k =0
By =G 3)

*Epappdlovtes avtov &uix k= 2,3,..., k kal moAlaTAao&fovTes TS TTPOKUTITOUGCS
loéTnTas Kord péAT, peTd Tas &TAOTIOIOEIS eUpioKopey :
YD+ @+ k=D)
G - @
"Edw els Ty (4) Béowopev: v+ k— 1 =, Steeivan v=p—k + 1, elpiokopev:
pu—=1y--w-k+1)

[ a3 e

i + k-1
: si=t = (" TET)

‘H mpdTaots &Bev dmedeiyfn.

Koatd TabTa elvean :

&5 — 31 _ 8 ): iBadr B4 56
e 3 3 1-2.3 :

'Epappoyn: [Mocovg dpovg Exer Ev mAdipeg 6u075vér, nolvd@vopov népntov Pubpod dg
npds X, ¥, %;

Abarg: Of 8por Tol mohuwvipou B& elvar Tiis popefs : xK ¥ kot BB kAt p=5.
*ARMG ExaoTos Spos Flven els EmavonrTikds oUVBUGTHOS TGV TPIGY YPRMUETWY X, Y, & Gva 5
(.. XY’z = Xyyyz, X3y® = XXXY¥,...)

“Apa Td {ryrolpevor mAfBos foolTan mpds 16 TATiBos TGV ETavaAnTTIKGY TUVBUATRGOV TGV
3 mpaypdrwy dvd 3, fiTol :

§i- () =)= ()= -

AZKHZIEIZ
553. Tldoa dképaia povdovupa Tiis HOp@Tis ok Eky” TeTdpTou Pabdpol ds Tpds Ao duol
T& yp&upoTa o, P, ¥ Buvépeda va oxnuatiowpey;
554, 'Eav A = 840, v& Umoloywodij & dpbuds: &3.
555. MwoTol dvTos 6Tl ( 1k8 ) = (k lf 2), vé& eYpefolv of Iy kal g;
556. N& drobeiydij, 51 Tfis fewpias TGV ouvBuaoudy, 11 16 ywduevov v Braboyikdv &ke-
pajeov elvan mévToTe SioupeTdv Bicx ToU yiwvouévou: 1.2.3...v
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557. Na& ebpedi) 1o mATiBos Tdv Biarywviwy oluydvou Exovtos v kopugds.
558. Na dmoberyfiy &éti:

0 (E)'*?(kil)-'-(kiz):("}f2)' B) ('u’ﬂﬁikl)(kv—l)z(ﬁ)'

559. Aeifate 6m1:
1 HS: (5 ) =2
k=1 k '
560. N& &moberydij 611 :

R0l et e
B (p)+2(p-—l)(p—2)f(‘):2)'

§242. Tod duavupikdv Bepnpa.— "H émopévn mpdTaos pépovoa 16 dvopa
ToU Newton 0 &mroTehel 1O Srwovupikov Becopnpa, 1O omoiov &iel THv yevikny Ex-
PpoCv Tou dvamTUypaTos (X 4 o) .

Ip6taoig—Auw kabs (ebyog mpaypanikdy apOudv X, @ koi did kale veN,
ioy0er 6 timog (tob Srwvipov ol Nebrwvog) :

S Y v v v v—1 o - ¥ Oy I R i v—k gk_L. ..
o= (s (@ (e
: ’ (1)
o L v—I1_|_ v
'!(‘v—l)’“1 ‘(v)a
'Anodabic. ‘H mpdTaocis wpogavéds dAndeler Six v = 1.
"Eorw &mi loyve Bia v = k, TéTe:
(x + o)k = (g)xk-l' (llc)xk*‘u'l' (g)xk b (kEl)mlhl I (]lf)uk
kad (x4 o)kt = x4+ )f  (x + @) [(g)"hl(l]()xkl + (k 1) S
k o
ot () () s

F ()b () et (K ) et (K Y <
;,(g)xmw, [(lf),!,(k)]xku; ..... |.[(§)5,(kr1il)]xak_*_(§)ch-il_
“Emraitn Sues (§240, B) ¢

(") + (k21)
il ) (t)=1=(ti‘;i).
k—{i)—])xkﬁfl_{_(k-il—l) (k 1) gl b
Cfp e e

* Isaak Newton (1642 - 1727) &donuos "Ayyhos pabnuoTikds, guoikds kol p1Aboogos.

Kol (§ 239):

EYOMEV TEAIKGIS :
(x + o)k H!

I
—
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fitor 1} wpédTaos dAnbedel kal i Tov puaikov dpiBudy k - 1, Eropéves, Buvéuer Tiis dpyfis Ths
Tehelas Emaywydis, altn loye Sid k&be puakdy &piBuov v,

‘0 TUtos (1) ToU Siwvinou ypdeeTal ouvTopws 6 EEfs

x4+ a)y :éo ( ]: ) xv—k gk (2)
‘Emeidt) 8¢ (§ 239) elvon : ( ‘I ) =V} ( ; ) = _vgv%l) o e

Mt

6 TUmos (1) Slvata v ypogf] kal olTw:

ey =t et ab WD g2 oy WDOD s gy v |3

Kara TaUTe elvan :

S5Ee o 6 b g5 E
(X*I‘G)°=X‘+6X'u+ lf.fi..xi.a +- 1‘2.3 X3 4 T2 X&‘+6XC\'"+ at =

= X% + 6x%a + I5x%a? - 20x%c® -} 15x%ad + 6xa® -+ of.

Iepatnpioeig ini 1ol dvantoypatog tod Srwvopov: a’). 76 dvdntvypa tod
(z+a) clvac év nAfjoes duoyevéc molvdwopor, v fabuod, dwtetayuévoy xara tig
xatwioag dvvdperc Tod T xal Tag dwedoag tob a. Fig Exagtov Ggov tovTov T
dbpowopa Ty éxletr@v 100 = xal a elvar atalepor xal loov modc v.

B). To nkijfos vav Spwv tod dvamtiyparos elvar v 1, 16T Utrépyouv
w&oo of Suvdusls Tou x &md Tiis unBevikfis péxpt Tiis v—ooTiis.

¥). Ol dpor T0b @vantiypatos tod (z+ a)’, ol lodug dréyovres Ty drpwy,
Exovy loovs ovvtedeords. ToUto TpokUTrTeEl duéoeas &mrod Tov TUov (1) Tfis § 240,
BeSopévou 671 of ouvTeheoTal TGV Gpeov ToU dvamTUypaTos elvan kaTd CeEIpdy :

(o) (3)(z) () () () () ()

&), "0 Bpog rdbews A Tol dvamtiyparos Tod (T4 @) elvar o :

¥ v—A+1, gh—1
(Z_I)x 8

ToUto mrpokimrTer &md ThHy Sidtafv T&Y ouvTEAETTEY ToU dvaTTUypcTos, Kb’
fiv PAémropey &1 6 los Spos Exel cuv’re?\em’ﬁv( ‘6 ), 6 20s: ( \]) ), S 3og: ( ; )
kal & A% Eyel guvTeAeoTHY (7\ i 1
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). "Edr v dotiog, loog meos 2u, tdte 16 mAijflog v+ 1 Tdw Jpaw elvar mepir-
T0v xal gvvendc vmdoyer 6pos pé péyiatov ovvredeotijy. "0 dpog ofrog xalsivar

v P
recaiog 8pog xal elvar Talews —; +1=pu+1, elvar dé o : ( s ) gt

S ; ol o
o7). 'Edv v meptrtic xal loog mpds 2p -+ 1, tdve vo mwhijfloc v+ 1 vawv dpaw
108 dvamrdyparog (x + o) elvar dotiov xal gvvends dnapyovv d00 «eosaiow Gpor
(of Zyovrec peylotovs ovrtedeotdg). Otror elvar oi:

(;).’E”“a“ xal ('u:_ 1) o ant!

xal Eyovy foovg ovvteleotds.

Egappoyai:In: Na copedi) 0 peoaiog dpog 100 dvantdypatog (2x — xH)12
Abarg: To whAfios T@V Spov ToU dvamTUypartos elven: 12 4 1 = 13, émopévess &

Heoaios Spog elvan & '; + 1 = Tos, & &woios 8& elvan :
( 162) (2x)* - (—x2)° = 59136 x!8.

2a : Né eopedi, sav dnapyn, & dvegdpnrog 100 x Gpog elc td dvantuype :

(2x3 =+ %) m'

Abarg: ‘O yevnikos &pos Tou @5 Gve &vaTrTuypaTos elval

( lkﬁ ) 2xny' K (2 )“ P ( 1:’)21& K gk | 484k

x
D&k v elvan GueEapTnTos ToU X 0 TrpéTrer : 48 — 4k = 0, ¢§ 0¥ : k = 12.
"Apa & &ueEdpTnTos Tou X &pos 700 dvarrtUyparos elvar & 1305, daTig elvan :

16+ 16 _16.15-14-13 5 4, 5. 713,98, 30,
(12) _2‘_31,:2(4)_24_3uk,,,1..._2-3_4 2¢.3

31 : Na e0pebi] 6 suvtelEaTii T0D X' £l T0 avantoype @ (2x® + a)'’.
Adorg: ‘O yevikds dpes ToU &vaTrTUy HaTOS elven

(7) et (T2 5200

“lvar & x eVpiokeTar tywptvos es Ty 12nv wpémer: 3 (17 —Kk) = 12/ k = 13.
*Apx & guvTeheoTis Tou X2 elvai
7y oz = ( 17) bR e L R R
(13 S T 10034

§ 243. ‘I1516mTEG TV SUWVURIKGY ouvTeAEoTQOV.— o). "Edv €els Tov
T0mov (1) 7ol QuaTTUyHoTos ToU Siwvupou § 242 Btowpey x =1, a=1, AauPd-

VapEy (;)y(:)+(;)++(:)2 n

‘0 timos (1) yp&peTat ouvToucs s EEfis :
rf R 5':("):2"—1. 2
xgu( k ) S =1\ k @
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Méopropa.—’And k@b ocdvolov 10 omolov mepréyer v ortouyeia, oyxnpati-
Coviar 2" axpifidg drocivola.

. e . < , ! x v . f
Mpdyuari, Umédpyouv ( 0 ) Umoouvoha ue 0 oToiyeia, ( . ) UmrooUvola

Fay 2 v . f L e . §og \ =
uE Ev oToiyxeiov, ( ) UmocUvoda pé 8Uo oToixeia, k.o.k. To dAkdy TAfibos

2

TGV UTroouvorwy alUTév elval, Adyw kol THs 1 :

() (e

B). ’Edw els Tov TUmov (1) Tfis § 242 Géowpev x= 1, a= —1, AauPdvopev :

(VG B o

¥). 'Edv THv TavtétTa: (L4 x)% = (1 +x)¥ - (x+ 1) ypdywpey Umod
THYV HOPQTV

(Ey(T) e (F)eemrl( ) o(B) e
o ORISR OB GRS
()

kol 2610chocopey ToUs ouvTEAETTAS TGV XY el T& BUo wéAn, AcuPdvopey :
Y2 v \2 v\2 v\2 2v
() () +G) 0 =(3) ®
‘H (4) yp&oeTan ouvTdpcs s EEfis ©
VNG 2v
E = !
2 (1) =(V)

* § 244. Mia aEi6hoyog Edappoyr 10l diwvupikold ToToU.

1 \v
"EoTw 7 dkohovlicx  a, — (1 T T) avi=ili 2

AUTn, ¢s 0& Sef€oopev, elvon yvnoiws alfouoa xal ppaypévn, dméTe katd TO &ficpa
(§ 150) ouyrAivertv R.

Mpdypar, v els Tov TUTov (1) s § 242 Btowpey x = 1, a= %, T6TE ExopEy :

= L) vl el L v R ek
“v—(l‘*';):“fTT*-L'_']iz Tl e e e P s
1
g

o
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‘0 yevikds Spos ToU Avew TP dvumbyuu"ros yp&peTan :

"("“1_)1("4;%,32“)1)_1_ (1_H)(1 %) E:i)
"Ofev :
e e B
e DI C R Gy
Kol

pren )
( SipEpale s
&ou ol dpor els TO &vaTTUYHS Tol o, Eve kaTd povéba TeplocdTepol Ekefveov ToU a, .

"Av ouykplvoopey elg T& QuoTTUyHaTa TGV &, Gy 4 & Tiis &pyiis Tous BUo mpdTous  Spous,

Ererto Tous BUo BeuTépous K.0.K. PAETTOHEY, sri i 2=k =v ol dpor Tol BevTépou eiva uey ahu-
TEPOL, B1OTL :

k—1
k—1 1 el )(1_ )
kll(l'rlv_)'“(l—f—v )<k!(]ﬁv+l v+ 1
"EE &\Aou & TeAeuTaios Gpos Toll QvaTrTUypaTos ToU &,y & &mroios Bv Exel dvTioTorov

1
&5 16 dvémrruype ToU @, STA- ) ? = —15‘:‘7 elven > 0.
Qote elvan @ 5, e sk v=123,..-

fito1: 4 dxohovbia @, v=1, 2. €&l yvnoiws abfovoa.

Al elvar ot gpaywévn. “Ev dve gpéyna Bi& ThHY &rohoubiow o, , v = 1,2... elvan
S dpiBuss 3, Sidm

e (L et ) i

il e 1)
N
“loyUer Speos 1
1 LN 9T 1 s k=34
=i eumas Qe g
SBey 1 X i
1 X A il o
=1+ 1ET+'§1'I'+§T+ ‘i‘*‘<1+(11 G ) ov—1
i 1-27 e
51+__ﬁ---]4-<1+#— i 3

*EE &Nhou &mrd Ty &uigdTnTa TOU Bernoulli Exopev:

E = |
=(1+%-)Vg1+v-7-1+1 W
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"HTot TEAIKES :
1 v
5 e, =(1 *T) =3
(816m1 16 2 elven & rpid105 Spos Tiis afolons dxoroubles o, , fiTor o, = 2).
Hea,,v=12,... elvan &Bev yvnolws abfovoa kal ppayptvn dxoroubic, ouverdds TUYKAI-
vel Kooupey :
1] v
e = lim a, = lim (l -+ — ) §
v

opo
‘0 dveTépw dpiodels &piBuds ¢ maller ooubaiov podov els THY "Avéduow kal yevikdds T
ModnuaTiké, oroubaéTepoy dkéun Kal autol Tol &pibuou m (oTabepol Adyou Tou kikAou Trpods
Thy &idpeTpov alTol), ouvbiovTar Bt peTafy Twv ik oytoews, WoTE, v op1obi) O els va OpiteTan
kal & &Ahos' & cUUPOMONOS pE TO AQTIVIKOV YPAUHX «e» elonxfn 1o mwpdTov Umd ToU Euler
(1707 —1783) o 1736.
Aldopev kaTwTépw T& 20 TpdTa Bexadikd yneia ToU € KaTd TNV TapdoTaoiv ToUTou @S

SexaBikfis  ceipds :
e = 2, 71828 1828 4590 4523 536. . .

‘0 apiBpds e dév elvar pyrds elven Bt els dnepfurixog dpiBuds (§ 55).

AZKHZEIZ

561. *Avarrtufare THY ToapdoTaoy (x + 3y)® kal 81" fpapuoyfis Tou dvamTiypaTos
UmoroyloaTe To (1,03)8 pt dxpiBeiov 5 Sekabikdv wneicwv.
562, Acifare 611

B+ (B (D)+ 3+ (-2

: o5 ! i 70 TR 8
563. Elpete Tov Spov &g TO QvamTuypa TOU (2x* =% y’) , & dTroiog TepiEXEl TO X8,

564. N& eupedi] & dveEdpTnTos Tou X Spos TV k&Twh dvamTuypdaw :
[onil2 Ox3 —21\9
9 (24 o) B (=)
565. N& elpefif] & ouvTeheoTtns Tou Gpou x'* el TO dvamTuypa: (x + 2x3)M.
; i qd i
566. ‘Ymdpyer els TO dvamTuypa ( ; = 73--,-(-) Spos dveSdpTnTos TOU X Kai Troies;

567. N& dmodeyfouv ol k&Twbr TauTOTNTES &
o (p)+2()+2(3)+ - +2()) =%
B). (‘l’)kz(;) +3(3)+ oy )=v 2
v:1l4+2(])+#3(3)+ = +o+b())=2"+ v2r!
o (1) g (3) 0 wr (3) b -n
568. 'Eav ve N kai v > 1, Seifate OTi:
2 4"
( VV)> 2-’?
(Yrodaitig : Egapudoate THv péfodov Tis TeAelog Emaywyfs).
569. 'E&v ve N, v # 1, va &roBeybfj é11:

(L) >vi> v+ Sy
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IV. MTINAKEZ

§ 245. Eicaywyikai "Evvoiat — "Opiopol.— Gewpoluey TO oloTnua
TG Eiodoewy

Qtyp Xy + OypXp = Py

Clyy Xy 1 CagXg = Pay

&Trou of guvteheaTal oy TEV &yvedoTeV X; , @ Kol of yveaoTol 6por By , elven Tu-

XévTes mparypaixol dpidpol (i, j= 1, 2). "As pavTaohiduey TP TOUS TUVTEAE-

OT&s TéY Sy Vo TV GUAYEYPOMHEVOUS ElS dploywviov mapdTabiv Tiis popefis :

(cm C(u) A ]:‘111 0‘12] )
Oy Oy Op;  Claa
Tiv Bpboydoviov TAUTNY mopdTaty kohoUpey mivake Tdy ouvrreleotdv T@w

dyviorar. *Edv els Ty dpBoycviov mapdratw (1) oupmepihaBopev kai Toug
cr'rqegpoog épous, TdTE B EycoUEy TOV THIVOKS !

(cm Qyy [51) ﬁ [0‘11 qyp !311 @
i Olgg Be Qg1 Qo P
TOU STrotov KaAOUPEY mivaxa Aoy TaY auvtedeaTar I énm;fr?y:—?ww alvaxa.

‘0 TrivaE (2) Exer BUo yopappds ked 3 atijdag, elval, cs Aéyopev, els 2% 3
TivaE. B ol

Katémy Tis tvoparTikiis Tatns eloaywyfs els THv Evwolav Tou Trivakog
BiBopev Tov EEfs yevikov OPIOHOV :

Kaosuey nivaxe f pitpa (matrix) ué p yoaupds xai» ovijlas, xai tév ovuflo-
A;’(‘g‘uw ué Ay 9 dmAds wé A, piay Golloydvior (an’f rergalymw,m;v) nagc{raéw
doucoy S=18 j=12,...,v), aij€R 7 yerinciregoy a;€C, fitor:

(03]

Oy Ogg - - v
Olgy Olgg - - Cl2v

A= iy (3)
Ayt A2 - - - Oy

ke O’ZVCOTI'Ep(.O 'ITiVCIE qupﬁo}\iﬁe’l’dl gtrions kol @5 L i ]: 1= 112!- ok, j == 112:
sV R [oy Juy B SAGS [ ooy ]
Al opiZévTion v—aBes :
( ey, gy o0 Qv )y (Ctayp Capye - p Sov drer (Guty G2y ooy Ouv)

ot o ypapupuai Toi Trivoxos, ked of v KaTaKOpUpOL P—abes :

Oy A2 £y

Sty Oz Oy
; % CEE ] 5

Ot 2 v

elvon of orijlar adToU.
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Ol dpiBpoi p kad v kehoUvtar diastdoeic 105 alvaxog kol elbikdrTepov & v
&p1Buds u, doTig avepcdovel TO TATiBos GAwvy TGV ypoappdy, koAeiTal «lpogy TOU
mivakos, & 82 dpiBuds v, SoTig pavepwvel TO TARBos OAcov TEY oTNAGY, Kodel-
Tal «uijxocy abtou. Els mivag ué u ypoppds kol v othAas kaeiten els w énl v
miva§ f) mivaf SlaoTdoewy 1 ox v. OTes, & TivaE (1) elven SrooTdoewv 2 x 2,
iy & mivag (2) elvan Sixotdoewy 2 x 3. OF &pifuoi Qjj KaAoUVTal oTotyeia
ToU mivakos. To oToiyeiov ayj KaAelTal 1) «ij—ovrTetayudvy kal EppavileTon els
T i—ypopuny kol j—oThAny. ‘O TrpéTos Selktns i ToU oToryelov ayj, &me-
67 pavepwovel TV ypaupdy, es THY dmolow dvikel TO oToikelov KoAsiTan del-
xS yoappuis, & B8 BeUrepos Selktng j, &meIdn) QOVEPDVEL THY oTAANY KaAeiTol
deletns orjine. Edw elven u= 1, Snhodr &v & mriva (3) &xn piov pdvov Ypap-
uv, TOTE Aéyetan «aivab—ypauury, e tav evan v= 1, SnA. & & mivaf Exn
uiav pdvov oTHANY, TéTE Myetan «alvab—ariiiy». Els TololTous Tivakas ypdgo-
HEV TG oTolxela Twv ouvhifos pé Eva Belktnv, doTis BnAol &uTioTolyws THY oTi)-
Anv | TV ypapunv, fiTor ypdpopey : B

1

B,
B

"Eqv elvan p=v, &nAabdf) étav 16 mAfifos Tédv YPouudy ouptitrn pé T
TATBos TGV oTNAGY tvds Trivakos, TéTE oUTos KaAeiTan TETPAYOVIKOS mival Sua-
OTAGEMS V.

A =G0 0y, el ) i B = 4

Te oTorygeiar : oy, Oy, . . ., Oy TOU TETPAYWVIKOU Trivakos
Oy g - - Ay
Qo gy « .« Oy
A B )
Qyy Cy2 Qyy

Aéyouev &1 dmoterolv THV mpwredovaay dtaydmor almol, kol T oToryEia :
Oy, Qgpy—1, - - ., Cyy, TV devTepedovoay diaydvior alrou.

‘Eav p=v=1, dnhadn &v & mivaf Exn & pdvov oToiyeiov, TéTe ypd-
geTon (ayy) A &mholoTepov ayy, £’ Soov Bév Umrdpyer dPos ouUyxUoEwS.

Eis Tetparycovikds Triva ToU émolou Sha T ogToixela T Kelpeva EkTds THS
TpwTevolaTs Siaywviou elvan undév kadeitan Sraydvioc.

“Oraw &ls Eva Siarycoviov Trivaka SAa T& oToiyele THg TpwTevoUans Slaryco-
viou igoUvTan pe 1, ToTe olros KaeiTan povadiaiog f nive povag kol TopioTaTan
ouvnfBos pé T& ypdupoTa E A 1. OUTws, &k T&Y kdTewdh TIIVAKWY :

2 40! 0 ;'_ S T
(Gl 220 ) ] , O E
i RG] 2 el (0= |

O mpddTOoS elvan Brorycvios kai O SeUTepos povadiaios.
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Els mriva€ ToU 6moiou SAa T& OTOIXEIN efvon undév, kaheital pndevikog mwivak,

Kot TapioTaTton pt O, Aot :

50 50
0= OO 5.0 (6)
0. .0
*Edw els Tetparycovikds Tiveg Exn T& OUMUETPIKG Trpos THY TpcoTelouoay
Siarydoviov aToryeiar foa, Snh. &v aij = i, KeAEITON GURPETPLKDG,
*Edoy & oToryEia EVO§ TETPOY WVIKOY TivaKos T CUMMETPIKE TTROS TNV Tpu-
Telouoav Siaydoviov elvon GvTideTa, Ator &v oy = —qj, OWOTE o = 0, TOTE Ko

Aeiton avriooppetpirds.

Olreos, 8k TV KATWHL TIVEKLU !

e [From=sesssil
Vi [ 3 0 -4
=l b 1ﬁ‘ L-5 4 ofJ

6 TP&TOS elva TUPHETPIKOS kol & BeUTEPOS GUTICUHHETPIKOS.

Ol Trivakes dév onpaivouv Tp&EIv TV peTafU TGOV oTorkEiwy aUTdv, TouTo
Bucws Biv tpmrodiie vé Eyouv oUTol piow paﬁnuu'rmﬁmv twoiav. OUtws, . &
TvaE (o, B), émovu o, PE R, elvan Ev BraTeTaryuévov GEUY oS dpl@uﬁ&w kol TapioTd,
Cog YvwpiZouev, fva pryadixov &pibuov. Of Tivoxes Bev dfow?\ouv povoY Vi pa-
Onpamixa oUppola, elodyovTal wai G véa arToryela gl TéY drolcov BibeTan 6 opi-
OudS T lodTnTos Kol dpifovTan TPGEES, das f) wpakis Tis Tpoabioecs kai Tol
oA aTAaoaopoU.

To oUvohov GAwy TGV TIVEKDY HE I ypoupds kai v oTiAas, B maploTata

HE .

MeTta€y Tév oTolXEiwy 100 IM,xv OpiGouev Té EEfs :

§ 246. "lodTng MVAKWY.— Alo Trivoxes A =[ai] kai B=[Biy] Tdv
AUTEY Siogtdaecy BX AbywHey ST1 £lval {ool, kal 8 ypéewpev : A= B, ToTe, kai
Wovoy Téve, &y & dvTioTora oTOIKEX autév elvan log, fitol:

)

— i=1L112...
Ape=Bugy > oy =By N =12, v W

pavéss  adromalls, coppeTory) Kol petafatie)
Guarri ;). *Ex T#s (1) TpokUTTEl OTL 7 looTns Sﬂo"uxv muc’:xofu ei\iou ‘icoﬁ\}‘ucm?g
TPos &y oUgTNMe Y-V I0OTATWY play 8 EkagTov Z;Euyoi D’TOIX)EIC\)V. (‘)olplcuos Tf)g
lcrc':'rﬂ‘rog Twékeov, peTabl GAAWY TrAEOVEKTTIHETWOV, uotf; TTaPEXEL ::<m ‘ulcxu’S;euxo-
Z\UUU‘V els Ty oUvTopov YoV BlopopwV OYETEWY, WS TTX. B1& TNV oUvTopov
&ppacv ouaTnudTev. Katd TauTa 1) Expaols

H oxtorg altn elval TPO
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N& Aubfj 1 éSlowos : ( E Rl it ) & ( :15 i) elvan {ooBUvapos,

X—y 7 — W
oUPPLYS TPAS ToV dptopdy (1), pé 1o kaTwb oloTnpa :
x+y=3 x-y=1 2z4w=5 z-—w=4

*H AUgis Tou ouoThuaTos TouTou elvan: x=2, y=1, z=3, w=-1

§ 247. NMpoéoBeoig mvakwy kai aplBunTikdg moAhamhaciaopés.—
M v éplowpey 16 &Bpoiopa SUo vk, Becopoupey dvaykaiov, dmrws oi &lo
Trivakes Exouv TOV alTov &piBuov ypappddv kal oTnA&v. Katdmv ToUTou, &v ol
ivokes A = [ai;] kal B =[pi;] elvon Tév adTddv S1o0TdOEWY PXV, TOTE QS
d0porepa alTédw opileTon & pxv Tiva§ [=[yi;], ToU omolou TuXdY oTOIKETOV
efval &Bpoioua TéY duTioTolxwy oTorgelwy Tév mvdkwy A kai B, fToi:

i=1,2...,p
r=A+B = oy + M e
+B <= yy=oy+pby ¥ fe n
’AvaAuTikTEpOY, AV ¢
Oyp Uyg -0 Qv B“ pu e B]V ]
ety g foucioimal o e b
Qpr 2 - - - v ‘Bu] [3“2 p“v

1é7E o5 Gporoua alTdv bpileTan 6 Tivag :

oy + By Sypt Prg - - oty By ]
g+ Boy Aozt Pz - .. v+ oy

Gyt + Bur Gz Bz + - A+ Py
‘Qs yvopevoy £vdg apilpod ke R Eni mivaka A Spifetan els mivag, doTis on-
peroUTan pE A-A i &mAds AA, kad TpokUTTEl €k Tou A Gv dAa T oTOIKEIX Tou
ToAAaTTAaolacBouv émi A, fiTOl:

Aoy Aoy .. Ay
Actgy Adgs . .. Actzy

A+ B=

AA =

MapornpolUpey &T1 & AA elven émrfons els uxv mivag.
*Errions Opiloupev :
—A =(-1)-A kai A—-B=A 4 (-B).
‘0 rivaf —A 1ol dmotou oTorsia elven T& duTiBeta TGV oToryelwy ToU A

koAeiTan dvrifetog Tol A.
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o5 ,
s Bt 20 S5 784 2
(% T )"(13 w12 7_13)

an-sao (B Sl 5 Ba=(3 1 )

*§ 248. "Evvola Tol Siavuopatikold ywpou.—To olvorov “W("“'va
Tvdieo pé 1 ypampds ke v oTiAas Exer Epeabiaotdi ue 5Uo mpdages Ty Tpdode-
O Trvédkeoy Kol Tov TOAGTIAGOI0oRSY Buds Trivakos Tl TRy HGTIKOV &piBuov.
Al pdEers altan Exouv Tés droroudous Buoikds iBi1oTNTAS, &5 duvaTad TIg v
&moBe(Er) edkdAws : ; ; L

Mk TuyGvas ivaxas A, B, T€ Muxy KAl TUXOUTOS TIROYHATIKOUS GPIEIOTS
k, A toytouv :

Ipdabeots i [oldandaotaopos éni apluo
(i) A+B=B+A \ k (A+B)=kA kB
@) At @E+D)=(ALB+T | GENA=LAHMA
(i) A+O=0+A=A ‘ k (AA) = (kA) A
(iv) A4 (A)= (A +A=0 | IA=A

SUvoha, o5 TO TUVOAOY TGV Twdkwy Muxe HE B YPIHPAS kad v ?T‘T]?‘\C(g,
éq’ms‘ucuévo’t ué Buo Tp&gels THY Trpbofeoiv kal TOV moAAamAcTiaopdy €l dpt-
Buov (ouvTteAeaThy) Kai §1& 1&g Goias ioyUouv ai dvewTépe 1816TNTES, KOAOUVTXL
ﬁtuv\m art .

kol y@por. : . T

Eilsl ™V -rrs?;inp—rcocw UV TA oTOIYEIX TOV M xv KEAODVTCL Oraviouara, T
B¢ oTorysia Tou R xahouvTan fabpmta (h #wredearal). O jTl’\\F)CfKES R’m-rrc,w elvan
T Slaviopara vds SIGVUOHATIKOU YCIPOV. Uepl Tiis BEEAE}\:meUS Ewvoios 100
Slavuoperrixod ywpou O& yvopiowiey TEPIOOOTERE El§ v EkTnv TaGw.

§ 249 MoAAamAaotacHog mvakwv.— Eotw G 16 alvoov SAwv TGV
Tvdkeoy: 'I:éTE petall GopIopéveV Leuy v ¢€ alrradv OpileTan pie rp&Elg koouptu
mohumhacracpog s EETS : |

a’). IMollanhaclacpos «YPUPPT il cr‘tt'],'kﬂ'v i Ec-roo‘ouy A , 7\(0&) K.u(l
B=[,] suo mivaxes, & dv & TPETOS elvan els TrivaE—ypauut| e v oTNASS Kal O

: ¢ /] € I 3 ’ . > P ) .
Betrrepog v - oTHAN BE VY ypappas' TOTE Spifouey G5 ywouevov aUTiy A.-B
e Trivara pt fva ororyeiov oUTe -

P1

2 a5 fa 1
A-B= (o, oy - Oy E?" = (B + ePa + o Bv) M

Py _
F). Morranhacroopos mvaKoy “EgTaoav Topa BUO ELVO0CES Ay *‘J Qi) € f;?{
kai B, = [Bin]€ S, ol omoiol TAnpoUV TV ouvBfxny : 19 ndijlos T@v gTnidv
Yo L Pk ’ B b 2 T ' £ 5T

ToD (moditov) A leotrar pé 10 mAfjleg T@®Y ypapuwy TOU (devtégov) B. ToTe oot
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Zopev s ywopevov A, - By, T@V Tivakwy TouTwy, tva mivoaka T, = [yix ], TOU
dmrolou TO TUXOV GTOIXEIOV Yix TpotpyXETAl EK ToU TIOAAGTTAGCIaOHOU TS 1 ypok-
ufis ToU Trivesxos A i Thv k otiAny ToU B, elvan BnAadn :

Sy Oy - - Ky Pii Bra--- Py Y Yiz: - Yip
by g . , OO o1t Pag 2o Ba gl Y
A By, = | ¥ % 2v Bur Pua Bao| | Yo Y bt (A [
Ay X2 .. Oy Bu Pz P Yur Yuz - Yo
v
dmou  yix = ai Pik + iz Pax + - -+ e Puk = '21 i Bik
e

Mpogavés & mivag T éxel p ypaupds (Soas 0 A) kel p atiras (8oas & B),
SnA. B Eycopev : At Bug= s

Tovilopey 611 : 1o ywopevov AB Btv dpiletat, &v 6 A elvon els uxk mivag kal
6 B elvan els Axp mivag, dmou k # A

Mopaderypa lov :
I 2 Aol ek 10+
( 1 3)( 1 -6) (-l-(-—2)-! 3.1 1.0
2o0v :
(34) (02)=(5
(02)(32)=(on %
*Ex ToU Beutépou mrapadelypotos oupmepaivopey, 8T 1) i816Tns THs QuTipe;
Tabéoews fv TG TOAAGTIAGCIOONE Biv foxUel Yevikéds émi Tév Tivékwy.
‘OmwobnmoTe dpws 6 TOAAXTAGCIAOHOS TIVaKWY ikavoTrolel Tds &koAoU-
Bous iBi1éTnTas, Ep doov PePaiws ai onueloUpeval karwley Tpddels elvar ExTeAE-
oTal, fitor ép’ Soov kot TOV MoMAaTAaoiacpoy Suo mwékwv AB TO TATfoS
TGV oTNAGY ToU A oupgevel pt 1O TARBoS TGV ypapuddy Tou B :
1) ABMN=(AB)TI (nwooeTatpiate 0WTIS)
2) AB+D)=AB+AT (émpeoworinng iddtns é& dowotepiv)
3 (B+MA=BALTA (émueowrin) iditns éx debuiv)
4) k(AB)= (kA)B= A(kB), émov keR,
Maparnpoupey 611 OA = A0 — O, &mou O elvon & pnBevixos mivag.

1-
1
14
1 -

§ 250. "O avaoTtpodog évog mivakog.— Aodivros évos Tivakos A=
[ @j | koAoUpev dvastpogov alrol kai Tov cupPoifopey pe A', Tov mivaka, SoTi
TrpokUTrTEl ék TOU Ay, &v ai ypaupal Tou ypagouv, kard THv aUThy T&Ew, 0
othAa (kai af oTfiAal Tov s ypapuai), fiTot :

¢ £
ool ot ety 45 Cga e it
Cpy Cpg .« - e ay o qyp Ogg .« -« T2
up 2 oo Sy Ay Ay o 00 Oy

TMaparnpoluey 6T1 O QvaaTPOPOS Tou A,y glvan els vxp mivag.
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! 1 2 5)'-; ‘122
Napaderypa : (3 4 0 e 0

M& Tous dvaaTpdgous TrVaKas &oBelkvUovTol EUKOAWS ai drdAoubor 1816~
TT|TES : ) , 0

1y (Alyi— A, 2) O1=0, 3) (FAX=—Al, 4) (A+B)=A+B,

5) (A—B)t= At—Bt, 6) (kAl=LkA', M EER, T) (AB)t= BE-At.

§251. ‘O avrioTpodog TeETpaywvikod mivakog,— Eorwoay blo TeTpa-
yevikol Trivaxes A, = A kal By = B. ToTe, &5 yvwaToy, OPlQE:Fm 6 mvoiﬁ A-? s
i & TrivaE B-A. "Av ounpi : A.B=B-A=E, Evﬂio: E'ETVGI o] uova.&mo’g Tivag,
T9Te Adyouev 671 & Tivad B efval avriatpogog :fOU :'T“:’GK,DS A kal Y?O“?‘OUS”:
B = A1, Noyew Tiis ouppeTpias kai & ivaE A glvar 6 GuTIoTPOPOS TOU TrIVOKOS
B, fito1: A=B-L

Mapaderypo. “EoTw :

e e
(33)(2 -3 51D
(23 (33)-(232 51 0) =L

"Obev of A kai B elvan dvTioTpogol.

"Exopev :

§ 252. Mivakeg kai ouoTHpara ypappikiv E§looewy.— To kéTwb
OUoTNua ypauuikdy EIo0oEWY !
2x 4 3y —4z=1

)
x —2y—52=3 (
tvan iooBuvapoy Trpds THY «éEiowow nlvaxog?
93— (t);(;)ﬁcuwc’mwg AX =B, (2)
sy

7
| S " 2
S1roy AE(? _; _5), Xr_—(z‘r) Kai B_( 3)_

*Hror Trdoa AUCIs TOU OUOTALATOS (1}' elvat ”iof MU‘S. Tﬁf ég“"bmwf (:12)
kai ATIGTPOPWS. MapoTnpoUpey 61 TO é\’/TlGTOIXOV ONOYE‘fg G‘L"C’TTI;U 1o ( ?
evan Té1e (ooSuvapo Tpds THY E§ioway TvaKos: A?< = 0. : j":"“g' Tfﬂ" ouv
TeAeoTEY kadeiTon ival TP GUITEAECTOY 105 ovoTipatos, tv@ & Tivag :

20 3 =4 T
( 1 -2 -5 3)
KadeTtan Eumuéyuévos mivaé Tou (1) TMapaTnpodpey 81 O ovoTnua (1) opi-

Cetan TATpws &k TOU ¢rnuEnuévou TrivoKos.
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AZKHZEIZ

570. ‘YmoloyioaTe T& k&Twb :
1.2 -3 4 3 -5 6 -1
I igets Meei (s s )
I D =3 Hapd L5 1 2 =3
Dol i) g e Bl s 7]
571. Aibovran :
2 -5 1 1 -2 -3 0 1 =2
A=(3 o ) 8=(o % 3) r=(1 3
Edpers: 1) 3A £ 4B—2F, 2) AL 2B=dl, 3) At BV—r!, 4) AAL, 5) AlA
572. EGpete 7& X, y, 2, w &&v:
s SRR AR ¢ S RN 4 X+y
4 s w)_(-l 2m) Efin ke ).
573. Afdetan: A= (L _%)
Edpete : 1) A, 2) A, 3) f(A), &mou f(x)= 2x°—4x + 5.
574. Acifore 811 6 wivaf A Tiis dveoTépes doknoews elvan pifa Tol moAvawvipoy :
g(x) = x* 4 2x —11.
575. N& d&mobeydfy émi:

il e Lo e,

576. N& damodeiy8i) 6T :
( a 1 )vi P Vav—l )
[t S A a” .

577. TpoobiopicaTe Tous Tivakas X, Y € M x2, yvwoTol dvtos &1 :

3x+av=[_3 Al
25 5 J gy = [_g :g]

578. 'Ev X = [% _é], v dpiobouv ol k kai A els Thv £iowow :

X' — kX + AE = O, (E = povabiaios mivag, O = undevikds mivat).

579. AiSetan 6 Tetpaywvikds Trival : -

A5 8.

Né& eUpefolv al ouvliikan UmdpEecos ToU &vTIoTpoPOU Trivaxes kal vé Umohoyiobf olTos.
580. Na elpedi) & dvrioTpopos ToU TrivaKos.

581. N& RUeI:] f} KéEI:UOJUIS»:

5 2w i )

582. Aeifare 671 : O dvdoTpogos ToU dvTioTpdgou Evds ivaxos A igolUTon pé ToV GTi-
oTpogov ToU dvacTpdgou Tol A, fitor: (AT = (At) L
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MEPOZ TPITON

KE®PAAAION XII
STOIXEIA EK THZ OEQPIAZ TQN INIGANOTHTQN

I. ENOPATIKH EIZArQrH Elz TAZ TIIOANOTHTAZ

§253‘ ‘loToptKh EiO’GYWY"]"“H Bewpia TV MbavoTiTwy 6’&?5{?\& 'r'h.u yéveoiv Tng
Ig T Tuynpd TraryviBia Kal oUyKeKpIHEVES els T oy vidia TOY KUPwY (l;apmt). ﬂpc? Tpraxogiwy
Tepitou driy & Méhhos immotng Chevalier de Mére (1654), Bidonuos Tl‘CliKTT“nSn E‘VSlE‘PEPETQMB“'! Tés
TEDIT TooELg EmTuyias els Eva TUXTIPOV maryviblov oAU Staﬁsﬁcufunv KaTd TOV ll?ou ullmvu. ’.E-
T elye Ty dvrumreow ST ol Umohoyiopol Tou fieav Aavlaopévor, cuvePoureidn ov Blaise
Pascal (1623 - 1662), ol bmoiou f Heyahoquia KaTEYiveTo Ut iy Beodoylav, & podnuamid kol
Té PUOIKaS EmioThpas. Evé elpydleTo gl TOU rrpo!}}?\ﬁ‘umos 1 de ?lt'rc, <] ’P:fs_cal GVTIRETC-
T Kail GAAG tuB1apipovTa EpeTiiuaTa brrl TV meavoriirww. T& dpwrhuora aita Bwoay agop-
‘t‘flv B piqw kapmogopoy AAAnAoypaiav petagu Pascu}l Kad l: v,rnmlt (1608 - 1(?65), évcis &Ahou
STiong uey&hou polnuerrikod. ‘O Fermat EpehéTnoey TO00V -wt‘ &v ?\c'aycp TrpoPAnpaTa, ?cov kal
T&g Nigers i Gofetoas i o0 Pascal, TOAAGS TGV omolwv K(xlf)fEVlKEU?"EV- To‘lou"rotponwg, ‘Elg
Ty EAAnAoy pagiav TGV Buo alTOY cogddv ETénoav OI:IO‘ID‘;UT‘LK(OS c:il -rrpm-rc'n Ba—cag :‘rr]g Occopiag
Ty M8avorhTeoy, Bi Thy omoiav & Pascal brpoTeIVEY TO ?vouu f”‘ SOpstot NG TUYNCH. ;
; ‘H Gecopia Tév MibavoTriT@Y &noyXGATOEY £V OUVEXEIQ -rr]mcr'ro‘us Hey &GAous uuﬁﬂum—moug,
@S Tow J. Bernoulli, tov Leibnitz, <6y De Moivre, Tov Euler, Tov Lagr'unge“, TOV ‘Ga'EJSS,
Emeguidaoero s els Tov Laplace (1749 - 1827) 0 ‘”Uﬁ"‘d W”"“-“f“’m‘c"ﬂ‘:"n 07‘0‘9~T‘:"5 HEXP!
XUT00 yucsoer, vix EmekTeivy oUTES, XPTEIHOTIONRY Tas TASOV TTpOTYHEVas UE?OSCIUS‘TTW.S "?\“07‘“-"
UE-(.\)I; Kol vét Beoo els THy Becoplav alThY THY KAGOTIKNY TTS podnpaTIKAY popfv, UTTo ThH dtolav
H3s elvat yueaard) orjuepov- . ! ) ;

"Eml ¢85oprxovta kal ALY trn ol 16écn Tou Laplace E,liuplap)('ﬂo'ﬂ\l sl Ebtopevoay T
Bswp{m, Tév MeavoriTtev. Tepl & TEAT TOU TrapeABoVTOs cumvo‘; 8‘\.10 “.EYOG\OE ucxﬁnu.cx:rmm <]
? Bertrang o 6 I1. Poincaré éonueiooav véav ETTOXNV. Oﬂjﬂ‘ UE TOY uUGquuv Kpl'\"u(f\\)‘ T
Kot 1o Spiopo Tijs TAAVSTNTOS 00 vioBeTnBvTos UTrd TOU .La!)lam! éb‘ngmoupynmw mepioBov
K;‘Jiom; Bidt i Oscopla TV MbavoThTev, TepioBov ATl kaTd TV Slappeloaoay TEVTNKOVTaE-
T Urriingey Ecupetixd yovipos Gmro TATTS Smoyees. : ] ey :

H vecorépa dvéarTubs TS Bewpias T@dY ThaveTnTWY Xo:pﬂK'Inpli?ETCﬂ TogeY omd u&ciq;gpc:u
Trfés QT TalTny THy Becopiav Saov kel Tpos THY KGTE\)BU\:?G'IU Breuplvoeas TE écpctpuo?‘/oou al-
TS, Enuavricy elvan f oupPorR TS MoBnuaTikddy ToU TPEXOVTOS aiédvos Lindeberg, S. Bern-
Stein, A, Kolmogorov, P. Lévy kad Emile Borel.

H Becopia Tédv ThBaveTHTY, snuiovpyndeioa
TOMoN droplas, al dmoial TpotKUpaY ETTO & TUXT)
BT, Gaore vk droTehd) Paoikiy ounpoRiiy els FeEpyor e ; Ao
Kol elg i)y QuTipeTOmO TEY TTPAKTIKGV rpoPAnEaTWY TNS Siolknoews Kal an .Blopﬂxofv(qg.
TGIOUTQTPC’,“-NS' 2is Thv Oecopiav TEV MfavoThTwV Tl'pou“rpéxouv’ ol (Ducr‘u(ol Bid véx éTTEKTGWO\{v
& Soia s Khagawiis Guokds. BT auTfs of BIOMYO} K“TOPE!U"’O‘-“’ e ‘&”T‘.‘-‘E":wf'ﬁw“ TOVS
Tea0TIKoUS vpous Tiis kAnpovouksTnTos. Of Metecopohdyor, of "AgTpovdpor 81" autfis émelepy -

dpyIKds, €S EAexOn dvwTépw, S v ikavo-
pa Tonyvidie, KQTEOTT) GTIHEPOV TOTOV OT}-
6V KOWWVIKEY Kal UOIKGY moTnuddv
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Lovron Tas TapRTNPAoES Tov kal els Thy Bewpiav abtiv Pacilouy péyav dpibuoy Tév TpoPhéyewy
Tewv. 01 Olkovopchdyor 81’ abriis Tpoomadouy v &vakodUyouy Tols vduous TV olkovopk@Y
goavopévay. Els v Bropmyaviav fi év oeipd mapaywyt UokeTal els Tous vopous Tév Mbave
THTev. “Ohan &AAws Te ol Tapatnproes, GAc al peTphoes TOV Betikidv EmoTnpdy dgeirou?
TEAIKGS v UTrooTouy Emefepyaciav Bi1& Tév pebdBwy Tis Qewpias Tév MbavoTtiTwy. Téhos 1) ZTor
TioTIKA, TR &meias 1) onuacia &moBekvieTar Siapkds peycAuTépa els SAag T&s meproyds TS
&upatrivng yvdaews, dmoTehel ThY arouBatoTépay tpappoyiv Tiis Becopias Tév ITibavoTrTwy.

T& dvotépe TapadelypaTa dpapuoydv Bekvicuv THY elplTnTa TEV tpapuoydv Tiis Oew
piag Tév MiavoThTwy, Kol guVeTds TV XPNOIHOTNTA TAUTNS, AQueCapTiTws ToU Evﬁlmpzpov‘ro‘i
kol Tfis dpaidTnTos THY dmoiav Tapouoiader alTn €5 KAGDos Tiis MabnuaTikiis "EmioTiiung pé
{Bias peboSous kal TrpofAnuaTa.

§ 254. "Apyikai Evvolal Tijg @ewpiag T@v MibavoTATwv.— {5 yvw-
oTév, k&8 KAGBos TéY MabnuaTikév BepeAioUTal gl BhayioTeov &TAGY EvwolddY,
al dmoian elvan EpguTor s ToV &vlphdmivov volv kai ai ool S&v &uvavTal v
&proBolv T PonBelg EAAwy tvvaiddy, 81’ & kal xoholvtar apyikal Evvorar. OUTes,
.. efs T& BUo TpéiTa Kepdidana ToU TapdvTos BifAiou Eyvwpicapey To1aUTOS
tvvolas, ds THY Evvolav Ths «Aoyikiis TPOTACEWS», THY Ewoiaw ToU «ouvdAou?
k.&. “Emrions eis v Mecopetplav Exouey Ty Evvolav ToU onueiov, T eUbeiag, ToU
XOPOU KA. 65 dpy1kas Evvoias.

Eis ThHv Oewplav Tév MbavotrTew ds dpyikal évvoran elven af E§fjs Blo

o) ‘H évwoia 100 «rneipaparog toxNe», Kol
B') ‘H tvvoia Tou «amhob oupfavtog 7y Evéexopevoun, T &hAws ToU
«OTOLYELDBOVG YEYOVOTOGH

O k&pwpey plov TP THY yvwpipiay pé Tds evvolas alTds pé pepika mopa-
SelypaTa :

Mapadeiypa lov : “OAor yuwpilopey 6T kéBe peTaANIKOY voplopa (képpar) EXE!
SUo yels, &k TGV ool THY plav kaholuey ouvnifuws «kopdver kol THy EAATY
«ypappatar. "Ag Uobécwpey, 8Ti pitrTouey s TOV &fpa Bv képua kal droloUBus
&g KkarTeuBUvopey THY Tpogoynv pas el TNV Evdeib, fiTis pépeten Emi Tfis OpaTiis
Byews ToU képuatos, Tav ToUTo kaTaméon) €Ml ToU E8dqous kal fipeunon (‘H
piwis Bty AapPoveTon Um’ dyiv &v TO képpa oTabi) Spbiov). *H piyis Tou képuaTos
els ToV &épar droTeRei Eva «mreipamon. Adyouey Bt els THY mepimTeow abThy 6T
fcTeAoUpey fva «reipopa toyng» GxpiPéoTepov Ev «amhobv meipapa TOXNC
Té vémioua Titrrov & Tol é5&gous 6& dugavion (Emi THs dpariis dyews) ThHv Ev-
Beifw «xopever T THY EvBaigv «ypduuatan. To dmoTéheopua SnAadt) ToUu dvwTépw
TrElp&paTos Elva 1) EupAVITls &1l TS dvo dyews ToU voplopaTos drpifdds pds Tév
Buo tvBeifecov 1 «kopvan, «ypauparon. Kb B TololTn énpdviars kaelTon Eve
«amholiv cupPavy, fi GAA@S Eva «OTOLYEIMBES YEYOVOOH.

“Qore, els TO Melpapa «xogdva—ypdupatar Exopev SUo &TAS oupPavTa :

lov). To &mAolv cupP&v 1 « 10 vouispa devarder Ty Gy xoguvar (GULPOA.
«Kn).

20v). To &mholv oupPdw : « 76 vdutopa decevier vy dyw yodppatan (Guppoh.
«™»).
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"Exouev AoiTrov £v TPOKEINEVED gvar Teipama TUXNS kai BUo &mA& oupPavTa
Ui pTnuéve g TO TrEipapa.

Mopaderypa 2ov @ ([leloapa ué xdfov).

"Olor yvewpilouey dmions Tov KUPov (Lépr), 6 Smoios ypnotuomoleiTan glg T
Uxnpd Tranryvidia. OUTos elvan wixkpos KUBOS, KaTd TO SuvaTdy oundeTpikds, el
BV 6 Syewy (88pidv) ToU dmoiou elvan dvayeypappivol (auvifos pe koxxidas)
ek els Tésy apibuiov: 1,2, 3,4, 3, 6. Al 8uBeifeis altan efvan SiareTarypévan ol-
WS ShaTe 1O dBporoua TV #vBeifewv BUo TrapcAAficy Syewv glvar TTavToTE 7.

Pimrrouey Tewpa éva TolouTov kupov els TOV &épa ki kaTeuBUvopey THY TTpoco-
MY pas els wdv &p1Bpov, 6oTIS @épeTan ETi TTiS & EBpas, 6Tav © kUPos NpepfioT).
o ard elven fve elpapa TUXNS. TO &rroTéheopa ToU TElpduaTos TouTou Elvat
\ Eupduialg drt Tijs Gy ESpas Tou kuPou, gvos ik Tow &ebpdov : 1, 2, 3,4, 5, 6.

K&de ToraTn bugdwiots kaheital, dos ko Tpomyountveos EAéxfn, Ev dmrhouv
SUBay. Davegoy elvar 8T glg 10 relpomer pé KUPov Exouey T& €75 6 &TA& oup-
3T ;

lov) « O wtfog dewevier &g iy v Edpuy TO 1».
20v) « O xifiog dewxvie els T iver Edpar T 2.

Gov) « O wdflog devevier elg oy dvey Edpay TO 6.

"Exopev Aoimrov s T Belrepov TapdBerypa fvo melpapa TUYXNS Kad 6 GTAG
SUpBdvTa,

"Eéw plyoouey B1& Beutépav gopdw Tov kUPov s TOU &épar EKTEAQUVTES Thy
AWty Biadikaoioav, TOTE Aéyouey 0T ¢ravohapBdvopey TO meipape TUYNS. Kata
TV Erraveinupévny exTéAsay Tou {8iou mepduoTos B mpoKUY pic «&kohou-
Yo amAev oupPavTev. AUTn Buvatan va mrapaoTalf &mo plav dxohoubiov
Ynogicov eiAnuuéveoy &k ToU cuvdhou TGV tuSeifecov ToU KUPoU, BNA. &k Tou guvd-
Aoy {1,2,3,4,5, 6} rai Siadeyouévan ATAKTWS GAATAC QUTws, ¢mavahapp-
YouTes T mreipoiar pé kUPov eikoot gopas Bev &rrokAeleTal va EYeopey THY «ITeTre-
Pacptuny dkohoudiovs

3.5,2.:2,6,1,6,3, 4,442, 5143 5. 6, 14020 5,

"Ek rédv dveoTépy ouvayopey 0Tl T yupaKTNPLOTIKA EvOg RELPAPATOS TOYNS
Eluey .

«). To damotédeoud Tov Oév divarar WE Havévay todmoy va mpolephi.

B). T6 melvapa ddvarar vi Emavadqgli] mokkds 00 rag adrag ovvlijxag (dnl.
Moovpévng Tijs adTij dradixucias ).

§°255. AciypaTikdg xopog — Asiypa.— Eis o 'I:fEiPGud TS pitpews é\;f‘;;
Vouiouaros Utrdpyouv Buo Suvara gmroTeMtouaTa T& OToia oupPoAilopev g

e I (1)
bmou K onuaivel «kopcovor kal [ «ypauuoTo. : i ,

Edv plyoouey fva Lapt Umrépyouy 6 Suvatd &moTehéouarta, T& dmoia BU-

VavTan v TrapaoTafolv pé TOUS &piBuols TGV ESpIV
152,34, 5,76
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*AvaypdgovTes SAa T BuvaTd ATOTEAECHOT Euos TTEIPAUATOS, AfyOoueY
&1 oynuaTiGopey fva detypatikdv L@ pov. Kard TauTa:

Agvypatikdg L ®pos eivar 16 ghvorov 1@ ankdv cuppavimv, fjtol t@v duvatdY
anoteheoparay, 1a dmoia Sovaviar va ipgavicBodyv cig Eva neipapa ToENS.

“Exaorov 8¢ &mholv oupPév, fitor &ropikov (d8iaipeTov) &moTeheoua, K-
AgiTal delypa.

OUtw, T.x. € T TpdTOV TapdSeiypa, O BerypaTikes xdpos lvai TO oV
vorov Q = {K, T}, &vé els T Beurepov rapdBeryma & Beryparikds x&pos siva T0
cuvodov: Q=1{1,23 4,56}

Tpds mAnpeoTépav kaTavénow THs évvoias ToU Seryparikol ycpou dver
pépopev kal T& E6fjs mapadelyuaTa

o). Aifpes apawpdiov (Bdiov) & évig aduxov. "EvTds odmrou Umapyer dprr
Buos agapiBicov Spofwy &md Tons dToyews EKTOS Tou ypwpaTos. ‘Eotw &7
pepikd elvan kuavd (k), GAha Aeukd (M) kai &AAa EpuBpd (g). AopBdvouey «zv:
yalwgy (BnA. pt THY yvwoThy Siadikaoiov GvakaTedpaTos TGy opaipidinv K.T.A- )
fva apaupiSiov kad yoopls vé TO dmovaToToleTHioWHEY BVTOS TOU OGKKOU dvaoy-
pouev Kol BeUTEPOV, TTPOTEYOVTES Troiou XpwudTOS opaipiBiov EExyen TpdTOY KA
Trolou BeUTepov. Aéyouev TOTe 8T1 ékTehoUpev Evar Telpaper TUynS, dxpipéoTepoy
fva govleTov meipapa ToxNg, TO Bt Eforydpevoy TOU TElpduaTos TOUTOU Elven &v
BiareTarypévor GeUyos évdeiewv Ty, (A, €).

"As 18copey Thpa Toios elval & SerypaTikds ¥XEpos aUTou ToU «ouvliTou e
pduaTosy. Emaidn ai pdvar Suvarai époes (dmoTeAéopaTa), TAg OTrOICS
BUvaTal v& Tapoucidan T Afjyis evos opaipibiou &k Tol odxkou elvat 1 Eupavias
fuds Kk TV TPIGV ypapudTwy K, A, € 1 Tuxala éaywyn ékdoTou ogaipibiov
KEXWPITUEVES EXEL G5 BerypaTikoy ydpov TO oUvodov Z = {x, A, £}. *‘Etropévess
ai Bidgopol ékPdoels Ths Afyews TV SUo opaipiBicv &vTioTOTKOUV cxucpl'
povoonuavTws s TX didgopx Sam'e"rayuevo: Zebyn (X, y) ME X€Z kol
ye3. "0ev kaTdAAnAos BelypaTikds XDpos TOU dvwTépw OUVBETOU TTEIPGUETOS
TUXNS elval TO gUvohov :

(k) (A), (KiE)
N=IxI={(x,v): x€Z, yeZ}=1{ (Ax), (AA), (\e)
(e,k), (&A), (g€)

K&Be oToixeiov Tou 2, BnA. ke Biaretaypbvov Lelyos évdeifecov elvan &v
arlodv ocopfav.

B). Piyic 860 #ifwy. “Eoeo &T1 pimrTopey els Tov dépa BUo kUPous (Lapia),
Eva Aeukodv kal Eva Epulipdy kad 6T onuelIcovopey ToUs dpiBpols TGV Svw EBpV.
‘0 Aeukds kUPos Exel E€ (6) Buvard dmoTeAéopara: 1, 2, 3, 4, 5, 6. ‘Opoiws
kol & Epubpds. "As cupPohicwpey pe A Thv Evdafiv T Gvw #pas, Thv Smola?
8& Trapouaidon & Aeukds kKUPos kal pE € THY dvTioToxov S Tov Epubpdv, TOTE
To &moTéAeoua Tis ouvBuaopévns plwews TéV dUo kUPwv mopioTaTar S Tou
SraTeTarypévou Leyous (A, ). TIdoa TolaUTa SiaTeTorypeva Celyn UTrépyouvi
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Andadh Tréoa elvon T& &mAG ouuPdvta Tou TEpduaros i Pipis 0o aifr
“UkdAws BiamigToupey 6T T &TTAG ouupavTa ToU TrElpdpaTos elvan 36 SlaTeTa-
Y Héve Celyn :
(0 QAZYe 20, (.38, (22), (31 )02, 40:8)(6)5), (6,6):

(oo BnA. kal ol émaveAnmTika BiatdEers Tédv 6 otoixelwv 1, 2, 3,..., 6 dva
dlo, § 238).

Elven mmoAA&kis XprioIHoY va ypdyoouey & BaTeTaypéva fedyn &piBudv el
VA Trvaka BLrAfis elodBou s kaTwdl

‘AmoTéheopa EpulipolU kUPovu

1 ! . | |
‘N.1|2I34;5!6

L[ an] @] an] ) a5 | 18

Teh| e»| e en| e @8
A=y

Gy | 63| GH| B3| @8
i @42 _(4@7; S5 45) | (46)
TG | 62| 63| 6a| 65| 68

TG | 62| 63| 6H | 65| 68

O\im'-p-‘u.m

[ *AmroTéAeopa AeUkou kUPou |

‘O mivaE oltos TapEXE! 16 gUvohov SAwv TGV Suvatiov dWOTE).mpd-liwu
(Cmagsy cuppdvTeY) TOU TE1p&POTOS THS plyews 8o kUPwv. TO cnﬁ‘uo?,\ou TOUTO
elugy & BeryaTikds X63pos Q 7ol meip&paros. Tpagouey 88 oUVTOLS €V TTPOKEL-
Névm :

: Q=3xZ={(Ae): AeZ, e€Z},

Smoy 3 1o ouvorov {1,2,3, 4,5,6) 3 i

Ta Siaretaypéva GeUyn (Ag) elvon T& oToIKEla TOU BEIYUOTIKOU YWpou,
5. 1a amAa ouppavTa.

CeviketovTes Topa S0 gEeTefnoav els T L9k
v Soocopsy ToV K&TwWH OPIOROY TOU BElYMATIKOU XWPOV !

Aevypanikdg x@pos 2 Evos newppatog ToyNg elvel t:v cb\'(‘:kov,‘ t0d 6rto~iou u}
Stougela gopiokovrar £ig APPLLOVOTTIHAVTOY civnfrrotxmv npog T orovyeic Tob
TVvilov v EkPasswv (Gmoteheapdtmy) ToD TEPALATOS.

’évuSﬁ Kk&Be oToryeiov Evds ouvOhoU KoAETTaL KG‘Q‘ crnusic_w 'T;OU‘ cu\ié?\ou, 816:
ToUTo T &mA& cuuPavTa kahoUvTal Kal SElypaTIKG cn‘umu 7 .cm?\(‘og GI"[E[?_
(onueia — Setyuara). ‘O Berynomikos X@pos KoAeTTan Kal pacukdv advorov ()
SOvodov dvagopig) 51’ Ev Treipana.

& dvwTépw TapabelynaTa Suvapeba

¢ eibopev kol els TO SeuTepov kepdAaiov, Bra kabapdds émro-

Enpcinog. To Paoikdv ouvorov, aloh :
M = p oUTw Kal & BEypaTikds x&pos ToploTaTal

TTiKoUs Adyous, TraploTaTor wé &V oployddvio, oUTC / 3 i
6“°ims. SMA. i dpBoydoviov EvTds TOU Smrolou T& &TA& oupPdvTa oNpEICUYTal HE OTIYHAS.
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Feviki] mapatiprots. Els 1O mapov kegdhaiov 8a doyoAnbidpey pe memepa-
opévous BerypoTikoUs Ywpovus, dnA. TO TATBos TGV GmAGY ouuPavtov B& elval
TETTEPATUEVOS Gp1Bucs.

MowToU koTwTipo pE 76 ypdupa 2 cuupoiifopey TOv SelypaTikOV X&poV Tou
EKAOTOTE TIEIPAPATOS TUYT|S.

§ 256. YupPav.— ‘Exterolpev 1o melpapa Tiis piyecws Suo kiPwv. Qs EAE
¥6n el v wponyoupvny mapdypagov T& ATAS cupfdvTa Tou TepduaTos el
vor T& 36 SiateTaypéva LeUyn Tou mivaxes TRs mponyouuévns oehibos. “Edv
Thpa tvdiagepcpela Bia Tas TeprTTdoEls Ekelvas, kol &g Ty, 16 Gpotape TV
ivdcifeov 1@v 800 kOfmv toobtar pé 7 8 TpéTrel va Bewpriowpey TO UTTOCUVOAOY !

A =1{(1,6), (2,5, (34), (4.3), (5,2), (6,1)}

TOU SerypaTtikoU ywpou Q. T UmooUvorov A kodeltar svp fdav fj yeyovoc.
Fevikéds: Lopfav ij yeyovog karsitar kabe drosbvoiov tod derypatikod yopov.
*Edw 10 A elvan povopehis ouvohov, BnA. Exel &v pdvov gToryelov, TO ouppay

KoAeiTal anholv.

‘Otav. &v oupPdav &1 8Uo fj TeplocoTepa oToixela, SnA. cUykeiTal fic U0
f| TreplocOTEPWY GTAGY oUPPAVTV, TOTE KaAEITOl TOAAAKIS, TTpos BIGKPICIV;
6likdy oopfav.

KaTtwtépw 81d ToU Spou oupPav 6& Evwodpey 7o SAikdv oupPdv.

O& Aywpev 6Tt &v oupPav A TpayuatoToisiton (R &AAws épgavideton) €S
#va Telpapa TUXNS TOTE, Kol pdvov TéTE, & 1) EkTéAEDIS TOU TrEIpduaTos §idel &Tro-
TéAeGpa TO droiov AVTIGTOIXET TPOS €V OTOIYEIOV TOU UTroguvoAou A.

Suykekpipévess : Eav 9y, 0, 05 ..., 8, elvan SAa T& amA& ouppévTa, TG
émola SuvavTan v éppaviofoly els Bva Telpopa TUYMS Kad o T& v T GmrAd
oupPdvta Bewpriowpey k Gpiouéva, EoTw Ta 6, 6,,. . ., 8 (k = v), TéTe TO o~
cuvohov A =1{0,,8,,...,08;} ToU BerypaTikol yopou Q = {6, 8,,...,0,} dvri-
TpocwTelel v oupPdw, TO OToiov Eykertal els Thy fugdviow elte Tou 6, eiTE
T0U 8,,. .., eiTe TOU O} kal povov alTdy.

Emreidfy {8, u{0,)u.. . u{6 ) ={8,0,...,0,) Abyousv 871 16 ouuPBdv A
elvan Evootg ankdv cvpfaviov | AAws 10 A wdvaldetars el k &TAG ouppavTa:
To A mparypatotoieiTal kéde popav TToU TapovaidGeTal Ev Tév ATIAGY cuppduTeV
8;, B,,. .., 6y kai duTioTPOPwWS, TpaypaTOoTIOlOUNéVOY ToU A TrpaydaToTOLE TA!
dvaykaoTikds Ev TGV &TAGY aupPavTav 8, 6,,..., 0.

T& &mA& oupPdvra 8;, 8,,. .., 6 (k = v) Myopev &1 dmotedouv Tas «gr
voikag mepinthogy 10U oupPavtos A, & T& 6, 6,,. .., 8, , SnA. T& oToNyE®
ToU SeryuaTikoU ywpou 2 Aéyouev 6Ti dmoTedoUv Tag «buvatds reprtdots”
TOU TEIPAPATOS TUXTS.

Téhos, éme1d) &€ Oplopou elvanr : Q € Q xai @ € Q €meten 611 6 BerypaTh
KO ¥&pos Q kal TO kevov gUvolov elvan cupPavTa.

To oupPdv 16 dutioToryolv els ToV BerypaTikdy Y&pov Aéyoupev 6T elvd!
«péparov ovpPavry 7 «pifarov yeyovegr, Eved TO cupPav TO dvTioToxouv ElS 10
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Kevdy gUvohov, Abyousv &1 elval «ddbvatov dvdeydpevovr 1) «kevov aupfav» kal
SUpBoAileTon pé .

Mapedeiypata:

1). 'ExTehoUpey T& Teipapa S1mAfjs plpeas tvds képuaTos Kol tvBiapepoueda Bidx Tas fvBeifers
Tou. ‘O katdAAnhos SeryuaTikds ¥Gpos B& elven 16 oUvohov :

Q = {(KK), (K[, (TK), (MM} A dmdovorepov @ = {KK, K, TK, rr},

8oy K (= kop@va) kai [ (= yp&uuara).

T Urracuvodoy A = {KK, KT, TK]) &piZer 16 ouppéy :

A «Ts vépopa elg Tas dbo olyes magovowiler TodAdyiator piay pogdy xogdvay.

"E€ &\Aou To UtrogUvorov B = {KK, T} spizer 10 cuppdv.

B: «Té véuopa #al els 145 0o olpers magovowdler Ty adriy évdewy,

20v. "Eorw &7 gls TO dveTépw Tapd®arypa | ivBiagepdueba Sic o wATjos TV tupaviofév-
Tav K (kad els Tas Buo piyeis). Al Buvaral wepimrraoes elven 0, 1, 2.

“Apa 06 Byoopev Teopa viov SeiypaTikdy y&pov: Q= {0, 1.2k

To droouvorov A = { 1, 2 dpifel 6 ouuPdy :

A« Eupdvio rodidyworoy pudg Ko

*Afwhoyoc mapatipnotg. Ex TéV dvetépw Blo mapaberyudrov ylveta kortagavis 6T1

el fug TEipapa TUXNS Suvdpeda va dvTioTorkiowpey, dvaldyws Tou oxomou TS HENETNS HOS,

“?\Eiovcxg ToU Evds 55|yuuTlK0\'J~; ywpous, opilovTes ExdoToTe BragopeTika &A& ouppavTa. Xopo-
KTpioTikdy sivar dpcss 6T1 ¢t anhid ovpfavia elvar ta povooivola o Sevypanikod ympov.

Jov. Els &v xutiov éxouev Téooupa opaipibia: Kuavolv, Aeukov, tpubpdv kal wp&ovov.
XOuev korrd ouvéaiay T& TS 4 QA& oupPvTa:

0,1 «Kvavotv opawoldiov»
8, «devkir ogapldorr
9, « Epvllpov apaipldtov»
0“ : «Mpdawoy apawpidiory,

Ev TpoKeIpEVEy O Bery parTIkog ¥&pes elvan Q= { By B 6, }
Té Umoouvohov autol E= {98, 8., 8, } opiter T6 oupPdv :
E: « Ebdayeraw Epyowpoy apaidwovy.
T E mpayuatommolelTal, Hovoy &rav &v olovSriTroTe ék TGV TpIGY aToryelwv Tov 8, 8, B
"P“Yuoz'ronomaﬁ Kai GvTIoTPOPWS, AV TIS &uaryyelhn 6Tt EENyBn Eyxpowpov ogaipibiov, guvdyo-
UEV &1yt kdroro &k TGV TPIGY &TTADY TUMPAVTLY 6,, 8., 6 & Tpaypatotoindi.

§ 257. Ocepehdderg opiopoi Kai wpageig perafi auppavrwv.

@), AVo cuppdvta G& AbywvTal Eéva npog Ghhnha ©| dpofeiwg droxherd-
',”“'u- &M ws aouppifasta TOTE, Kai povov ToTE, &V 1) TPayHaTOTIOINGIS TOU £vOs
STokAeln THY TpayuaToToino ToU &AAOU. KaTdmiy toutou T& Ebva oup-
Bdwre duTioToryouv s UTooUvola Tou Q uf ExovTa Kowd &mAd cupPdvTa.

Mpogavéy 5lo &TAR ouupdvTa elvan TAVTOTE Eéva peTabu Twv.
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Mapadcrypa Ta oupPdvra:
A« O xifog dewxvider dotiov dplBudvy
B: «'0 xiffog deverder 3»

elvan Eéva Twpos GAANAG, §16T1 TO Ev &mokAeisl TO &AAo,
A - B
<) . :
//: o 2
| e
=
-1
o Q

Zx. 16
TodvavTiov Td cupPdvTa :
E: « O xdfos dewevier dpriov > 2,
F:  «'0 sfoc dearder dotiov < du.

8tv elven Etva petall Tav.

TMapetipners : Eis v mepimTwow dio Eiveov cupfdvtov fy ufy mpayuaTotolnais Tou évos
8iv ouvemdryeTan dvaykaiws THY TpaypaTomoinov Tou &AAov. ObTws, els 16 wpdTov Tapdberypd:
tav 6 kUPos Biv pipn &pTiov &pifudy, Biv EmeTan dvaykaicws 611 oUtos 8 gépn 3, kabBdoov SUvaTa!
v& gépn) TOV &pbudy 5 1) Tov 1.

B). "Eav A xaoi B elvan BUo pn §éva oupPdvrta Evds eipdpaTos TUyMS, TOTE
0& Meywpev 611 TO A mepéyetan eig 0 B () 611 10 B mepigyel To A) dMAeas O
A cuvendyetor 10 B kal 6& ypdowusy A S B (f) B2 A) Tdte, kol pdvov TOTE
&v TpaypaToTolovpévoy ToU A TrpaypaTomofital kad 16 B. "Eqv A C B, TéTe 1
TrparypaToTroinols Tou B Bév ouverdryeTan UmroypeoTikgds THY TparypartoToinoty
ToU A. ‘H mparypaToTroinais Tou B xwpis Thv mparypaTomoinow tou A &moTe
Al 10 oupPav B — A, 1o dmroiov kaheiTal Stagopa TGV ouuPdvtwy B kai A,

A E Mapaderypa Oewpowpey Ta oupPdvta:

A w0 xiflog devarder dplpor = 3.

m B:  « O wuidfloc devrder apbudy = 52

Mpogavéds Ac B. ‘H Siagopa B — A mrapiod T

’ qupPav :
B 6 Q E:  « O wifos dewevier 4 4) 5n.
Ty. 18
¥). "Evoeig copfaviov. Kohddtor Evaolg ocupPavtev A, A,..., Axs

Umraryopéveov els 1O aUTod melpapa TUXTS, Ev véov oupPav A, T Smroiov Trperypd”
ToTroIEITCl TOTE, Kai povov ToTe, &v mpayuoaTotoindf todrayietov Ev T&dV Ay
Az,. .y Ak .

[p&popev TOTE :

k
A:AlL)AgU e UAL EUAI
i=1
Edv & Becopnfévra cupPluta A, A,,. .., Ay elvar Eva peta€l Twv v
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Blo, Tére TO A AdyeTon «iporopay alrddv kal elg THY TepiTTwow alThy 8& ypa-
Pwpey :
K
B A e T A
i=1
Eis THv Tereutadav mepimTwov ) dppéviots (TpayuaTtoTtoinois) Tou A ouve-
Téryeton TH Eugdviolv Evog Kai povov &k Tav Ay, A, L., Ag
Mapadsiypota:
lov. To cupPav A : « O xifoc magovauilen dorior doluory evan Bvwois TéY ouppavtay :
Ay« O wifoc nagovoudler dptoy dplpor < 5.
Ap:  «'O =ifloc mapovordler dorioy dplpdy > 3.
2ov. To ouppdv : « O siffos mapovardler aplpor peyaiitegor rod 3» elven &Bporopa TéV
TRV &mradv ouppdutov @ « O xiffoc denvier 4o, «6 xiflog dewvier Hr, «G xifog detxevier G,

). Topiy ij yivopevov supPaviov. Keherton topt) ounBdvteov Ay, A, oo, Ag
‘:’Tl‘ﬂyouéuwu glg TO alTod TElpapa TUXNS, Ev viov gupPdav A, T dmolov Tpaypo-
ToOTolEiTan TETE, Kol povov TOTE, &v TpoypaTomololvTanl Oha ovyxpoveg T
SUuBdvra A, A, . . -, Ax . Tpdpouey B¢ ToTe :

- K
A AlmAzﬂ"'ﬁAkjﬂAl

Elven Tpogavis 6T1, éav Buo ouPdvta A;, A, eivan Géva wpds EAANAQ, TOTE

AN Ay =2
Mapadsriypa To oupPdv:
A« O xbfloc magoverdle 4 4 5»
tlvey Topt TV gupPavTwy :
A, : O wifloc magovaidler dplpor = 5
Ayt « O xiflos magovewdler dglpdy = 3u.

£). Toprlnpopankoy £vog oupfavres. Avo cuuBdvra Eiva mpds EAANAG,
EXQVTcx otepoxcruot TO «QEBGKW YEYDVOS» KOAQUVTQl GURTATPOHCETIKR | avri-
Berq ouppavTa.

To cruuw?\npwudﬂkov £vos Ouu[BDtVTOS A 1T0tp1cr"rcn"cn pe A’ (ﬂ Ac )

Qs ouu‘rr?\npcoporrmov Tou «Pepaiov cuppdvTosy AapPdveTtal TO CKEVOV UM~
Uy kad dvTioTpdpeas. Eivan pavepov 0TI, Eav BUo oupBavTa efvan CUPTTAT pLMG-
TIKS, TéTE 1) TrpczyuO(TD'ITOlT]GlS ToU 0§ Gmokkeigl THY TpoypaToTIOiNCIY TOU
00\7\0\1 kal 1) pn T[pocYp.C(TOTrOlﬂG‘lS TOU EVOS CUVETAYETO!l Avaykaiws
v TPy paToTONGIV ToU &AAov. Tuvetrdds Trdoo shvoikn TrepiTrTWOIS B1& TO BV
Elvay «oepeviier (U1 evvoid) 81 T ETepov kal Taoa Suopevns TepiTTTwols Sia
™ 8y elven edvoikh Bix TO ETepov.

KG(TO( TaUTa TO A’ onuaivel &1L TO oupPav A Btv oupPaiver (Bkv Tpaypa-
To'lrmarrm),

NMapadeiyparta:

lov. T& ouppdvra:

A: @O xiflos deverder doriov doipdyy

N At @O wbfoc deverder mepirTov agdpdy»
VE gy pooparTiké.
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2ov. Eis 70 yvwoTov meipapa Tis piyews 500 vopioudtwy, 1o guppav A = { KK}, fitor
A: «Ta &o voplopara Sevevdovy  zopdvar €lval CUUTANPTPWUATIKOV  TOU  ouuBavTos
A’ = ( KI, TK, [T}, fiol Tob ouuPavTos :
A «llapovordZovrar Todddyiotor pin gopd pedpparar, T &AAws
A’ wdév magovordletar xoodva xai Tac ddo olpesy.

§ 258. Xroixeidng opiopdg Tig mMBavéTnTog.— ‘O Spiouds alTds,
Tou dmoiou 7 dpyT evplokeTan s T& TUxMpd Taryvidia, elvan & eloayfels Umo
TV BepehicoTédv Tiis Gecopias T&Y MMbavoTATwY kai SoTutreobels oapdds Yo
ToU Laplace ds €7 :

MiBovdtng Evog oopPaviog kaleltar 6 hoyog 1ot apbpod t@v £OvoikdY
80 abtd repuiT@cEmv Tpog tov aplpdy Ghov v duvatdv mepnthoeov, ¢
doov Gra i mepirt@oeig sivon £ ioov duvartai.

"Hrol, tdv A elvar &v oupBav Utraydpevou els &v meipapa TU¥ns kai Tapa-
oThowpey 5i1& ToU P(A)® Ty mBavéTtnTa TpaypaToToIncEws Tou A, O £xw-
eV

'ApOpog t@v eOvoik@y mEpnt@oemy toh A
TApOROG Ghov T@Y SuvaT®Y TEPINTACEMY TOD TEWPIRATOS

P(A) = o)

Eis Tov dpiopdv Toutov Umovosital 1| Dmdlecig tob icambavov Tév  mepl-
TTdoewy 1| &TAGY oupBdavTwv.
"Ex ToU Bobtvtos Opiopol EmovTal dpEcws ai TpoTAaoES ¢
’ - ’ ’ - 3 \ \ E) v il ’ k.
«'). “H mbavdrns avpfiavrog A elvae dollpog pry dovyrieds xal puxodteoos 1]
loog 7o Ty povida, fiTol:

0=PA)=1

B). “H mibavdrng Toi Befalov cvufdvrog ivodrar mpds Ty povdda, fiTol:

P()=1

¥). 'Eav 1o aijfog taw dmidv ovufdrtoy fvis mewduatos tiyne elvac v,
Tote ) milburding Exdotov dnled cvufdytos elvar

Mpdyuerr, &w @ = {0, 8,,..., 8, } slvon & Beryparixds y&dpos ToU meipds
paros, ToTe edvoikal mepiTTTddoElS Bl 1O &mholv oupPdav {8}, i=1,2,...,V
elven pévov pic, Emeidn 1o {8; } kord éva kol pévov Tpdrov SlvaTal vi éupaviodi:
"EE &Ahou TO TAfifos TéY BuvaTdy TEpITTOCEwY Tol Teipduaros elval, €6 op-
apolU (BA. § 256), foov Tpds TO TATBos TdV &TAGY cuuPdvTtwv, SnA. v. "Apa O
TUtros (1) 8ider:

PO = Yi=12,...,v.

* To P elvan 1o &pyikdv ypdppa Tis Aégecos Probability (dyyA.) — Probabilité (yad.) =
TheavéTns.
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8). To dbootopa tov mbavorijrey dbo copndnoopatedy copfdrror lood-
Tar ug 1,

TMpdyuari, éav k elvan 6 TAfiBos TGV edvoixdy mepimTooewy 5i1& 10 A Kai v
T&V Suvorrdy, TOTE TG TAfBos TV edvoikédy mepiTTdoewy Sid TO A’ Oa elven
V=k, 81611 (§257) m&oa edvoikn mepiTTwols S1x 1O A elvan Buopevr)s d1d 1O A’
kol mioa Suouevys B1& T& A elvan edvoikf) Sik 1o A'. "Eav ouverrdds P (A) kad
P(A") elven dvmioToiyws ai mBawdTnTes TGV oupPdvTwy A kod A’ B Exwhev

PA=% xal  PA)=ZE

"EE qUtdv Bid Trpocbécews AcauPdvopey :

P(A)+P(A) =1

"Apa 1) TiBavdTNS TOU CUMTTATPWUATIKOU cuuPavTos elvan

P(A)=1—P(4)

§ 259, "E¢appoyai Emi TGOV Gvwrépw mporacewv.

I : Eis 16 menyvibiov «kopdva — ypdppate», T& &mAd cupPavta elvan Blo, al BUo oyeis:

KKQPG)\)Q»_ «yplupaTay, TS Stolas &s oupPoriowpey, o kal wpétepov K, I dvmioToiyews. Zupge-
. S 1

Vg Tipds Ty wpdTaoty () of mbavéTnTes alTdY glvan : P(K) = S B = 5
Abry Stv onuaiver PePaicos 6T, Eav plywpey 8lo gopas kat’ Eravdinyiv 16 vémop, Thy piav
Popdy py Epgavion «opver kol Thy SAMY «ypéuuoaTar. OUte &1 els 10 piyers 8& Exwuey 5
qKQPU\wQ;» kal 5 «ypdpuaror. ‘H oToiyeiwdns mbavéTns Thv dolav Umehoyicaper loxue 51° év
005 piyecoy, Brhadn 51° va oAU peydhov dpiBudy plyewy.

: ]

EE arnou Eyopev : P(K) + P(I) = o 1.
Togrg Tpogavds To dvepévapey, 816T1 T& BUo oURPAVTA eivar CURTTANPWHATIKA.

. 2 Els 1o onyvibiov tiig piweng Evog koov, T& GTAX oupPavTa elven Ev SAw 6, ol £§ Syeig
(‘Gpm) Tob kiPov. Edv oroiynuartiowpey S1 Ty Eugdviow wids ouykekpiuévns évbeibecos, f oTor-

X1 mlavéTns elvan , &pou TO TAfifos TV BuvaTdy mEpiTTOOEwy fiven 6, T Bt £U-

1
L 6
OBGH 1rgi ‘ e g

K TepiTreos elvanr povov uia. “QoTe

1
P(1) = P2) = P(3) = P(4) = P(5) = P(6) = ¢,

*
6 0 0 I3 3 .\
Tay P(x) = mBavéTns ToU &mAoU guuPavTos : « O kUPos Tapouaiale Tov &piBpov x»,

"Edw durl Evds X pMOIHOTICINTWHEY vV Opoious KUPous, T& oupPdvta b elvar al éravednmikal

€15 TG 6 bvBeifecov dvd v. ‘O &pibuds TéOV Braraewv aUTidv elvan :
6“

H oroigaidsng mdavéTns wds ouykekpévns Siatagecos, S, tvds dpioptvou aupBévTos,

ad ET\JQI - 1
g o

Siangg
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OUTws, els Thy TepiTT0W plyews Buo kUPwv (§255), | mlavotns Tou oupPdvTos «d
Aevxog xiflos va péon 2 xal 6 Egulgos 3 elvan 'él? = 316' fiTor :
1
36°

3n: Els & mayvibix t@v moyvioxaptov ¥pnototolcUvtal GAhote 4 x 13 = 52 mar
yndyapTta kal dAhoTe 4 % 8 = 32 (wpéea). Els Ta manyvidia tév 52 meryvioxdpTaw, Unépyow
81 EkaoTov TV TEgodpwv «yompudrwry («anallin, «xapody, «xodaan, « umagroivn ), &va 10
&pibpoi (1 — 10) kal 3 gryoUpat. )

‘H mifavéTns v& dvaolpn Tis &k pids BEouns, KoAds dvapeprypévng &v Gpiouévoy Taryvier

1 .
P((2,3)) = 3¢ 71 &mhotoTepov P(2,3) —

S [ > 3y i o ; b = Sl
yapTov elven Katd TauTa 550 M mlavdTns v& avaoupn Ev Gpioptvoy ypdpa elva , iy

4

3 12 . j )
BawdTns v dvaoUpn gryoUpoy (yevikés) eved 59 | mbovéTns va &vaocUpn Eva dopioutvoV

4 & "
&p1Bpdy, .y, ooov, dvefapTHTOU YphpaTos elvan 5 (Urrdpyouv 4 &oool, fitol 4 edvoixai TE
prirTéoes Kal 52 oayvidyapTe, fiTor 52 Suvatal mepimTdoes).
4n : "Ex dEopng 52 navyvioyaprov L5ayovial suyypéveg dvo nmyvioyepra. Moio f mOavots
va slvan kai ta 600 doool ;
AVo1g: "Eotw A 1o oupPav: « Aupiteoa va elvar dogouy.

52 e ;
Al Buvanal mepirToes elvan ( 9 ) Al ebvoikal elvan Tédoan, oot kal ol B1agopor TPO

o1, Ka®® ols Suvdpeda v A&Peopev 4o Tous 4 Gooous Tous 2, BnA. ( ; )
( 4
2) (4) (52) 4.3 52.5) 4.3 1
” a e = g e il ot il Bl Sy i ol
Apa: P(A) 52) 2 2 13 13 =557 o ~ 45°/0
(%
51 1 Toio ) mbavotng va pi tapovorasdi) 16 3 6tav piywepey Eva kofov &g tov aépa;
Aborg: To oupPav «vd péoy 6 xiffos 3» elven suuTAnpwpaTikdy To oupPévTos v 1
@éon 6 xvPoz 3». ‘H mbavéTns TOU TpwToV ouuPdavTos elvan Hé_' Spa i) maSTRS TOU HeuTE
T [t 3
pou elvan : =

sl alba] s

583. Plmropev els Tov &épa BUo kUPous kal pdg budiagéper To oupPhy A «td aapmmld_
&Y &piBudsy drrl Tév Gueo EBpdv elven = Ty kal 16 oupBav B «td Gbpoiopa Tév GpiBpdy ¢
Tév Gvw EBpddv elvar &pTios dpibposy. ZnTouvTan ; -
e o) N& oxnuamodi) & kaTdAnAos Berypomikds yd@pos ke vé kaBopioBolv dv ol T@ i
kol B.
P) N& épiofolv t& A", B', AUB, ANB, A'UB’, A'MB’, (AUB)NA". 3
y) Tlota /| mBavéTns ToU supPévTos : «Td &Bpoiopa Tév &p1Budov Emi TG &vo £op®"
elvan dxpiPdds 7;». )
584. Pimrropev 8o kiPous eis Tov dépa. Tola ) miflavéTng tkéoTou 6w K&Twh cUPpGVTE””
o) Na& eépwpev 6,6.
B) ‘O els kUPos va pépn 3 kal & &Ados 5.
¥) Ol 8Uo kiPor v gépouy SraBoyikets dpifuous.
8) Ol kiPor v pépouv &lpoiopa pikpdTepov Tol 9.
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585, Pimrer Ti5 800 xUPous kol géper GOpoigua 9. Moia | MBavdTns va & aupTraikTng Tou
Pepn ueyaAUTepor &fporoua ;

586, Eig &v Soyelov Umrdpyowv 5 ogaipen Aevkal, 7 xuavai xai 4 épubpal. To melpapa ouvi-
OraTan els Ty Tuyaiav Afjyy 3 opoupdv. Tola fj mBavdTns va elvan kal ol Tpels opaipon Aevkad:

587, *Ex Séopng 52 Tranyvioydprev Edyopey Tuyaiws 5 xapid. ZnTolvTa :

) Moia 1) mifavéTns v éEayBolv udvow kokkva; (Ta 26 Exouv ¥pddpa KOKKIVOY Kad T&
hoima 26 Haupo).
B) Mot ) mifavéns vé EaxBolv 3 palpa xai 2 kokkiva;

588. Efs piav t4Ew 43 pobnrév elvan 24 &ydpra kal 19 xopitol. "Av AaBowpey Tuyaiws
Ty KAfpous Tiis TdEews : &) TMoia f) miBavéTns va kAnBolv pévov dydeia. B) Moia f mbavérng
Y& KAnBogy 3 dvepia kal 2 KopiTala;

589, Pimrrouev Tpeis kUPous, Troia i) mbavoTns va éppaviodi] els TolAdyioTov dooos;

590. Pimrropev 8Uo kUPous els Tov dépat. Moia 7 miBavoTns tkdoTou TGV k&Twd oupPvTev

a) To &bporopa Tédv dvBeifewv slvar wKpoTEPOY TOU 5.

B) To &Bpoiopa T@v Evbeifewv elvan igov ué 8.

Wl » » » elvan peyahiTepov Tou 9.

8) » » » » elven Bidipopov Tou 4,
4 591-_. Sfrrobiesyst 8Tl C,KOTrg\j‘opEV v& K'd:pmuE\J pi‘uv ,uEMT.Tw. £l TV olxo_yeum’.'w, ol dmoiat
Uﬁcew-rpm TT(J]SI(‘:: kol 611 Béhopev va KATOy PAYHEY TO r\?u?\ov &cdorroy 'rru|5l’ou KOT& CEIpaY YEv-
o5 5. ~i"f:»cu.ycrre TOV Ko GAAn AoV 551yuuT1Kov xm,s:ov. Y-n-f:aﬁﬁ‘-rov-isg &koAoUbws 811 k&b oTo1-

TOU Berypartikol yopou Exel ThY alTiv mbavdTnTY, Vi eUpelT :

a) *H mifavétns fva pla ofkoytveia ué Tpia Tandia & Uo TpdTa elvan dydpia kal TO
Tpito Kopiton,
B) ‘H mbavotns va Exn Eva TouA&yioTev dydpr.
¥) ‘H mbavérns Tva Exn pévov éva kopiTtot
8) ‘H mbavoTns fva iyn Buo kopitowa ked fva dyopt.

592, "Exopey piov Béouny TaryvioxapTwy T@v 52 pUAAwv. ZnTeitar 1) mifavdTng Tév Eijg
TUlB ey .

a) AapPdvovTes Tuyaies fva yapTi, ToUTO vé& elvon &ooos puTmaoToUv!.
B) Aappdvovtes Tuyaiws fva xapTi, ToUTO va elvan &ooos.
¥) AcupdvovTes 6 XapTId TUYXPOVES, V& TIEPIEXWVTX eis aUTd ol 4 &ooor.

593, Mofa ) mBavéTng pimTovTes TEES kUPous, va pépwper &bpotoua peyaiiTepov Tou 15;
Ya 59’.4. *Ex Stouns 52 Taryviox&pToov AapPévopey Kot ogpdy & TGOV Gvw TA Torywd-
Eivz’:aé:ws 8Tou eUpeopev 1 TpWTNY gopdw GoTov. TMoia f) mdaveTns va 16 TévapTov YapT

oos;

Il. AIAMOP®QMENH TIPOSTTEAASIS EIZ TAZ TIOANOTHTAZ

'”on%“-o- ‘0 dpiopods THs OaVETNTOS, ToV OTrolov BieTuTrdoapey els THY § 258
10‘0@61 BUo Paoikd PEIOVEKTAPATA R . oy st e
W(rrc:v)‘ Aé‘v elven evyeptis, &v ) BuvaTos, © C,!Kp\[s‘n.; )Kclxﬂop:cmos ‘cxcp Evdg Tc.?v
X6 WY kal &g’ ETépou TGV EUVOTKEY TEPITITWOEWY, idicos 6Tav & BerypoTikosg
POS Btv ey TIETTEPXT UEVOS.
2(":") ‘H TepikoT?] aUTOU . .. & Ga0V Gl al meomrdioes elvar €& laow
htﬁz:a;» elvey TauTdonuos BE THY «Ep’ é’arfvleﬂm (,u :'zeg:mc‘uasﬂfg elvat :L:E {oov
[prud», TolouToTpd TS Bpcos T TOaVSTNS OpiZeTan éx vEou B1& Tfis miBavoTnTos,
TTeTan nAadh eouhos KUKAOS.
22

duy
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‘H Towdrn Gecdpnors Tis évvoias Tiis MBavoTNTOS, HOACUOTL XPNOIRWTETN
els TNV Epopupoyny, Toapovotdlel uoyepeias &mo Aoyixiis TAeupds, &1 & kai 7
vewTépa ewpia TéY ThavothTwy dvatTiooeTal KATA TPOTOV Tomkdg dliw-
patikdv, 81& ToU kaBopIouoU Evos TTATPOUS CUCTHHOTOS Tpotdotwy (&EiwpdTev)
T Bonbeic TéV dmolwv 6dyovTtal, 81a Tfis Tapaywyikiis TAéov 68cU Shan ai
évvolal kal TpoTacels Tiis fewplas alTis.

Kooty TouTwv, 8& dpyicwpey THy cuoTrnuatikwtépoy é6éTooy Té@v mifa-
voTATwv L& THY fiBn yvwoTnv Evvolay ToU BElyuaTikoU Xwpou Vs TrelpapaTos.

§261. MBavotng amAdv cupPfavrwv.— "Eotw & derypatikos xdpos
Q—=1{6,8,...,90, }. Eistkaotov &mholv oupBav (8 ), k= 1,2,. . . ,v éxywpoUpev
éva TpaypoTikow apibpov P ({8 }), Tov Omoiov dvouddopey mbavétnra TouU
ouppdvros { 6 }.

Od& Aéyouey 6TI pia Ekydopnals THavoTHTLV Tpods T& &mAG cuuBdvToa ToU
BerypoTikoU yopou Q, SnAadh mpos Ta {8, {8,),. .., { B } elvon Bexth, fdw
ikavotroif) Tas 8o ouvlnkas :

P, “H mlbavdryg éxdorov dnlod ovufidvtog elvar Uetiog dodluds, fitor:

Pt ) =0, k="12,....v.

P,: 70 dlpotopa tév mblavorijroy taw éxywoovuévay eic dla ta dnld

copfdvra 100 derypatizod yhoov 2 isodrar mpos Ty povdda, fyTol:

P({6:}) +P {8+ ---+P U8 =],

CUVTOMWS :
SP(a=1

‘Eva oUoTnua ToloUuTwv dpibuddv P ({8 }) mAnpodvtwv Tas Pk P, glvan 16

P({6:))=P ({81)=P ({8})= - =P ({8 }) = .

Els Ty elbikny althyv mepimTwoy Abyousy 611 T& &TAS oupBavta elvan igoni-
Oava.
§ 262. MBavéeTng cupPavrog (OMKol).— Kae ounPov A= @ elvay,
s EAéyOn, Bvwals, dxpiPéoTepov &Bpotopa &TAGY cuppavtev, fiTol
A={8}+ {8} + - + (8}, (=),
‘Opliouev s mbavotnta tob A, A7, tov apbpov P (A), botig sivar G0por-
opa t@v mbaveritov t@v {0, ), {0, 1,. .., {0k}, flTo1:

PA)=P (0,1 + PO D+ P (O D= P((0)

*Eawv A elvar T kevov oupPdy, fitol av A= ¢F, 1oTe Sexdpeba €€ dplouou oT1:

P(z)=0
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Bk Tév dvwtépw Emovtan Topa ol k&Twd TpoTdoEs |

). ‘H mlbavitys tob «fefalov ovufdvrosy elvar povdg, firor P(Q)= 1.

Mpdypartt, Exouey :

P(Q)=SP ({8})= (A\oyw Tiis ouvBhkns Py, § 261) = 1.
i=1
B). Ear A zai B elvar ovpfdvra Edva moog didnia, tére:
P(A+B)=P(A){ P(B).

Mpdryuerrt, &&v A={08;, 6,....8:), B={g, &,..., 5} ka ANB= g,
:'(’JTE: A B =0y 05,0 kg, pEp b
Exopev Spws :

PM=P (81 +P((0))+ - +P ({81 =EP((8)])

P @) =P ({aD)+P (et +P (ah=2P((5 )
P(A+B) = P{B) P ({0 + -+ PUOD +P (&) + (] +

+o PO D=2 PN £EP (s 1) =P (A) +P (B).

Mevikcotepov ioyver 1 kaTwh wpdTaos :

Y). 'Eav Ay, Ay, .., Ay elvar ovpfdvra dve dte Eéva mods didnla xal elvac:
A=A+ Ay + - 4+ 4,,
Tdte P(A)=P(A,)+ P(A;)+ .- + P(4,).

Yrnodergrg: ‘Hmpodtacs loyle Sid v=2. ‘Ymobicarte ém1 ioyve Sik
Y=k kai Seifate 61 loygle Six v=k 4 1.

5 Enueimog : ‘H duewrépw mpdTaots kakeitar: "ABpowgtikov Oedpnpa v mbavotitoy,
@TUTOyTOn B CUUTHUWS, OUTW |

¥, v
P(Z Ai)=EP(A)
i=1 i=1

). A oiovdijmote ovufar A, loyde: O=P(A)= 1.
Mpdoypary, émadn P (A) =0 8ix kabe cuu{Bc‘quA, Gprel v drodeydf 8T
P (A) = 1. Touro Spws ioyuel, 51571, &v Bewprjowuer kol TO ouuTTANPwUATIKOY
" Toy A, 6t AUA = Q kal ANA'= @, 0 Excopev, Buvduel TGV TrpoTaoewy
“ka a'p 611
P(AUA)=P (A)+P(A)=P (@)=L
"O8ev: P (A)=1—P (A") =1, 8iom, &5 dvotépe eAéxln, P (A") = 0.
&) "B A xal B elvar ddo oladrjnore copfdvra, ToTe
P(A-B)=P(A)—P(AnN B).
H Gnep 1o abrd

P(ANB)=P(A)-P(ANB). "
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Mpdyuat, tmadn A= (A—-B)U (ANB) xai (A-B)N (ANB)=g2 Ba
#ycopev, Buvdper THs dvaTépw TpoTdoews P, 8TL:
P(A)=P (A-B)+P(AUB),
€ o0 : P(A—-B)=P(A)—P(ANB).

‘Edappoyai

In : Eé&v 1& v &TA& oupPdvTa ToU SeryuaTikod Xodpou £ = { 8, 8,,.. ., 8 } elven loomifa-
va, TéTE:
v v
P(E(8i}))=EP({0i})=v-P({8i}). (1)
i=1 =1
v
*AMAG P(@)=P(E(6))= 1. @
1=
1 R
"Bk téov (1) xal (2) ouvéyopew 81: P ({8i}) = = v s 108 I G

Anhadi) Eraveupiokopey Thy mpdTacw (') Tis § 258.
2a: Edv ta k &mA& oupBévra buds yeyovotos A = {8,,68,,. .., 0k} even loomiBava mbo-

: 1 :
VOTTOS —y. TORES

k Ik _ dpibuss edvoixd soewv

P(A)= P(é]{ 0)) =i£1P( {81} )=k-PC{ B} )mk-— =— = qﬁ.egzz\;\:ﬂ:g{%zg:::z:v

AnAaBiy i Ponbeig TéV GvwTipm TPOTATEWY Kal dpopdy elpioxopey s ouveTaiow TOV
aroIyEibn dpiopidy Tiis MBaVETNTOS KaTE Laplace (BA. § 258).

3n: ’Eav E kei E elvar 800 GURTATPORATIRG oupfavia évog doiypotiked ympov Q kai
elvar P(E) =p, totre P(E)=1—P-

*Anobeitic. 'Ag ol E -+ E' = Q, TOTE OUNGLVWs pds Thy mpdragiv P, B& Excopev

P(E 4 E') = P(E) + P(E) = P(Q), anna P(Q) = 1,

o p+PEY=1,

€ oU: P(E)=1-p.

4n : ’Eav A xai B ouppévra kai AC B, tote P(A) < P(B).

'‘Arodaitig 1 “EoTw A 70 ounmAtipeana ol A g mrpos B, fitor A = CgA = B-A.

Tlpogawids EXOUEV /
AUA=B xad ANA= g,
‘Omdre :

P(ALA) = P(A + &) = P(A) 4 P(A) = P(B).
A P(A) < P(B), xaBdoov P(A) > 0.

s : Toia i mOavomg iva i kOBos preduevos i tov aépa gipy Epniov apbpav;
Abarg: To ouupey A: « 'O xifos va géon dgrior Golluovy evan &8porapa Té&v EETS
P16V &poiPaiws &rrokhelopévmy TURPBAVTOY :
A;: « O =iflog va @éon 2x.
Ay« O uiflos va péon 4u.
A, « 'O xiflog va éon 6y,
fitor : A=A+ A+ A
"Apa: P(A) = P(Ai+ At A = P(A) + P(A) + P(A,) = % + é— G

O\I'—-
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6n: Pintopev 600 kOPovs. INoia ©| mbavomg Gote 10 d0poiopo 1@V Evdeitzov 1dv dbo wifav
va glvar 3§ 7:

Abourg: Qs yvwotdy (§255) T& &mAG oupPavTa ToU TeipdpaTos elvon 36 SiaTETary pEva

g 2ot il - ; 1

Zebyn : (1,1), (1,2), @1 (6,6) els ExaoTov TV dTrolev By wpolpey TlavoTn TR T

To ouppav A: «T6 dbgowopa 1oV Evdellewy Ty 8o xifwy elvar 3 1) Tn, elven &Bpor-
Opa Tédv EEfs Buo Efvery GAAHAWY oupBavTwY :

A, : «Té dfgowopa @y &b Eewy Taw do xifor elvac 3.

A,: «To dlpotopa T évdetlewy Taw dvo xiflwy elvar 7.

; . 2
To cupBav A, elvan TO ovvorov { (1,2), (2,1)}, wt P(A) = =

: [
To ouppéw A, ever { (16), (2,5), Gi4) (43), (5.2), (6.1) }, we P(Ay) = ==
2 6 8 2
“Apa: P(A) = P(A; 4 Ax) = P(A) + P(A,) = £ - EET =S
1 1
71 : “Estocav A kol B 800 coppavia pe P(B) = S kai P(AMB) = T Né eopedif 1

P(BMA".

Adorg: "Eyxopev, Suvdper THS TPOT&TEWS E
1 i 1
P(BMA") = P(B) —P(AMB) = e i

AZKHZIEIZ

595, "Ev Soyelov mepiExEl 2 Aeukd ogaupiBia, 4 kvavd kal 6 paupa. To meipapa ouvioTaTaiels
Thy tuyaiav Ay 2 opaipibicov tk TV 13. Moia # mbavdTns v elven &ueéTepa Tou 18lou xpd-
Hatog; ; " . ’ 0 &

596. "Ev kuTiov TEPIEXEL Aeukd xal palpa opaipibia, & 8 &piBuog TGV Aeukidv elvai Beka-
TMA&T105 100 &piduol TV papoov. [oia 1) mibavéTns va Anedi Ev Aeuxdy opaipiBiov;

597, Eéw # milavdTns vé tupaviodi &v gupBav evon TprmAaoia Tis milavéTnTog V& gy
ipaviodi, Tola f) mbavéTns v& tugavicdf Touto; : i

598. Pire Tig Suo kupous. TToia 1 mifavdTns va Beifouv dugoTEpOl THY {Giav &y,

599. Elg picw yparTiv tEtraow elg TO padnua Tfis ioTopias &idovTar Tpia loTopKa YEYOVSTN
(Fy, T, T, ket Tpefs xpovoroylat (x4, Xa» Xg), GnTETTEN BE &rress Bk Tos padinTiis ouoxeTion T& Tpia
St robécwuey 1 els podnThs Biv xaréyel TO Bépa Kal

Yeyovdra Trpds T&S TPELS ypovohoyias. "As U ! ! ! X ’
Aan od Suvarad cuayeTioes va elvan €€ Toou mbavad.

K&pver Tuyatay cUoKETIOW, elg TpOTTOV OOTTE & x ot Tic :
o) ExnuatioaTe TOV BerypaTikov y&pov Bik s StJvcrrcx m‘ro-reheouc?rrcx‘. , :
) Mola 1) BovdTng vé piy UTTapyouV TRES dpdal ouoyetioes els THY dTavTHoW Tou
HabnTol. 1A . ‘
y) Toia A} mlavéTns V& UT&pyouV &xpipdds !?un é?ﬂcu 'crucr)(e-riaag;
&) Toia N mbavdTns v elvan Shat al O'UO')'(ET'IO'EIS ?peul_; i '
* €) Tlola ) mBavdTng Vo UTGpY VY TEQICTOTERSI -r‘ng mas O?eal UYUUXETIUHS; ‘ g
o) ‘H mlavoTns va& TEPIEXT) T ATEVTNOIS Tpeis 6pBds cuoyETioes elval peyohuTipa THs
MavdrnTos v Tepiéyn Hovay BU;
60). Plrrrouey Tpeis KUBOUS OUYXPOVEds. o
Tv Tp1G kUPeov glval Giaboy kol Gpiduoi». 819y :
601. Aoyelov TEPIEXE! 6 heukds, 8 Epulpas KCX‘l‘ 10 ucc\'J.pm; thc{{pcv,:, duoias &mo méons UT:é-
Ve EkTog ToU YPUWHATOS. Té meipapa EykaTal gls Thv Tu?(qnav émgcxrmy_nv &I;o 1% T0.0U 24 coaipdv.
Toi 1) mBavéTns vé elvat &ugdTepan al EEarydpevan o@aipal TOU QUTOU XPWHATOS;

ja 1) mifavéTns ToU oupBavTos: «Al tvbeiters
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602. "Ex Biouns 52 Taryviox&pTwy Aapplvopey Tuxaiws OKTG YOpTIE.
«) Tota f mdavdTns va eival ToU aiTol XpdHaTOS; (“Yrdpyow 26 «kdrkven kel
26 «paipen).
B) Toix f mAavdTns v iy eVplokeTa «&ooosy peTall auTddy;
y) Moia #y mBavdTng va Urédpyouv duo ToUA&Y1oTOV &OOO1;

§ 263. MiBavévnTEG UTTd oUVOAKNV.— “Eotwoav A kai B SUo cuppdvtd
ToU afTol TEIpdpaTos TUYNS kai 811 P (A) > 0. Tote: "H mbavotng tod B ond
cuvBfikny A, f) GAAws 1) Ord cuvBikny m0avotng tod B d00ivrog 611 1o A cuvipn
#{ 611 0a ovppil. cunBoliloutvn 51k Tou P (B|A), dpiletar dno tiig oyfocng :

P(ANB
PEBIA= g | @ >0

*Hrol : ThBavotng tod B Ond svvlikny A xaheitan 6 héyog tijc mbavorn:
tog 100 A kai B mpdg tiv mOavornra tod A.

Mapaderypa: Acdivieg o &g piav oikoyévewav pi dbo rtékve to v elvar ayoph
noie | mbavoryg ive apgortepu i thkve slvar ayopua;
Aboic: "Exopey bv TpeoTOIs TOV SerypaTikdy xdpov :
Q = | ag, aK, Ko, KK },
&mrou «a» onpaiver dydpt Kal € xopiTol.
BewpoUpey T oupPavTa
A: « H oixoyévera Exet & rodddyioTor dydpen, fitor A = { oo, oK, Ka |.
B: « H oixoyévewt Eypet xai va do Téxva dydoan, fitor B = { aa }.
Tére 16 cupPay BIA: « "Apgpdteoa Ta Téxva elvan aydpwa dobévros Gt TO & elvar aydot)
Eye1 TlaVOTNTX
P(B|A) = i@@?l = g [&KEBL-&S_EUO dyopia]
B = =Py P [&v ToUA&YIGTOV dydpl ]
4
Equeioos. H P(BJA) dvouddetan kai deopeopivy mbavotng &v dvTiSiagTo-
A pos Thv P(B), fris karheiTan kol adéopevtog T Gvev suvBikng mbavoTng.
OUTws, €ls TO TWPOTYOUHEVOV TapdBerypa fy &Béousutos mibavdTng lval

P(®)=1/4

§ 264. MBavomg Topfig dUo ouppavrwy (vépog TGOV ouvOETWY
mBavoriTwy).— O Umrohoylopos Tiis mlavdTnTos Tiis Touds dUo ouppavTeV
A xai B Suvaran v& yivy Si& Tfis xpnotuomomoews Tod TUmou Tiis UTO cuvln-
Knv mHVOTNTOS.

EBIEAY s
PA) (dmou P (A) > 0)
wpoxumrrer: P (BNA)=P (A)-P (B|A). "Eqw 8t xai P (B) > 0, TéTe 81’ dv-
TipeTofEoES TEOV YPAHPGTLV A kai B Eyopev :
P(ANB)=P(B)-P (A|B).

Mpdyuaty, & TS oxéoews P(B|A)=
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AMAMG AN B)=BNA kol Emopeves :

LP(A('\B)iP(A)’p(BlA):P(B)-P(A}B) )

*Hrot: “H mlavétne mpoypeTonoiosmg cuyypoves 800 cupfaviov icobtal
1E vy mbavotnra npaypatonoLioEns 1ot Evog, éni Ty mbavétnte Tpaypetononii-
SEag tob £tépov Drd TRV guvOfEny dpog it suvifn 10 npdtov.

Mapidsyypas: Evkotioy tepiyer 15 hevkd kol 10 npactva a@apidie. To neipapa ovvi-
Statw sic Ty EEayeyiv §00 cpuipLoimy arinlodiadogwe, yopic 10 ELayopsvov ceuipidiov va
inavariferar. Toia ) mbavotng vir £Eay0f) Tp@dTe REVKOV Kai katomy npicivoy ogaipidiov;

Abarc: 'Eav A onuaivn Aeuxdv ogaupidiov kal T mpaewey, B Exoopey :

P(ANT) = P(A)-PAT[A).

10 B N ) e ;
*ANAG P(A) = -% =3 -g' kel P(IT|A) = =12 (51611 76 E§aybiv Biv EmavaTibeTan).

3 5 1
“Apa: PANTY = = * 15 =7
§ 265. Tuppavra aveEapmra AN Awv.—"EoTwoay 8lo ouppavta A
kai B, uf xevd, giuo:rpepéuevu el Eva Teipapa TUXNS. Q& Atywpev 6T1 TO oupPav
B elvan gramotk®de i GTOYUOTIKDS avegapniov, GUVTONWS avebapintov Tou

A TéTe, kai povov TOTE, & loXun N OXE0IS -

i P (B|A) =P (B)

‘H oytors almn Exer 05 &PETOV QUVETTEICY fvo ompovTIKOY Kavdva TTOAACTTAG-
Clao oy TfavoTHTWY &ueEapTnTWV ouppévTwv. ‘O kavev oUTos Bideton Bix Tou

KaTwTép BecopNMeTos

§ 266. @swpnpa.— ‘Fay 10 cupPav B givar aveEapntov tob A, téte 1) mba-
Votg 1ijg Topiig Twv igobral rpog 1O yLvopEvoV TV mbavotftov TOV.

"Hron: P(AN B)= P(4) - P(B) ¢}

*Anodergrg: MMpayuaty Suvdpe ToU éplcuoﬁ TéV dueCopTHTwY oup-
Béwreon kad THg oXETEWS (1) fis § 264, Exouev :

P(ANB) = P(A)-P(B|A) = P(A)-P(B).

Hoparipyers. EQV tvohA&Ecopey TOUs pOAOUS 16v A xai B Téoov &ls v
UTdBeo1y Boov kol Els TO GUMTTEPIOPA ToU dvooTépe BeopminaTos, EXoHEy AW
Thy (1), Auvdpeda Aormroy v ETTEHEY &1, Gv & & T®Y oupPdvTey evat Gve-
8&pTnTov ToU GAAou, TOTE foXVEL :

P(ANB) = P(A)-P(B). Ny

"Orav loyim f oxéots aUtn Aéyousv 61 T& Blo ouppavTa elvan avelapinra
ko, l ) '

‘Edv 8Uo ouppovta Sev elvan &veEapTnTY, B Abywpey OTI elven dEmprnpuéva.
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Moapadecrypa: Pintopey sig tov dipe éva xofov xai £v vopopa. Tloio 1 mbavotng rod
suvBETov cupfavtog : «d kiBog v oépy 5 1 6 kai 10 vopopa Kophver;

Abarg: "Eortw A Td ounpdv i « O xifloc péoee 5 i) Gy kad B 1o ouppdv : «T6 véuoua
pépeL xopiva (K)»

‘0 SerypaTikds X&pos Tol ouvBéTou TEIpGUaTOS elven :

Q=1(1,2,3456)x (Kl} =
= {(1,K), (2,K), B,K), (4K), (5.K), (6,K), (L., (2.1, @G0, (4,0), (5.0, B ).
Elven : A = { (5K), (6K) (5, (6)}
B = { (LK), (2K), (3K), (4K), (5.K),. (6,K))
AMB = {(5,K), (6,K)}.

2

*Emrions P(A) = T3

4 6

w5 P@® =z PANB) = =R
i 6 2 1 1
o= * PANB) =

=
=

Maparnpotpey 811: P(A)-P(B) =

“Apa: P(AMB) = P(A)-P(B) =

ToUto 16 dvepévapey, 510m TO droTéheoua T6 dTolov B p&s Bian & kiPos elvan dveapTnToV
ToU &rroTeAéopaTos TO dtroiov B pags Boan TO vopIoHa.

§ 267. '1516TnTEG aveEapTATwy oUPPavTWY.

11 : 'Eav A xai B aveEaprnta svpPavea, 0a clvar dvebaprnra ouppavia kai 1@
A kei B'.

Anédaitic. Qs yvwotdv (§ 262, ¢’) P(ANB") = P(A) —P(ANB),
kol Emeidn € Umobéoews P (ANB) = P(A)-P(B), 6 Excopev:

P(ANB") = P(A) — P(A)-P(B) = P(A) [1 - P(B)]= P(A)-P(B"),

vt P(B)+P(BH=1

2¢ : ’Eav A xoi B aveEapinta ovpPavia, 0& elvar aveEaprnra koi 1é A’ kai B-

SHTon: P(A’B)= P(A") - P(B).

“Yrodertie. Maparnpnoate 811 (ANB)U(A'NB) =B xal tpyactijte g ol
TTPOT) Y OUHEVWS.

3n: "Edav A koi B aveEaprnra ovppavta, Oa elvar dveCaprnra coppavta kel d
A’ xai B'.

¥HTan: P(A'NB’) = P(A")-P(B).

*Amédeitic. Emeidn (A'NB) U (A'NB)= A’ kai (A'NB) N (A'NB) = &
&y ouey : P(A'NB)+P (A'NB")=P(A")
f P(A'NB) = P(A") —P(A'NB)= (Adyw Tiis 2as5)

— P(A') — P(A")-P(B) =
=P(A")-[1 —P(B)]=P(A)-P(B).
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- y . . ; 3 :
‘Egappoyf: 'H mOavotng va ubij Ev npofinpe and iva pabnmiv x slvan 5 kai M

MOavang vi Al aro Eva Erhov pabntiv v elvar —;— Toia | mBavortng va Lubi} o npofinpa
) 1oy Eva woi v pi LBF nd tov dhhovs
Aborg: 'Eqv kartowpey A 10 oupPav : « O palytic x et 16 mpdfiapan kel B 16 oup-
Bav . 0 pabntac y Aer t6 medfinuar, ToTE:
ANMB' enuaiver: "0 x 6a Adey 10 npdfinpua, aix dy 6 y.
A'MBonpaiver: ‘O = 6év Ba Aoy 16 mpdfidnua, diia ¢ y Oa To Aday).
(ANB)YU(A'MB) onuadver : Na Avljj dnd tév fva xai va pip Awbij dné tov didor.
"Apa, ) CnToupévn mBavéTns elval, &v Angdfj Un’ Syw &1t AMB’ ki A'MIB elvan Efva
SUuBdyTa
P[(AMB)U(A'MB)] = P(AMB') + P(A'MB) = P(A)-P(B") + P(A")-P(B) =

3 3)r0-3) E-3 het g

AZKHZIEIZ

603. ‘H mbavdTns AUoews tvds TpoPAfiuaTos &rd Tov pafnTiy o elven —- kai &wo Tov oup-

3
Habyriy tou B elven —;. Tofa ) mBavéTns va AubT) T TpdPAnpa &mrd dugoTépous ;
604. Aciforre 811 :
a) P(A|B)+ P(A'|B) =1
B) P(AIB) = -igg;—, yvwoTou vTos &1 AC B xai P(B) > 0.
605. Katd Ty piyw tvos kuPou, mola elven 1) midavdTns vé Tapoveiaabi T «6» ik Tpdd-
TV gopdy kard THY TETEPTIV piyv;
606. *Ex s kKAnpwTibos mepiexovans 30 kAnpous, fipiBunpévous &md 1 £ws 30 dvaoupopev
“Tuyaicoss Eva KAfipov. Tlofa eivan 1) mBavoTng & qvaouplels kAfipos va pépn dpiBuov epiTTov Kal
peToy §1&x Tol tvvia ;
607. *Edv A xoi B oupPdvTa Eéva trpds EAAnAa pt P(ALUB) = 0, va Beixdij émi:
P(A)
P(A)+ P(B)
608. Pimrropev 5o xuPous els Tov &épa. TvwoTol dvtos 811 & 105 kUPos Egepe TOV dpiBudy
3, Toia 1| miBavéTns ToU cupPavTos : «To &bporopa TéY EvBeifewy elvar = 10» ;
609. ’Ex Stouns 52 maryviox&pTwv AcuPdvouey Tpia maryvibXopTd. TMoila fy mbovdTns
o0 oupB&yTos : «OUBEY Bk TGV TPIGY TAIYVIOXEPTEY Elvon @ryoupan.
Mot 610. 'Exaéyopev Tuyalws 0o guoikous &pifiuous éx Tou Tumuatos T, =1{1,2,3... 9,10}.
Pl ) mBoawéTns vé efvar & el &pTiog Kai O ETepos TEPITTES;
611, Pirrropev 800 xUPous. TToia f mavdTns va gépoopev Simhouv £€ ; Tlola 8¢ /) mBavédTng
"% ooy ToUAGy1oTOV Evex EE
: 612. Méoas popds Tpémer v piywpey Bvax kUPov, daTe 7 Eugdviois Evos ToUAGy1oTOV € v
X0 ThavérnTa 0,5 ;

P(A|AUB) =

_ § 268. MBavétg Topfig TPV cuppavrwv.— Edv A, B, I ounpdva
Tou Bely porikou xcopov §, ToTe loyUel :

P(ANBNT) = P(A)-P(B|A)-P(T|ANB) |, (P (ANB)>0)
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*Arodeailig : 'Eav ANB=E, Exopev :
P(ANBNIM) = P(ENI) = P(E) P(I"'|E)= P(ANB)-P(I' ANB) =
= P(A)-P(B|A)-P(I' | ANB), &.£8.
‘Opoiws &modeikvisTal, 6T1:
P(ANBNTNA)= P(A)-P(B|A)-P(I"|ANB)-P(A|ANBNT).
[Mevixdéds :

P(Allquq"--q Av) ";P(A])' P(AQ‘AL) P(A‘;‘Alm’\z) = P(A\'IA]_mAzm--- ﬂA‘ 1)

Mapaderypa: "Evdoxeloy neméyet 3 hevka oguipidia, 4 kvavi xai 6 patpa. T neipapad
guvistata £ig tiv EEaywyiy tpdv spaipidimy, T6 Ev katomy 1ol &hiov, Kwpis o tEayopcvov cpat-
pidrov va travarifetar. Moiw 1 mOuvoTng Ta EEayopeve coaipidia va elval kata aeipay : 1) LEUKOV,
2) xvavoiv, 3) pabpov.

Adoug: 'E&v A onuaivy Aeukov opaipibiov, K kuavouv kal M patpov, 6& Exwpey :
P(ANY KM M) = P(A)-P(K|A)-P(M|ANK).

3
137
P(M|AMK) = % (51671 T& EEayPivTa biv Emavartibevtan).

1 y ; 1
P(K|A) 4— - (81611 TO EforyBiv Biv EmavarifeTan) kal

AMG  P(A) = =3

"Ofev :

3 1
PAANKNM) = &= 5 -

§ 269. "AveEaprnoia v guppavrwy. — Tpia fj mepioodTepa oUPPVTS
ALA,,. . ., A, kadoUvtar aporfaiog T) teheiong avelaptnra ToTE, kai pdvov TOTE
&v 1) o ouvbnkn (Beopeupévn) mBavdTns oloudnmoTe ToUTwY, BodévTwy oiwv-
BrwoTe TV Acimddv, lgoUTton mpos THY ouvnin (d&BéopeuTtov) mlovdTnTCL

‘0 duoTépo Splauds elvan iooBuvapos ué Tas 67 oytoels
P(ANA)=P(A)-P(A ) IFLL]I=], 2,.. . v (dvebdpTnTa dvé Letyn):
P(ANA NA)=P(A)P (A )P (A), (GveSéprnra dvd Tpia), K.OX.

P(ANAN - NA)=P(A)-P(A) P (A,),
Olre, m.x., Tpia oupPdvta ToU Seryuarikod ydpou Q, fotw T& A, B, T
B AbycovTan TeAsles dveEapTnTa dw, Kad udvov td, ioylouv al dkéAoulicl ayéaers
1. P(ANB)=P(A) P (B)
2V R (AT =P (A)- Py 0]
3 P(BME)=P(B): P(T)
4 PAImMB AR =R(A)- B (B)s PR v a1}
Afov va onuaiwdij 611 i dvebapTnoia TRIGY ouuBdvTwy dvd 5Uo Aaupavo-
péveov Bv EEaopoiiler TNV Teheiav dveGapTnoiay adtév. ‘Emoptves Si& vé elva
Tpia oupPdvTa Teheloos veEdpTnTa kTl va foyUouv cuyypéves al (1) kad (I1)-
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Mapatipnoig. "OTav éxwpev v dvefdpTnTa oupPdvta, TOTE

‘H oyéois pws (1) 82v eivar ikaviy ouvBipen 81 Ty Tedeiov dveCapTnoicw
Tav A, A, L, A

Mapabdeiyparta: lov. Kara tpomovg aveEaprijtoug, pintopev £va vopiopa, happavopey
Eva noryviogaprov ané piav dtopnv xai pintopcy Eva kofov. oia M mbavotng vi épgavicovy 10
Vopopa «kop@vay, T0 TarYVIOZapToV «licoovy kai & kOBog «6»;

Abarc: 'Eav A onuaivy @ «T6 véuoua deixvier mopivar, B : « T aaynidyapror elvac
dogocy xal [ «'Q xifios péper v, O& Exwpev

P(ANBMT) = P(A)-P(B)-P(N),

81811 1& oupfdvTa evan dvedpTnTa.

1 el !
AN Py =rg BBy =aai=am s Bl)=7
] 1 1 1
"Apa: P(ANBNN) = BT e LT

O Bowpey Thpa Kal &V KEPAKTNPITTIKOV Tapaderypa, 81" ob tugaiveton 6T ) dvelapTn-
%l o1y oupPdvTev dua dlo AauPavopéveov Biv EEacgalilel Thy TARen dveEapTnolay alTév.

20v : AiEdpar kavovikod 1ETpaLdpov slvan gpopatiopivar ac &g 1 Maipn, heukd, £pubpa
kai 1) terapry Edpa Exer xei T tpia zpopata, Pintopev 1o 1e1paedpov Kai naputirolpey 1o xphpa
Tl E8pag &ni tiig noiag ornpiletar. Kakoluey :

A 16 oupfav: €O kopog smpiletar Eni Edpug, N Omoie elvar ypopetiopivy padpny

B 1 ouppav: «O » » » RN » » LEVKTY
I' 76 ouppav: «O » » % A * » Epubpar.
2 1 208 Wl PFY — 24 L
Téte: P(A) = = o P(B) = T = TR
1 1 1
P(ANB) = =5 5 = FA)-P(E).
) Lol o ;
PAAD) = =5 - .= PR
BOIN) = o= & - 5= P@)-P(D:
PEBRYSSSe = o 3
‘Emropévess T A, B, I elvan aveEapTnTa duva 8Uo.
1 I
*AMA pPIAM BT = — 7 PA)-PE)-PT) =4

§ 270. MpooBeTikdV Bepripa TGV miBavoTATwv.— 'Edv A kai B 8o
SUNB&vTar bvds BerypaTikoU XGpoy Q, ToTe foxUel :

PAUB) =P(A)+P B —P@ANB)

“Hror : f; mlavétng o1t ouppaive #v tobhayiotoy £k 1OV A kai B ebpiokera Sia
*ig npogbicsmg tiig mBavétnTeg dTt gupPaiver 10 A pé Ty mbavotnre 6t ouppai-
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ver 70 B kai dkolotbog i tiig dpaipicsmg tijg mbavérntog Bt cupPaivovy dned-
TEPC.
*Amodertis. "As TapaTnpriowpey TO KaTwTépe Sidypaupa ol Venn (£X. 19)-

Zx. 19

A U B elvai 10 olvohov TéY oTorxelcov Ta dmola dvrikouv eiTe elg TO A, €lTE
els T& B, site eis dppodTepa. TeavdTns avTol eivar 1O &Bpoiona Tév mbavorrTay
&Y oToiyeicv Tou (BnA. Tév dmAdv aupplvtwy). 'Emaidn P (A) 4 P (B) eval
15 &Bporopa T mbavoThTwy TéY oToyElwy ToU A kai TéY oToiyelwv ToU B
ErreTan 811 o TBawéTnTES Tédw oToryeicov This Toufis A M B Eyxouv Angdifi 8o gopds:
*Edw Aormrov dpaipéowpey Thv P (AN B), 8& Exwpey 16 &Bporoua Tév mbavoThTeV
SAwv TGV oToryeiwv ToU A N B, &mou EkaaTov ExEl Anedf uiav popdv. "Qaoe :

P(A) +P(B)~P(ANB)=P (AU B). B35,

O Schocuey duws piov atoTnpoTépay GTOBEIEIY ToU dvwTépw BecopriparTos

Euxdhes SlamoToupey 811 1O ouppav AUB SUvaral va rapacTalf ds fuw-
ois (&Bpoioua) TEV duolPaiws &rrokAglopévay oupPBdvtiov A — B kal B,
fTol : AUB=(A—-B)UB, &v8a (A-—B)NB=g.

ToTe Spcos, Suvdper TV TPOTATEWY B xai €' Tiis § 262, Eyopev :
PAUB)=PA-B)+P(B)=P(A)-P(ANB)+P(B)=
_P(A)+P(B)—P(ANB).
Mépiopa 1. — Eav A kai B eivar apouiog droxheiépeva (Eéve petago tov)

cupfavre, 0d givar : P (AU B) = P (A) P (B). (PA. ki § 262, P)
Moépiopa .- ’Edv A xai A’ gival 800 suprinpopatikd copfavia £vog deLY”
potikod ydpov Q Oa givar : P(A)+P(A) =1 (PA. kad § 258, 8)

Moépiopa . —P (AU B)=P(A) + P (B) (dnompooletiny ididtng i P)
‘E@appoyn In: ’Ex déopng 32 naryviozaptmv (npipa) happavopey toyaing dbo £§ alr
@y cuyxpoves. Moia | mBavotng va elvat 16 £v todlayistov £ abtd@v doaog;

Abotg: Ovopddopev A 1o oupPav : «To & va elvar dococy xai B 16 cupPav : « To ETE

- ; 4 1 4
oov va elvar deoog). Tére P(A) = e P(B) = 55 = % kai f) mlowdTns v elva
dupéTepa &ovos v 1 P(AMBY = P(A) - P(B| A) = 3;42 : ‘33T o, 'é?z'z?'

Tée f mbavéTns Tou oupPdvros AUB : «To év rodddyioroy é& adrdvy va elvar dogos’

dvea:  P(AUB) = P(A) + P(8) — P(ANB) = o + %_.ﬁg — o
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‘Egpappoyn 2a: "Eotwoav o oupPavta A xal B p¢ P(AUB) = -2,, P(A")
1
kad P(ANB) = T Naoevpedij: (i) P(A), (ii) P(B).
Abdberg: (i). Qs yvwoTov (§ 258, 8') éxopev:

B A o |
P(A)=1-P(A) =1——= = —.
(ii). ’Ex Tfis oxtoews P(AUB) = P(A) + P(B) — P(AMB) Aaupévousy :

3 1 1 ;
=3 PO & fs: P@) = 2.

§ 271. "Eav A,B,I' suppavra 100 adred deiypatiked ydpov Q, 0a clvar :

P(AUBUT)=P(A) -+ P(B)+ P(I—P(AN B)-P(ANT)—P(BNI')-+ P(ANBNT)

’Anoderlig. "Eotw A=BUT. Toreéyopsv ANA=AN (Bul)=
SANB)UANT) kad P(ANA)=P(ANB)+P (AN —-P(ANBAD),
‘fuﬂ‘ Goov ANnB)N(ANN=(ANBAT).
OBy -
p(AUBUF) = P(AUA)= P(A) 4+ P(A) — P(ANA) =
= P(A)+ P(B)+P(N-PBAN-{P(ANB) + P(ANT)—P(ANBAT)]
— P(A)+P(B) + P(N-P(BAMN-P(ANB)—~P(ANT) + P(ANBAF).
Mépiopa. — *Eav A, B, T clvar ovpPavia dpopuiog anoxiadpeva (Léva
MeTath rov) ava Soo, tote oyie :
P(AUBUT) =P (A)+ P (B)+ P ().

‘Edappoyai
k ey gLy ’
In: "H mbavorng va Cij kanotog peta 20 Etn civar - Ko N mbavotng va i i o0luyog
8 . P sz =
™ ke 20 £ slvan 4196_ . Tloia 1 mOavotng va (il tobhaxietov £lg to0tmy peta 20 En;

o Aborg: "Eorte A 0 oupPdy : « O adlvyos (i pera 20 frnpy kal B 16 oupPdv 1« H
YYog i perd 20 Eryy. TéTe:
P(AUB) = P(A) + P(B) — P(AMB)
3 9 o} 9 39

PAUB) =7+ 15— 1 ' 75 = 40"

. . " ; 8 i " O
2a:'H mBavétng va [ karolog peta 40 En elvan TR kai | mBavotng va L 1 ooluyoc tou

Herg an » . e L.
0 40 £ elvan 1—.':] IMoia | mBavotng va Lii povov 6 oblvyog peta 40 En;

Avoug: *Edv kahbowpey A T ouppdy : « O ailvyoc va (ij pera 40 Emmy kol B 16 gup-

BUU: «Na L 9 avlvyos pera 40 Erny, TOTE &pKel v& elpwpev Ty P(AMB’).
"AMAg P(AMB') = P(A)-P(B") = P(A)-[1 —P(B)],
. 8 7 8 3 24
OBey ; - il st S PR e
v P(AMB') = P(A)-[1-P(B)] = 45 (1 10) o 10" [0
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AZKHZEIZ

613. 'Eav Ac B, TéTeBelfote dT1: P (B|A) = 1.

614. Aci€are ypnoipomorolvTes Tdv vépov ToU De Morgan A'MB" = (AUBY, &t tav T
A kai B glvon dvedptnTa oupPévTe, fa elvon &vefaptnTa kol Té A’ kai B’

615. Els dxépaios meprhapPdveTal katd TUXNY peTafl Tév mpoTwy 200 BeTixddy dxepaicdV
Moia f mlavéTns 11 & AapPavépevos &pidpds elven ioapeTos eite Sk 6 eite 514 8 ;

c 2} ;
616. ‘H mfavdTns va Lfj kdmoios peta 20 Etn elven T kal 1) mBavéTns vé I 1) ouguyd

: G 3 i g ;
Tou petd 20 £ eiven —Z-. Tlola f) mfavoTns :

5
a) Na& Zolv &ugdTepot, B) Na&&fj pévov 6 ovluyos,
y) N& Lfj uévov 1) oubuyos, 8) Na& £f) TovddyioTov €ls ToUTww.
& 5 L

617. 'E&v A xai B sivai ouppévra pt P(A) = = P(AWB) = - kal P(B') = o

copebodv af 1 P(AMB), P(A'MB), P(A'UB) xai P(BMA).

. 1 ;
618. 'Eév A xal B elvan ouppévia pt P(A) = 5, P(B') = _§_ xai P(AMB) — 111 v
edpeBolv al: P(A|B), P(B|A), P(AUB), P(A'|B"), P(B'|A".
619. Na& &moderyij oTi:
PL(AUA)|B] = P(A[B) + P(A'|B).
3 5 ;
620. AoBévtos 611 P(A) = 8 P(B) = o xal P(AUB) = %. va& eUpeBouy af mbave

tntes: P(A|B) kal P(B|A).
621. 'Eav E kal I' dvefaprnTta ouppdvta, 8 elvan :
PE[F)=1-P(EIF),  (P(F)>0).

622. ’Edw E kal F elvon oupPévta ToU alou Berypatikol ydpou Q, TOTE :

1)) O=PE/N =1
2) P(QIF)=1
3) P(E) = P(F)-P(E|F) + P (F")-P (E| F).

623. 'Eav A xal B eivan oupPévra dpoiPaiws dmoxdedpevea, TéTe ¢
P(AUB (E) = P(A|E) + P(B|E), (P (E)>>0).
624. Acifare &1 'Eav ACB=B,UB,U---UB,, &6a B; N B) = &, i % j, 7

foyue :
P(A) =P(By) - P(A|B)) + P(B) - P(A|By) .-+ P(B, ) P (A[By).
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ITOIXEIA
EK TOY AIANYIMATIKOY AOTIZMOY
KAl THX ANAAYTIKHE TFEQMETPIAX *

KE®AAAION I
FENIKOTHTEZ

lov : 'Egappootév Siavvopa.— Kodouuey Epapuootdv Sidwuous &v Siore-
Taypévov Lelyos BUo onueicov, A kal B.
—
To oupPohifopev & s &Efis:  AB.
2ov : Mydevikdv Suavvopa.— MnSevikdy Sidvuoua elven 16 Bidvuoua, Tol
Smofoy i dpxn, A, xai T TéAos, B, ouumitTouy.

= 5 z =»
ToUto 1o ouuPorilouev ds &fs: 0.
‘O qopevs ToU pnBevikoU Biaviauatos elven dxabdpiotog.

3ov : ’Ioodivapa Egappostd Saviouate.— Alo EpapuooTd SiavbopaTa,
-

A? kal A, elvon lgoBUvana, Stav T& Tufuara AA xal B (ox. 1) Exow 7o
TS égov.

. B
Apa : AB=TA <= AA xai BT &- o B
XO0v 15 adeo péoov. el
Zuvérein : Ok Eywpev Tas fooBuvapias : [ues -
> > - T A
AB=TA «=> AI'=BA . 1

= > . -
AB = AI' <= Bxai I’ ouprintovv.
y nuputﬂpqcu;: Els 10 ZUvohov Tdv Biawuoudtwy (EpopuooTtdv) 8 Aé-
c':Ouev S T &veoTépw SiaviopaTa dmoTteholy piav kAGoW looBuvanias. Al kKA&-
'S 10'05UV0:].I{0.'§ kahouvton Ehedfepa Swaviopata.
o dov : *EdeoBepov Srdvuopa.— EAelfepov Sidvuoua koheiTar To SUvohow
V &pappoorésy Biavuopdawy, foobuvduwy mpds Soltv épappooTdv Sidvuoua.

,

E\l TOlo i \ ' ¥ > 3 . e
louToy Siavvopa TO WuﬁOA'ICOUEV elte &1 éUOS YPARUATOS (U, X )' EiTe

* .Y
O leodvvou Mavékn
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B1° vds TUXdVTOS Bk TEW EpappooTiv SicvuopdTwy, TO OTolov TapIoTY auTe

—
(&vrirpdoewos). Thy. AB: s A LE
Sov : "Iaa #\ebbepa Savoopata.— AVo EAelfepa SiowiouoTa, u kol v, A
yovten foq, tav EmbtywvTal ds &uTiTpogwTovs To aUTd EpapuoaTov Biéwv
oua §) Buo EgapuooTd SlaviopoTa fooduvapa, SmA. Stav Exouv THV ariy

SievBuvaw, THy oUThy &mdAutov Tipdv kol gopdw. ZuuPoMfopev 8¢ TotTa o
- >
&Efis : u=u
Gov : Mfjxog £hevBépov Siavboparog.— Miikos Eheudipou BioviouaTos KOAEr

—
Tat TO pfikos, AB, dvds dvrirpoodomou AB ToU BiawouaTos ToUTou.
Td oupPohifopev s 6fs :
- —
lu|l=u @ |AB|=AB

y
7ov : Cwvia §00 Stavvepdrov, u kai v, tpocavatoliopévov mnédov.— Ko

> >
Aolipev ywviav SUo BiavuoudTwy u kal v, kewdveov Eml mpocaveToAlouévol
tmiméSou, THV wpocsavatoleptvy yaviav THv oynuoT
9/4 Lopévny Umd Blo fuevbadv, Ox kol Oy, Tiis adriis &P
A -
U

xfis, dvTioTolyws TapadAfAwy Tpds T& Siaviouare U

g >
—— kv (ox- 2) xai Tiis cirfis popds. g
—
0 X Mic ToleTn yevia waplotaror ds fis: (u, V)
X 2 ‘H 8¢ dAyePpikn) Tip auTiis 8i8eTon Ymd TOU TUTOU

(d:,_u’) =48 +2kn, it 0S¥<n (& kupth) yowvia), keZ.

. ; s s o -
Sov : Tuyypeppika Saviopata.— Alo Siaviopora, u kal U AéyovTtan ovY
ypauuixg, &tav Exow Thv aUThy SiedBuvoly.
"Apa 6& Eyoopev :

--> = e

(u, v) =0, étav T& Srovbopara elvan dpdppomra ) (u, v) =2k, kez
-> -» = e

xad (u, v) =, &rav TouTa €lven dvtipporra fy (u, v)=(2k+ 1), k€

9v : Svvenineda Swavoopata. — AVo Biawlopora Abyovtar ouverrimedd
&tav of Sieudivoeis T elvar TTapdAAnAct Tpds TO aUTd Erimedov.
Hapatipnolg : Avo Biaviopara elvan mévtoTe ouverrimeda ;

MPAZEIZ EMI TQN AIANYZMATQN

. > > .
lov : TIpéeOeoig Sravvopdtov.— “Eotwoay u kal v 80o éAeifepa Slcﬂi”,

—>
oHaTa pt dvTipoodmous &uTioTolxws T EpapuooTd SiavouaTa AB kai B!

(ox. 3).
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-~ ~ i’ i/ i1 —+
KooUpev &@poiopa tédv Blo Tolrwv SiavuopdTwy 16 Sidvuopa 8, Tou

—
:“Olou dvmirpdowos elvan TO tpapuooTov Sidwuoua Al To ouupohiGouey 5¢
% 67
> > >
8= u-+ V.
‘0 Opiopds oUTos YevikeleTal kai Bi& Asiova
TV SUo BlavuouaTwY.

20v : *Avtifera Swaviopata. — Alo Siowlopa-
To Abyovten dvrifeta, STaw TO &fpoigud Twy elvon
0 pnSevikdv Sidwuopa.

—> = ; g
‘Eav AB elvon Evas duTitpdowos ToU SiavuopaTos u, TéTe & dvTimpd-
—> %4 Ak -3 -5
SWirog ToU &AAou & elvan & BA. Té &vrifetov Tol SiaviouaTos u elvar 1O —u.
3ov : Tpryovikiy Gvicétng d0o Savvopdtov.— MeTabl Tév &moAUTwY TI-

. , > > > > 155 X
MY Tw TpiGy BiawuopdTwy u, U Kal U Ay Eyopev TNV axdAoufov &vigoTi-

kv oyt :
> > = -
i,ll"{'ul‘g.!u l‘l’luwv
Tpok{rrousay &k Tou Terycvou ABI Tol (ox. 3), émou 1o = AauPdver ya-

-> > : 2 #T 2 E

Pav, dtqv T& u kai v elvat TapdAhnia kol Tfis aUTHs Popas.
; -> > — !

FevikdTepov, Bid T& SloviopaTa: Uy, Ug ...y Uy {oy et :

2y - > > -
T+ Ut 0| < Bl 0| e ]

dov : *IS16tneeg tiig mpoodioeas.— AUtar ouvoyilovtan els TS

> > => > -
o) a4t vu=v+tu (dvripetadeniki),
> > > > -» > .
B) (u4+v)+w=u +(u+w) (rpoceTarprloniki),
> > >~
¥) 'IT i ?: 0+ u=nu (0 = obdérepov atoryeiov),
= - > > > : —
8) —u>+(—-u):(—u)+u:0 ( —u = évribetov 10D ).
Sov : 'Agaipeoig dbo Swavvopdrav.— OicovbimoTe VTWY TGOV SlevuopdTwy
e e
Ukai vy, ) é€lowois : u-t+x=Y
é“lBéXgqu évToTe wiav, kai plav povov, AU, TAV:
> > — > > >
X=vu + (—u), Thy dmolav ypapouev: X =0 — W

- . > >
TS Si&vuoua x Koheltal dragopa TwWV SrovuopdTev U kal .
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S
6ov : ['vopevov daviopatog u imi npaypanikdv aplpov k.

OPIZMOZ: Aexdueba &1i: « AoBéviog mpaypatiked apbpod k +# 0 Kai

’ -+ ._> € r r -> -~ e
Siavoopatog u % 0, drapyer Sidvvepa v tol0bTOV BOTE :

a -) N e ~ +
lov: To v va Exyg tiv dedBuvery tod u.

_u..b 2y —>
Tokd (<o) 20v: Tov va elvar tiig abriig popdc pt 1o u, £0Y
- -

Zx. 4 k > 0, dvniBétov 8¢ gopig pé 10 u, étav k < 0.
-

ey i o e =X i

3ov: ‘O Adyos == BnAadn T pfikos ToU v Tpds TO pijkos TolU u V¢
|u |

elven foos Tpos THY &rdAuTov Tipfv Tou k- fiTor :

|
i

Mapatpioeig: o) 'Eaw k=0, té1e v =0, oloudnmote Svros Tol u.

—-> ->
=|k| <= |vi=|k|-|ul

=¢|c¢

> > > =
B *Eav u = 0, té1e v = 0, oloubnmoTe évtos Tou k.
> > L == - >
¥ Eav k-u=0, 6Te f k=0, fu=0% k=0kal u=0.
> > > >
8) O elvan: l-u=u kal (1) u=—u.

Enpeiootg: A& ToU dvewtipw  OpIoHoU  &mewovifeten Té TUvohov T mpaypoTikd
&piBudsy rrl Tév onpelov s ebfelas xaTd TOV BéXp1 ToUBE yvwoTdy Tpétov. To dflcpa ToUT
efvon BepehiddBes Bid THY "AvaduTikiy Mecopetpiav kal ouvbéer Ty "Adyefpav pé Ty Mecoperpid”

OepehrcoThs efvan & MdAAos MaBnuarikés kal giddooges KapTtéoios,

*Ard Toube kal els TO E6fis T& Biewlopara fewpolvtan s SixTeTaypiva LeUyn TparyHa™”
Kéov &piBpcY @ TV ouvTeTaypévev TpoPoAdv altdv (13). *H Toiadtn Sedpriots dmoTeAel L
'AvadwTikiv Mecoperplov.

Tov : *ISwotnteg ol ywvopévov dravbopateg &nl aplOpov keR.— Alton oV
wigovtar 6 &roloubuws

> > > >
o) u=v = ku =kv, kai &v k #0(, k?: k-;;)%»—u):-\:
- - >
B Eav u # 0, 7ome ku = kju = k = k,.
y - —> -
Y Elven : k (kyu) =k, (ku) =k, k,u.
S Syl
&) Elvar k(u+ v) =ku 4+ kv.
- >
Fevikodtepa: k- 2w =2Zkuy  (i=1,2,3,...,v)
> >
&) Eiven : (k+ k) u=kudt ko,
MevikcoTepa

e =
e I R AR e I DN ) e T
i Wiy
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3. ATANYEMATIKH BAELIZ MIAX EY®EIAL.— "Eotew elfela xy kol

, -
Sibvuopa | o= 0, TapdAAnhov Trpds THY elBeia Tautny (ox. 5). TTav &AAo

Bue - : A s N
lQvopa, u, TapdhAniov wpds TNV Xy Elvan Tiis popefis: u = X 1.

L& TOV Aoyov ToUTOV, TS &UTITTPOCWIIOS —-

o ——
TOU 1 pepopevos UTrd Tiis Xy koAeTan Savoopati-
& 5 . - e ———
ki faowg tiig £00eiog tading. T
‘O &p1Bpds X kaeiton teTtpumpéve Tou Biaviopa-
S * y
TOS u es T Pow 1. ¥ %

’AmrokafioTaTan oUtw pia &dpgipovoanuavTos
WTigToryie petafy Tol Zuvddou T&Y BicwuopdTwy T&Y TapahAiAcv Tpds THY
XY kad Tou ouvéhov, R, TGOV TpaypoTikédyv dpiudv.

o
4, KANONIKH BAEZIEZ (f} ®YEIKH).— ‘H P&ois 1 kadeiton kavovikh,
Sty 1o Bla\;ugua 1 &Aeyf) @5 1O povaduaiov Sudvvopa. Eis THv mepimraow
-
Ty & dpifpos X xoheiTon dhyeppuen Tyt tod Savicparog u.
‘O &pibuos | X | elven TO piikos ToU SiaviopaTos TouTou.
5. AZQN.—Abov clvar 1j edfela Eni tijg Oroiag Exer oprabii 1 Oetuxiy gopd, 1j
. -
931 tod dEovog kai 1o povadiaiov Sravuopd, 1, ol droiov gopd elvar 1 tob dEovag.
Eis 70 (oy. 6) eixoviletan & &Gwv x'Ox, ut dpynv 76 onueiov O, BeTiknv go-

pdw THv Ox kad pé povdda prikous @ | 1 ,‘:1. 5 ) g
% = w
‘H &hyeppixs) Tipn TOU chuuc'ua'rog u, Topai- e .
fihoy Tpds Tov &fovar x'Ox, TopioTaTa TTOAAGKIS 3x. 6

o ik Tou u.

* = 2 ’ € 2
Ol els T (ox. 6), &v 16 AB  kelton émi ToU &fovos x'Ox, & Adyos

—
= AB elvan f) GAhyePpikn T ToU AB. "Apac:

- ¥z

= i —_ >
AB—AB-1 1§ |AB|=|AB|.|i|=AB.1=AB.
>
6. AAAATH BAZEQE.—"Eotw 1 pia PBdois (kavovikd) fj oU) edfeiog
- -> : : ; 0l ; Sl ;
iOx Kad 1 Seutépa Pdots, Sdpifouéun, dx pds TAY TNV, IO Tfis oxtoecs

-
= k? "Egteo TEAOS TO Bidwuopa u mapdAAniov mpos Thv x'Ox, Exov TETUN-

us"ﬂh‘ X s v mwpdTv Pdow kal X &g THY i
VTépav. O& Eycopey :
S e e R B O O L N W IO
éE oy - = Sk A e X . >
‘ X=EkX kol 80ev: X = e R
ix. 7
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7. GEQPHMA.— ‘O Abéyog tdv pnkdv dbo ovyypappikdv Sevoopdroy igol
Tar mpdg oV Aoyov TV dhyeppucdy Tpdy adtdv dviietoiyong.

— -3
*Eml Tol &Eovog x'Ox Bewpolpev T SrevbopoTa AB kai TA (oy. 8)

—>
" = T T Ly ; S | AB|
tba TA = 0. ‘Qs yvwoTdy, Umdpye &piuds k, Toloutos doTe: k= "—- ¢))

[TA|
*Ex ToU kowdvos Tiis Sicupéoews BUo mporyn. &piBpddy éyouey
_— = -
x B AO P AB| |AB|  AB |AB| | l(2)
< = e [l e ey e e B
8 [ | Ty |FA| |Ta
AB 8 oo > 3
AMAG: —— >0, tv AB, M'A dpdonpor <= AB, TA opéppona,
TA
AB
kol 2P -0, tav AB, A Etepbonpor <= AB I'I_\. avtippora.
A

B SR
Kot dxohoudiaw & Adyos = Exel THY aUTHY &éAuTov TIY Kaid TO o1
I

Tpbanuov pE Tov dpiBuoy k.

=

i ©)
T'A

“Apa :

E

Mopatnpioeig : Adv Tpémel V& ouyyéwvTal T& gUpPola :
e
AB, AB, AB
_-‘> o 3 3
Td oUuBodov AB waploTd Sidvuopg, fitol yewpetpikdy péyebos.
— S ; - =
T ouuPohov AB TopioTE THV @hyeBpikiy Ty ToU AB. Anhobh AB €
Va1 TrparyHaTIKOS &p1Buds, BeTikds, GpvnTiKGG i pndév.
n | —)-, ~ . g e s
T oUuporov AB f| |AB| mapioTd 10 pfikos ToU AB. Tolro elvan
parypaTikds &pifuds, Betikdg { pndév.

—_ — o L
Al Tipal T& AB kai BA elvon dvtifetor. Mpdpopey 88 Téte : BA= — AP

RA AR 3 o \ . v
¢€ ol : BA + AB=0, ka Abyouev 8TI T& ovyypapuikd Sioviopata AB xdl
—_
BA elvan éavrifeta.

AB : RwRa )
‘0 Adyos T2 Btv peToPdiietan, dv dAA&Ewpey THY gopdv Tol &Eovos x'O%
¢mi Tol dmolou kelvtan. AoTt of 800 Spot dAA&ogouv Trpdanpov duoiPales.

356

WnionoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



8. TETMHMENH IHMEIOY KEIMENOY EII AZONOE.— 'Eri &Eovog
COx (ox.9) Bewpoupev onpeiov A
e
‘0O Aoyos : L OA = X, elvan, ¢ 5, 1) 6 ; N Tou
it ; yvwaoTov, f) GAyePpikn Tipn Tou Sia-
!

Voparos OT‘\ ko koheiTon TETPMpéVY TOU onueiou X 0 sl A il

A_: ZupPorileran 8¢ pt Xa. To O kaheitan apyi) T

"oy TeTunuévewv. To O Exel TeTpnuévnu pndév.
Els wav onueiov ToU &€ovos x'Ox dvTioToryel wia, kai povoy pic, TeTpmpévn.

Zy. 9

9. EKOPAZIE THE AATEBPIKHE TIMHE AIANYEMATOEX KEIME-

NOY Ermp AEONOZL.— "Emi &fovos x'Ox (ox. 10) Becopoliey 1o Sidvuopa KE
O& elven :

OA = XA kot OB = XB ’

7 S 6 - A F B x
Kata 16 Bechpnpa ToU Chasles 66 elvon : SR i
V8= AD - OB — OB -+ AO # AB= OB — OA Zx. 10
i AB=Xzp—Xa. (1)

AnAadny: ‘H ak yeppiki tipt) Sravioparos kewpévov Eni GEovog icobtan npog TRV
t'q"lllsvn\ t0D nipatos peiov TV Tiig apyiic.
APG s AB = F)AH“"XAI (2)

n“lll:lﬁmyuu: ‘Edv x, = + 3 kal xp=-35, 7ome:

AB=(-5)—(+3)=—-53=—8 xal AB=|-8|=8
10. TETMHMENH TOY MEZOY ATANYEMATOZX.—- "Edqv T elvon & pé-

&) TeU BiavUopaTos AB (oy. 10), 6 Excwopev :
BB 78 =0 # (GA—OT)+ (OB=0)y =0 # 207 =GA.+ OB 4
Xa +Xp
B ok
it Gn}\gaﬁ : "H tetpnpévn tod pEcov dwavbopatog kewpévov Eni dEovog, igobtar
S 10 Nuadporopa tdv teTppévey TOV dKpoV Tov,

2Xr = XA+ Xs, &€ ol Xi=

flupqhmwu 'Edv x, = 4+ 6 xal xg = — 10, 76T f) TeTUnuévn Xy Tol wéoou I' Tod Sia-

Uy
“haros AB 64 elvan :

Xp = -12_(4-6-10}:—2.

AZKHZEIZ

8 LoEm ToU &fovos x'Ox Bewpouper T& onueia A,B,I" ué dvmioToixous TeTpnpévas 46, —2
l“") N& Umoroyiafoly ol &pibuol AB, BF, TA. 20v) AauPévopev ds dpyiv 16 onueiov O,
UT°" DoTe 00 = — 3. Motan elven ol véen TeTunuévanr &Y onpeiwv A,B,I xkal moian al -

v 'AB, BF, TA ;
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2. "Eotwoav A,B BUo onueia évds &fovos x'Ox ué TETUNHEVGS —2 Kkai 4 dvTioToiyes. N
op1ofij onueiov M ToU &Eovos, TololTov doTe: MA — 2.MB.

3. 'E&v AB elvan BUo onpeia ToU &fovos x'Ox pé TeTpnHéves dvTioToiyes —1 kal 2,5, Ve
opiotii onueiov M ToU dfovos, ToioUTov doTe: MA + 3MB = AB kai vé dpioff & Adyd
MA : MB.

4. 'Eav X4 Xp elvan dvmioTeiyws al TeTpnpéven TéGVY onueiwy A, B &l tvog &Eovog x'O%
vé SproBouv ai TeTumuévon TV onpeicov T kal A Tol &ovos, oUTws MoTe :

AT = TA = AB.

5. Al TeTunpévon T@v anpeiwv A,B,T, tvds &ovos x'Ox elven dvniotolyws —2, 48, +3
‘Ymdapyer onueiov M ToUu &fovos, ToloUTov o MA ++ MB + MI" = 0

6. Tov onpefoov A,B,T,A dmwobnmoTe kaptvawv éml &ovos x'Ox, va dmodeydf 611 :

lov: AA . Bl 4 AB . TA + AT - AB = 0.

20v: AA2.BT + AB*.TA + Arz.AB + BF . A . AB = 0.

3ov: Bf - TA.AB—-TA.AA . AT+ AA.AB . BA—AB.BF .TA=0.

7. "Emi &fovos x'Ox iGovtan & onueia A,B,I. Aelfate 611 Umdpyer &l ToU &ovos TV
Tou #v povaSikdy anpeiov |, TooUTtov Gate: 1A'+ 1B 4P —3.7A .18 .1 = 0.

Eqv M elvan Tuyév onueiov Tol #v Adyew &GEovos, TOTE:

st~ iy s TR _ o
MA? - MB% 4 MM —3 MA . MB - MI' = 5 MI(AB® 4 Bl? + TA?)

Kai MA® . BF + MB® . TA4 MI® . AB+3MI-AB.BF . TA =0 (Euler)

11. TPAMMIKOZ ZYNAYAEMOZL AIANYIMATON.— KoAoUpev ypopht
> > -> —>
KOV OUVBUQTHOY TV v BlavuoudTwy, Uy, Uy,. .., U, , &y Sidvwuopa u TTis HOP”

> > - > - v
oiis : u= Ay + Ayt .. +A N (u=ZA )
1
Evba ?\i € R.

A) Tpappuixi E8aptnors 0o Siavvopdrov : Avo Siaviopara u, kal u, A
yovtan ypauuikés EEnpTnpéva (i 8Ti dmoTeholv EpappoaTdv ouoThpa), STV
Umrdpyouv SUo mparyuaTikol &piBuol Ay kad Ay, Sx1 unBiv kai of Buo, ot O
v& foyun Ay lodtns:

> > >
My + Rou, = 0. m
= s - — — A% =7
"Ex Tiis (1) &meton 8112 Auy = — Ayuy. Edw 88 A 5 0, TéTE uy = — % Uy
1

¢ 2 i o iy 0 + y —*
fi dmoia oxtols Exppatel ST T& BravbouaTa uy kal u, elvan aUyypappikd.
EUkdAws 8¢ &modeikvieTon ko 1O dvTioTpopov. "Qoe :
Avo draviopatae, Sx1 Gpedtepa pndevika, elvan ypappkde iEnprapéva 610"

tlvar ovyypoppikd.
: ke L
Mapatnpioeig: u,=0 wai A, # 0 = 4y, =0 (R} A=0),

> > —-> -
A0 kad Ay =0 = u,=0 (51611 Ay #0).
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— —>
B) Avo srwevbopata ypappikds avebaprira : Avo BiavUopaTa u, kal u, elvan

rPappikéds dveEdpTnTa (ouvioTouv éhelBepov ouoTnua), BV

- - —
My A Ay =0 <= ky=Ay=0. ()

. > > o> >
lov: Tlapatnpoupey : a) up=0 kod u; =0 elven dduvarov, &i1oTI ol Ay

@i A, BuvavTon v EkAeyouv Siagopor ToU undevds.

O
B) u,= 0 elvan &Buvarov, BioTi f (1) Buvaren v émodn@eudiy B A, =0
“al A, = 1, émep &GUvaTov. "Apat.
"Edv 800 draviopota elvat ypoppikds avelépnra, obdiv £8 avtdv elvar punotv.
— —
2ov: T& BUo SiovlopaTa uy, Kai uy 8&v elvar rapardnia  (B10m &GAAws

S foa ypaupikés tEnprnuéva). Al SieuBuvoels Twy Spifouv piav BiedBuvary
TITEScov.
M) Tpie dovispate yPOpUIKGHS gEnpnpéva ¢ Tpia Sovvopara, un wnde-

sl R AR ar “ e ; i

K&, 1y, uy, u, O& Aéywpev OT1 flvar ypappikds e§npTnuéva (oxnuatifouv
WoTnue 2gapuooTév), E&v UTdpxouv Tpels TpaykaTixol GpiBuol Ay, Ay, Ay OX)
Aol un&tv, el TpdTTOV (OTE V& EXOOMEV :

- —> > -
AUt u, A u, = 0.

- -
“YrroBéTopey Ta Uy Kai Uy YPOHMIKGS GveEapTnTa, OToTE Biv B elvar Ay =0
(516T1, &NAws, 0& eiyopey A= Ay = 0). "Apa Buvdpesfa v ypaywiey :

- ?\+ ?\ﬁ} o e s
AeUa=—MU; —Aglly | Ug=—— U —=— Us.
£ Bt 141 A;} ?\3
4 =} v ~ AI 3 AE .
Eav &¢ e —h =3 kel ==y, TOTE
; Ay 3
-> - >
U, =X, 0, + X, U, 60

> >
"Qore - *Eav BUo SlaviopaTa U, 1, (oUTe TapdAinAa, oUTe undevikd) elvan
YRk &ueEdpTnTo, Kal Qv peTd TpiTou elvan ypaupikdds EEnpTnutva, eiv-
TN {111 100 auToU Emriredou 1) elvan TapdAAnia Tpods TO aUTo émrimedov. Ymap-
Xow 8 U0 mpaymuaTikol &pifuol X, Kal X,, ToOUTOl COTE va foyun 1y (1).
| > > > ‘ i
AvTiotpbeuws : 'Edav Tpia Siavuouama uy, Uy, Uy EVel TopdAANAa TTPOS
\ . >
T oo rrimreBov, TV up Kol Uy OVTWV YPOHHIKES due€apTnTOy, TA Biowy-
o =5 = = =x > e 1 '
Horrgy AB, = u,, AB;=u,, AB; = uy xelvTal emi TOU gmITTESOU TOU BlEpyYOpévoy
818 ~ \ | e mm =
X ToU A kol TopaAAAcy TTPOS TOUS QOPEIS TWY U, Kal Us.
KoraokeudZopey 16 moapohAnAdypauuov AP, ByP, (ox. 11), ToU émrolov ai

e = o o A L
upad pépovren Ud T@Y AB; kol AB,. O& Exwuev : AB, = AP, + AP,.
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4 y ) ’ ' — — “pi —> =
AN Buvaneba va ypbuywper: AP, = Xy- AB; = x; u; xkai AP, = x, ABy= x, U
3 — - - = —> e
Apa : ABy=x;-uy+x,u; B uy =X 0, +x, 1, ()

Oi x,, ko x, elven povadioi. Tpdypar- gv U
Tiipxov 8Uo &Alor mparypaTikol dpifuod, x|
. . —> e
TOIOUTOL QOTE Uy = X, Uy + X, Uy (2), TOTE GOV
pouVTES KOTQ MEAT Tas (1) xad (2), B& Eycopev

kod Xy

L ol
0= (x=x)u + (x; — x;) u, ]
“Apa (§ 11, B) 8& elvar x;—x) =0, ¢ o

Zx. 11 ' ‘ ) e .
X=X, Kai X,—x; =0, ol x,=x;
3 . - . y e + - - , i —_> _>- + /
QoTe: "H avaykaio kai ikaviy oovdiky iva tpia davicperta Uy, Uy, Ug, o
-5 -3

600 Uy kai u, elvar ypoppkidg avelaprnre, Grotchoby chotnue Eguppostdl
tival va Onapyovv dbo npaypatikei apbpoi X, kai X,, torobtor dote

- - —
U, = X, U, + X, U,
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KE®AAAION II

SYNTETAFMENAI AIANYZIMATOZ

AT OFTIRE] B2

12. ATANYEIMATIKAI ZYNIETQEAL-- "Emi dmiméBou (TT) Becopoupev T
; —
Quopa OM ke dUo Siakexpipévas BieuBivoels Ox kai Oy (oy. 12). Al & ToU
1 &ydpevon TrapdAAnAol Tpds Tas Oy kel Ox Téuwvouv v Ox els 10 A kad Th
Y €is 1o onpeiov B. SynuoTiletanr olTw TO Tapoh-
Méypopuov BOAM. O& Excouev :

= o
OM_ OA+ AM <> OM = OA + OB.

e
TMaparnpotpey Aoidy 81 T Sidvuoua OM dve-
Un ko Tas Sieubuvoelg Ox kai Oy es & Siawi-

Iy, 12

" N
T OA xai OB.
_>- _)- = 3 ~ ~
Ta 800 Sravicpata OA kai OB kalobviar dravvopotikel cuvietdoat tob dua-

““uurog OM éni té@v atovav Ox xai Oy.
— — p i 1 J =
T& Biowvopara OA kai OB Aéyovtan kai mpofokai Tou Sioviopatos OM
Ty &Edveov Ox xai Oy dvTioToiyes TrapaAAhes Tpos Tov &Eova Oy kal Ox,
—> —
‘AvtioTpdguws, els BUo BlGVUOUATIKAS owviotwoas OA kel OB, Bofeloas,

) —>
l A 3 A ! \ i —~
vT“’Tolxei TO EpapupooTOV Bidvuoua OM, kai povov ToUTO.

.. 13. KAPTEEIANAI SYNTETATMENAL— *EoTtwoav BUo &oves Ox kai
.y (GX- 13), tév omoiwy T povadioia Sio-
Ji % ;
_tJU“O‘TG elvan dvmigTolyws T& SroviopoTa
' kai j dvnioToiyws, kowfis dpxfis O.

. - s e e ey
| To BiareTaypévoy Gedyos (1, 1) Ba Aé- “
"Ouev &1y Grroreet petd tou O éri-eBov Pa- = = =

RS /
Tty ARk ) - -
?-ms‘,(m 8& oupPohifeTan oUTws @ (0, 4, ],). Sy 13

O &Ewv Ox kaheiton &Ewv THV TETPTRE-

"oy 3 % ~ . v - - g
(i“ kad & &€cov Oy raheiTon Gfcov TGV TETAYREVOY. Té onueiov O kohelTal dpy
W GEsucoy Ox Kad Oy, of &molol kehoUvTan kai &Eoves TGV OUVTETOY BEVGV.
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To ovoTnua TéHY ouvTeTaypévewy B& AéyeTan kavovikdv, SToay TC‘ITKOZi?
Exouv TO aUTO piikos. ©& Aéyetan & dpboyaviov, i TC‘Z(_{) Kai Tsfvm kafeTd
kai dpBokavovikov, dtav Tc‘xj> Kal —j>slvou k&BeTa kai ToU aWToU prjkous.

"H&mn, émi ToU EmiméSou TéHHV aEovwv Bewpolpey TO Sidvuoua O_Irfl Edu &
¥Polv of TapdAAnior MA kal MB mpds Tols &ovas Oy kal Ox duTioTolyw

—> —>
TPOKUTITOUY T& SievUopata OA kol OB, T& émoia elvar of owiotéoon Tog OM

e, ) i bty A ; S
O Adyos —_—_? = x (1) elvon 1) &AyePpix) Tipd ToU Siovioparos OA kad KO
1
Asitan tetpmpévy ToU onueiou M.
OB

‘O Aoyos = =V (2) elvan f GAyePpixn Tiph ToU SiaviopoTos OB kel

J
KaAeiTa tetaypévy Tou onueiou M.

‘H teTpnpévn xal 1 TETaYHéVT) TOU onuelov M kahoUvTtan cuvtetaypévd
ToU onueiou M ko onueidhvopey M(x, y).
"Ex tév (1) ked (2) AopPdvopey :

¢

—> - | > —
OA =x1 kai OB =y
- T => > - 7
Emeidf) 8 OM = OA+0B, Emeton 6m1: OM=x1 4y, kai &v OM=U
TGTE :
e e 3)
u=x1+4+yj (
i o > ' \ : P ) ooy
Kol B Adywusy 6T1 duedloapey T6 Sidvuopa u els SUo SravlouaTa, Téy dmoi®
—> o o

ai BieuBivoers efvan o TéY 1 ked .
O& Beifeopev &T1 1y dvdduois (3) elvan povadiki. AioTi, & slyopev ouy P

Veos
= d - T = —
U=l g ey

, =

TOTE: E—x)1 =(H—¥) ]

"Eav 8t x = x,, ToTe
T @
X — X,

N omolx oxeols ekppalel 811 TX SiavlopaTta 1 kai ] elvan ouyypauuikd, amef
&romov. "Apa : X=x; kai y =y,.

3 ~ 3 I3 o o ~ Fl A i e e
Ex Tév dveotépe Emetan 811: v EpapuooTov Sidwuopa u Tol e
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Wy &Eévwov yapextnpiletar  Umd Tdv SUo TporypaTikédv dpifpdv x kol y
(tdv guvietaypévov tov).

14. TYNTETACMENAI EAEY®EPOY ATANYIMATOZX.— Emi ToU &m-
Tehou Té&v &Edvwy x'Ox kai y' Oy fewpolpey o EAelepov Bidwoua V‘: ToU &-
Toloy of pofolai émi Tédv &Eévev Ox kad Oy elvan Té& Biovlopara \—/: Ko Vz
éfvno-roixmg. Occopolpev Bt kai TOV dvTrrpbowTov ToU \—/'T"rc‘: Siawuopa 6:4

) - 3 . o= 1 . i
B OA xai OB elvon oi TpoPoAat ToU OM émi 1év &évawv Ox kai Oy &vTi-
OTofyeos, TOTE, g yvwaTtédy, G elven:

b - > > > =
Vi=OA xal V,= OB kai V=V, +V, (1)

Eaw 5t X kad Y elven ol ouvteTarypéven
ToU M, TéTe

-3 — >
OA= X7 «al OB=Y7,

. N S E ok
Smére ; V,=X1«ka Vy = Yj kal kat’ &

hovdiaw : | T—X1+Y] )

Iy 14

Oi &pifpol X xad Y kahouvTar ouvietaypévar mpofolail Tou SiaviopaTos
>
¥ kai onueidvopev @V (X,Y).
_b ~
Ta SiavbouaTta X? kal Y] dvopdlovTtan guvistdoar Tou éheulépou Siawi-

-+ A
OUatos V korrd Tous GEovas Ox kai Oy.
"AvTigTpdgeuws, Solelody TEY ouvTeTaypévewy TpofoAdv X kal Y &vds Eheu-
: -+ i i =g v
Sooy Blavoparos V, Umdpyer éml Tou afovos Ox Bidvuona Vy, TolouTov daTe
- —
Vi< X, xod &mi o0 &Eovos Oy Bidwuaua V,, Toloutov dote Vy, =Y. Tlav B¢
51' — — b ' PYEE S VU 3 o ) ' ” 3
Wuopa V=V, 4 V, el ouvigTwoas £l TV &Eovev TouTwy foas pos X,Y.
. "Qove: Eis mav Sidwopa Tol ¢mirébou xOy'dvncr-rmei HOVOGT|HAVTwWS
‘u SIQTETGYUéVOV LeUyos TPy HATIKGV Spifuddv @ ol ouvTeTaypévar Tou, kal
?wlmpéqms; Mav Siaretaypévov Lebyos (X,Y) mpaypamikidv dpibpddv eval
f:"""ic'roxxov fvds kal pévov BiavuopaTos els TO EmimeSov pé ouvTeTarypévas Tous
RGYQJ &p1Buovus.
Inpsioog : Al ouvteTaypéval ToU undevikoU BiavUopatos elver (0,0).
“Apa : To sraretaypévoy Gedyos (X, Y) opilet éni tob émnidov tédv aGovav OX

Y —3
i Oy &v, kai povov &v, #redfepov Sravvopa V.
= =g o n
Naparnpiiosic : "Edv V = 0, 1616 X=Y = 0 xai dvTioTpopws.
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-
"Eav 10 V elvar apddAndov wpds tov &fova x'Ox, TéTe Y=0 ko &vTF
OTPOPLS.

T
Eav 10V elvar mapdAAndov mwpods tov &Eova y'OY, TéTE X =0 kol &vTv
oTPOPWS.
Al xapreciavai cuvretaypévar évog onpeiov M elvar al dhyeBpixai tipai @
-
ouvieTodv 10b Staviopatog OM (O ) &pyn TGV &Edvewv).

EdkdAws &mobekvieTan &1i: *Edv &Uo EAelBepa Siovlouara \_f: Kal if:, e
Tol EmméBou Té&v &Edvav (Ox, Oy) kelueva, Exouv Tés BravuopaTikgs ouniaTe”
cas abTév foas éml Tév dEévwv x'Ox kai y'Oy, 0 elvan foo mpds 1O alrd Epaf”

—
uogTov Sidvuouax OM kail ke’ drohoublov foa peTaly Towv.

15. ZYN@HKH ITAPAAAHAIAZ AYO EAEY@EPON AIANYEMATON-
"Emi 10U #mimédou 1év &Eévwv Ox kai Oy Bewpolpev SUo mopdAAnia Biavl
- ,
opara V, (X, Y,) kal Vz (X,,Y,) Erellepa. *Apou T \_f: Kkad \hf: elvan wapdAMY?
A, EmeTon OTIL: V:: kv,, émou ke R

X1 4+ Y] =kt +Y50)

€€ ob X, = kX, rat Y, = kY,
fi XpYa= kXY, kal XYy =LkX,Y,
” . D A Xy e Y, 1
Apa : XY,=XY, 1} x N @
= s
*AvTioTpogws, Edv \_f: # 0 xai Tebi) -X—‘=—;— =AeR, TéTe
2
> >
X, =A%, Xi1 =A% — e -> - .
> > = X1 +Y, ] =AXK j+Y )T
Yi =AY, Y] = AYai g b
V=AYV,

— >
kal kot dxohoubiav T& Siawlopara Vy xal V, elvan mapddAnia. “Qoe :

‘H avayxaic xai ixavi cov0nkn iva Sbo Ehedbepa Siaviopata elvar np-_’ﬂ.i.n?«“'
elvar 1y :

xl YI
X Y,

- Al
—0A 1l et
L e A

XY, =XY, #

Eav XY, £ X, Y, 1& Siavbopara elval ypapuikés dveEdptnTa.
Eav V,=V,, Téte k=1 «ai kar’ dxohoubiav \_/’:A\_}; - Xy=M

kal Y, =Y,, ¢’ Soov evar Toa pds TO épapuooTtdy Sidwuopa OM (o 14)-
"Qoe : “Iva b0 EhebBepa Sraviopata elvan loa, npénel kal dpuei al 6,16.1\'01"’
cuvietaypévar npofodai twv va elvar Toat.
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16. OEQPHMA [.— Ai ouvvietaynéver npofodai tob abpoiopateg #hevbipov
davoeparev icobviar aviiotoigng npdg to dbporopo THV dpwvipev cuvietaypé-
Yov rpofordv adtdv.

“Eorew _Z,‘(X,Y) 16 &bpolopa TGV SravuopdTwy :

> 5 >
V.l (le Yl)l vz (x2r Yz): ORI VV(XV.Y\:)
: > > > —-> = S
O ey G  bvds v 2=V, 4V, + ... +V, & érépou Bt: T=X +Yj
= - >
B V=X T4 5 Gl tYad s V=X 04T
. - —> e - - > 55 =1
AXT4Y =t Y D H et +Y i)+ 01 +Y, )
-
PO R N N Y 5 T
4 - x:x1+xz+-..+xv
€ o .
Y=Y+ Y, +... +Y,

17. GEQPHMA II.— Ai ovvretaypévar npofolai tiig Sragopig dvo Erevdipwv
6l(l\mcp.(n-mv glvan dvristoiyng ioor npdg iV Sragopav TdV dpovipwv suvictayps-
VoV npofordv adtdv.

- -> 5 = = =
"Eotwogav V=X 1 + Y, j kad Vy=2X;, 1 Y, ] & 8o hetfepax Srorwi-
OUorer kaed W" o T+ . T 7 Brogopd aliTédv. O& elvan

- >
W=V, -
A XTHYT=(X 1+ = (Xt +Y,7)
- ->
=X =X)1+(1=Yy) ]
[ X=X,-X,
Tk Y=Y,V

Nepetipnorg : 'Edv A€ R, ToTe B& Eyxoouev :
— 5 -5 —> —-> -
V=Xu1+Yj=2aV=2AX141AY ]
18. TYNIZTQEAI ATANYIMATOZL OPIZOMENOY AIA TOQN LYNTE-
e
TATMENGN TON AKPQN TOY.— “Eotw AB Bidwuoua dpxfis A (x,,y,) Kl

Ti'épcn.os B (leY2)' v
Kot & yvwoTd 0& elvan : \ )
A%
EE A e 1]
AB= OB — OA (1

AN : oséx2 +Y,] ka

iy B(x2.y2)
0A=X11 +Y1j kai ) (1) yiveren:
-

2o %

B =

§ U : B=(x,— xl)T+ (y2— ¥ 1] @
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—
"Edw 8¢ X kai Y elven of ouvtetaypévan TpoPoAai ToU AB, TéTe -
—- > >
AB =X1+Y],

-

: > = >
kad 1) (2) ylvetan: Xi4Yj = (xa—xl)lﬂ-(yz—yl)]

¢E ol :

€)

AnAadn) @ Al cvvietaypéivan npofiodci draviopartog igodvrar évniotoiyamg npds
TV SLaQopav tdvV dpavipey suvtetaypévay 1dv dxpov tov (ol TépaTos peioY

THis Gpxis).

18. ZYN@HKH INA TPIA THMEIA KEINTAI EIp EYOEIAE.— “EoTo”

oo My(x3, ¥1), Ma(x,,,), M;(x3Ys) Tela onueia (oy. 16).

‘H dvaykaia kai fkavd ocuvdfkn tva 1 Tpict TaUTa onueia keivTon &7

= :
V'=MM,, p) pndevika £ Umrobéoews,

i y keluTen &’ elBelos. *AMAK
1

—_— o =
MM, = (x3— )+ Fa—11)i,

PR - -
kal - MM = (Xg—x,) v+ Va—y1) -

"Apat kot T (§ 15) efven

(xp—x3) (F3—Y) — (X3 —x,)) (Ya—y) = 0.

‘H ouvbrikn altn ypdpetar kad dg E€fs -
(X2Y2 — ¥1%0) + (X5¥5 — Y,x,) + (Xa¥; — ¥3x) =0
kol UTrd popefiy dpilotons s EEfs -

ST S |
M;, M,, M; ovvevleiaka <« X Yo 1 [=0
¥ ¥ 1

gv

n . o R i
Belas, elvan T4 Sievlouara V — MM, «dl

va

20. TIPOBAHMA.— Aidovtar 14 onuela A (x4, y,) kei B (x,, ¥,) 5mxg|¢pmé‘

va ahhihoy. "Eni 100 tpiipato AB va copedij anuetov M, totobroy Gt :
——=—k # —1, bnov keR
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= —>
*Ex Tfis Sofeions iodTnTos EmeTon ST : MA—=—k - MB (ox. 17).
— - >
f OA — OM — — k (OB — OM)
» —> T <
'1 OM (k + 1)=k - OB + OA
» e = = Lo o0 = -
x4y ) et =k (xp 1+ Yo D+ 0)

e 2
= (kxp+ x;) 1 + (kye + Yol
EE oy :

kx,-x ky. + ¥y 0/
I~_"37T 71 = . 2
k41 (1) xal ¥ k+1 - (@ =

21. SYNTETATMENAI TOY MEZOY AIANYIMATOZL. — AUtal ovvé-
Yovteq i tév ey (1) kad (2) Tis (§ 20) Bix k= 1. "Apa:
X X ¥ -+ V.
X = fL;__g Kol ‘v =il Y1 2 :)2.
AnAabdy: Al ovvretaypévar 100 péaov £vog Sraviopartog isodvat aviietoiyng
™dg 19 Auiadpotopa @V OpOVOROY CUVIETAYREVOY TAV dKpav Tov.

AIKHZEIZ

3 > v
8. Aeifore &1 T& Siaviouara Vy (2, 1) xal V, (6,—3) elvan ypaupmkés Egnprnpéva.
> —-> 5
9. Acifore &mi T& BiaviopaTa V(2 1) xal V, (3, 1) elvan ypappikéds dveEdptnTa.

- - —-
10, Aisovranr & Siaviopara: u, (=1,2), ug (2, 3), us (=5, —4).
N& TrpooBiopiofoly T& Siawlopara:
- > > > > > >
;)—‘_1’;+Tl:+ U3, y:‘“lll+3ui+up z:—U1+2'Ug+u3
11, N& épiodij & «, HoTe T& BiavuopaTa u1 (o, 4) kol u, (3 a— 1) v elvan apdhAnia.

12, A& Tolas Tipds ToU A T& BraviopaTa ul (A3, A4 1) xad u (=3, A—1) ouvioToly
é'nl'rrgsw Béouos :

13. ) Ard molag TIHGS TRV A kol g TA Bzuvuapcrrcx u (A—4, u—4) Ktxl v (3748, 4u—1) el-
Yoy Tcru

. fis 2u—4) xal Uy (A= 3u+ 2
B) AfSovran T& Swawdopara u; (3,-2), u; (RA—w A4 2p— _)‘} m—’ uai_ :.+ : ;
N o 3I-1 2) kal ZnToUvTan ol ouvioT@oal (X, Y) Tou 5uxvucrucrro§ U= U+ uy + us 65

R Ul oxtots, 1) dmola Tpémer va UTTdpX) petafyu TV A, p fva 6 U Eium OUYYPARKIKOY TOU
o '

—>
s, 4). *AxoroUbews v& edpnTe B1& Tolas TIMGS Tou A elvar u = 0
¥) Afsovran & onpeic A(=1,2), B(3,—1) xai I'(5,1) xal InToUvtan al guvTeTaypévar Tijs
PUiis A To Trupa?\?\q?\oypduuou ABTA.

14, Aisovran A (3,2) kal AB (5, —3) &g T oUoTnUa PaTEws O, 1, _|) Né& UmoAoyiofolv

g w‘”‘““}’uevm o0 B kol v& &p1adf 7 Béois ToU AB.
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15. AfSovten T& Srokekpipévar onueia A(X,yy), B(Xwy.) kel T(xyy,). Né droroyiofol
ol ouvTeTerypéven Tol péoou M Tob BI kol dkohouBus ol ouvtetayptvar Tol Kkévrpou deoUYZ
Tou Tprywvoy ABI.

’Egappoyny S14: A(1,2), B(5,3), '(3.,5).

> .
16. Els 76 ctomua (o N ”’)' SiBovran & Blaviouata Vy (1,1), Vi (-3,2) xal V, 21
Kataoxeudlopsy Td OA = Vl, AB = -- V,, BI' = V. lov) Né& yivy 16 oyifipe, 2cw) Né& 591'

ofolv al ouvteTarypévar Tév B, I kel ToU péoou M ToU BT, 3ov) Karaokeudlopey o AA Br'
v& opiofiouv ol cuvTeTarypfven ToU A,
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KE®AAAION III

EXQTEPIKON FMINOMENON AYO AIANYIMATON
IAIOTHTEZ

22. TONIA AYO EAEY®EPQN AIANYEMATON.— *Eotwoav V, kol Vg
Yo BAetBepar Sravuopara (0. 18).
*Ex Tou TuydvTos onuelou O ToU xdpou &youev Buo fueudelas Ox kal Oy

> >
TapadAfAous Kol dpoppdous Tpds T& Blawtouara Vy kad Vs, *H mpokimrrovoa

Yovia xQy elvo © -
«) *Avebapryreg Tijs Otoews Tou onueiou O, 1

KeBdoov af yeovicn uE TAEUpSS TrapahAfiious ke

r5|"Omaé-rroug elvan foan. 2 - y
B) Elvon pndév, &v T& Siaviopara Vy xal Vy

ooy TapddAnAa kal éudppotrar Tom 8¢ mpdc 2 op- > .
& T& BiawvlopaTa ToUTa elvan TopdAAnAa O S

kad durippotra. Ty. 18

—-> ->
Y) *AveEaprnrog tiig taEewg TGV SiovuopdTwv V; kal V,.

- >
“Qore : Aoivtav v Swavvopdrav V; xal V,, dvtotoryilopev elg abdra
Y yaviay (0 < 0 <2 6p0@v), 1 dnoie kakelter yovia t@v &bo Ehevdipav

8 = Lo
Wvoeparov V, koi V.
Moparipnoig : Mic Towim yovia 6 8&v elvar mpocavatolispévy.

23. ELQOTEPIKON i APT@MHTIKON NINOMENON AYO ATANYZMA-
Tan,._ Kahobpev sowtepuedv fj dprdpntinéy ywvdpevov 800 Sravvopdrev Tév npa-
ety amOpov, 6 drotog elvar {oog npdg ©o Yivépevov tdv pnudy tdv oo dia-
Wepgrgy iri 16 covipitovov Tiig yoviag adtdv.

>
*Eortwoay SUo SiowvlouoTa ’Tfl kad V, (ox. 18) xal 8 f ywvia cdrév. *Edv
!-L Ll
IVJ.| Kal ﬁ”z[ elven T& pikn TEV SrovuopdTov ToUTwy, TOTE TO Ywouevoy :
> >
Vil 1Val o € R

—> ->
E‘T"m TS Eomreplkdy YIWOREVOV TGV Siovuopdrov V; kal V, kal onueicoveTran
% é§ﬁs :
- > e
V¥, = [Va| [Val owvd = [V3l |V, oovd € R )
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ovenewm :  lov. "Eotw 0 <S8 < m, ) yovia tév ?1 2 8: V, 0, omoTe:
ey i i T e
a) 'Bav 08 < - = owb >0, kai &pa V. —\: Oetikov

2

> . S T AT : =
AvtioTpdpuws : 'Eqv V-V, >0, Téte |V | |V, owd >0 { owd >0,

€6 o0 Emetcn 611 0 << O < -r2r

B) ’Eav .; << = oub < 0 kad T’]?; apviTikoy.

> : T e i e o

AvtioTpégus : "Eav V,V, < 0, 16Te (V| {V,ylowd < 0 f owd < 0, &
ovU T <o

2

¥ 'Edw. 8= 12T = owd =0 ka &pax \ﬁ: \_: =@.°

T o . > -

Av V V,=0, tte ToUTo onpaivel 6Tt Ta V) kai V, elvar kdBera (7 tvbe

— —> —> —> — — =
xoutves Vy =0 wai V, 20 AV, %0 xai V, =0 7 V, =0 xai V,— 09,
- - = - > > >
8) 'Eaw V; =0 A V, =0 & V,=0 kal V, = G, 1éte V,V, =0,

"Exk Tév dveotipe EmeTan OTL:

"H avaykaia xai ikavi ovvdikn iva 800 daviopara sivar kaleta én° arrnhts
£xopaletor 81a tod pndeviopol tol EowtEpKol Yivopivoy avtdy.

Avo To aUTa SraviopaTta B& kahouvTal dpBoydvia.

To pndevikov Sravoope elvar kibetov mpog nav dravuepa (i é£arpoupivou 1o tavtod Tov)
; S e ==
2ov: Emedf 1 =1 kad |jl =1 = 1.] =ouvp

3ov : ’Emaidn ) ywvix 8 elven dveEdptnTos Tiis Tdfecos Taw SiavuoudTw?

=i oo =e 5
V, kol V,, EmeTon m1:
- > - > - Sre)
; ? : -
Vl.vz‘___ll\.l[ ]\J2| ouvb :|Vl‘ I\IIO‘UUG % \‘2.\,1
" A e
fiTot : V-V, = o Wi

"Qote : Eig 10 Zo0tepkdy yvopevov dlo dtavugpirey ioyier 6 vopog il
avripetadioeoc.
=3
4ov : "Eotw Tuyov Bidwuopa V. ToUto pé Tov fautdy Tou oxnuaTiCel y@©
viav 8 = 0. "Apa ouvl = 1 kai kat’ drorouBiav :
- — — - — —
V.V =V |V|owd=V|2.] = |V|2
— —
fiTol : V2 = ¥z
. : A > - - —>
Sov: Oecopoupev BUo SlaviouaTa u +# 0 kel v 0 ypoupukds EnpTn

y ’ e =
péva. Oétopev u = k. u-
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— >
Eav k > 0, &Uo dvmimpoowTtel AB kai A,B; T&v Siavwopatwy TOUTWY
fvan g aUTiis popds. "Apa:
— — ) s - >
yov (u, v) - 0 kad u-v=|u| |vl.

—> —p
"Edw Bewpniowipey &Gova napadinkov Tpos TO u ) wpos 1o v, elven Tpopavis

5 ) ol = ' v \ s %
OTi: ju|=uf|u| = —u. ‘Opoiws kal B1& T0 U, "Apa :
P P it Jaen
u-v=1u-"uv
N . e Y
Eqv k < 0, ToTe yoov (0, v) = 7 kei ouv (u, u) = — 1.
> > >
Kot dkohoubiov u-v=—ul |v|

"Epyaldpevol Bt 8TTws TPOTYOUHEVLS, eUplokopey &1 :
= = B
u-v=1u-uv-
“Qore: To fowteptkov yvopevov dbo cuyypapukdv Staveopdrov icodtal
TPoc o yrvopevoy t@V Ghyefprdy TIp@Y avTdY.
Inpsioeotc : *Eqv dAAaEwuey TV Popav £vds TGOV SIOVUTPAT®Y, TO EoWTEPI-
Kov Ywépevov GAAGTOE TPOTTLOV.

24, QEQPHMA L—To ioomtepkdv yivopevov 800 dtavoopatoy icobtar npog 1o
Wépevoy 1@V Ghyeppredy Tp@Y b £vog £E avtdv &ri tijv oploydviov npofoknyv
W0 Gidov Swavooparog imi Gfova tiig avtiig
6'€Uﬂi)vosmg kol Qopic pé T TpdTOV.

» = g ' = = ]
Eotwoav OA — u kai OB = v oi avti-

> >

Tpboeamol Tév BlavuondTwv u kol v (ox.19).
“EoTes B’ ) 6pbiy mpoPoAf Tou B Emi Thy
ety OA. *Emri ToU &Efovos, Tou éTroiou go-

3
PEUS el f e0feic OA ko gopd elvan 1) ToU SravuapaTtos OA, Exouev :
OB' = OB ouvd = v ouvb
o g 1 yeovia Té@v Uo BiavuopdTwy. "Apa

g > >
OA - OB’ -u~u-cruvB—OA OB A

+ ~ & I
“Qoe u-v= 0A. OB.

. Edw &\\&Ewpev THY gopav ol &Eovos x'Ox, TO ywouevov OA . OB’ péver
HETEBATTOY, *Apa, oiabhiTToTe Kal &v elvat 1) gopa Tou &Eovos x'Ox, 8% Excopev :

=R OBI=40B 'O
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25. [IOPIZMA L—Té towtepkoy TWOREVOY 500 Sruvuopatmy div petafal ettt
£av Ev 1@V Sravvopdroy avrikataotadf) Oro tijs Hp0ijc npofoiiic tov émi tov gopit

B 101 dkirov.
’/ Olras, &5 10 (o). 20) éyouey :
; —> —> >
0 fity | e & AB-OF =AB, . OF =AB, -0l
P e o
Ay —B1ﬁ ‘Eav 16 A (1) B) petaTifeton émi émimE
Zy. 20

—>

Bou kabeTou Tpog T Bidwuopa O, To fow
o e

TEPIKOV ywopevov AB - O péver duetéPAntov, Sidmi Ta& A, kai B, pévoV

oTadepa.

26. MTOPIEMA 11— "H aryefpuct) Ty tijg opliic mpoPoiilg évog draviopatts
éni Gfova givon 10 LomTepikdv yLvopevov tob draviopatog Tobtow Kai o povadiaio!
Savbopatog 1ob EEovog TodTov.

—y
OUreos, v els 76 (oy. 20) eiven | OF | = 1, TéTs ;
e =
AB . O = AB, O = A B,
27. IIOPIZMA IIL.—Eav to Ev tév Slavuspatoy tomTepikod yivopdvov mok

rarhaoweolf ini tov npaypetikov appov k, tote to Zowtepikdv yivopevoy 10"
800 Sravvopdrmv mollaniasialetan éni k.

y > > —-> -
Aniadr: (k-w)v=Kk(u-v) (MpooeTcupiomind s pds Tov k).
‘H amédeis ik ol dpiopov.

23. TOPIZMA IV.—Eav k,, k, € R, va anodery 0 Gt :

(ky - 0) - (ky - 0) = k; - Iy (u - )
‘H &moédeafis ik ToU dpropoy.

29. OEQPHMA.~ Nit Grodetydii 611 : u (v, + v — 0+ v, 4 1~ o
-
"AmoderELg 1 "Eoreocow OA — :CYB =V

—

=
kai O = v, of dvmimpdocwor 6w Bivuohd”

el o
TV U, vy kai U, dvTioToiyws. *EoTew 671

—> > =
O =0B +0r
‘Bav A, E, Z elvon af 8phai mpoPoiai T4V
B, I kad T #wri ThHv edfeiow OA, Tfis Smroids

, : T . oA, B
Popa elvan # gopd ToU Siawoporos OA,
Excopey :

U@, +0,)=0A.Gs=BA.oz O
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*Emraidt 8¢ eiven OZ = OA + OE, ) (1) ylveran :
-> > = —— - - —_ e e =
u(y; +v,) =0A - (OA +OE)=0A .0A +0A - OE =

§ > > - e
ol : -y fv)=u-v,+ua-v-
*H 1816Tns clrn) koAeiTon EMPEPLETIKT.

y > Vo > > > > o
l‘avmsumg:EIvm:u-)l:\.u:u-u1+u-u2+...+u,w.

FevikdyTepov &moBeikvieTan 571
P - - - -> - - - -
Eavu =u, +up + - +u ked v =1 +v, +- - +v,
T e > > ; .
Threta v =zup v, B8 =123, ., 0kl =123...,v
Lov : ‘Opofeos Epyadopevot, ebplokopey &t :
> 3> > > > -+ > > >
u (Ux‘l"Uz‘l'Us) =u- [y+ etvm)l=u -y +
> > > > > >
=u; Y+ UVt u -y

2ov : At vix UpwHEY TO YIVOPEVOV :

S LS
P= (u;+uy) - (V4 Vz+vy)

- = >
u - V)

(Us+ 3)3

=3 "
Sropey _l;::_l.l:-{—uz kol Eyouev BiraBoyixdds :
— —> > > - - > > -+ -3
P=u- (U +VtV)=u-v+u-vytu-u=
O I B g > > -
= (u; +ug) Vg + (uy + ug) Vo + (u 4 uy) vy =

> > > > > > > > > > > >
=uy U+ Uge Uyt Vgt Up s Vgt - Uy, - v

3ov : EtxéAess &robeikviovTtan ol lodTnTes:
> > -3 - > >
u+v2=|u?+|vf+2u- 0
G- =apE+p-20Y
b
(@+v) @=-v)=|uf=[v[
FEQMETPIKAI EDAPMOTAI

L — Tpiyovov elvas dpBoydviov Srav, wal gbvov Srav, © terpdymvov g
n‘*‘“l’ﬁg “tov lgobral npdg to tbporopa tdV tetpuy@vov tdv dbo Ghhav nhevpdy tov.
Tpdryporr, &t Td Tphywvov ABL (oy. 22). O elvea :

- - > >
KE+§F=AF == B[ = Al — AB.

: ot - >
Apq : (BFy= (AT — ABy:= (APt + (AB)? — 2 AT - AB
— =
A Brt— AT AB2—2 AT - AB. M
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o) ’Edv 10 Tpiywvov ABI eivon opfoydviov els 1o A, TéTe KI‘: . }?EE =0
kad 1) (1) yiveton : BI2= A2 AB2,

B) Eqwv 16 ABI eivon TooUtov dote BI2= A2+ AB?, 1) (1) ypdgetat!
- = -
2ATC - AB=0 1y Al- AB=0 = Al L AB.

IL—H oyéoig AH2=—HB - H[ (efs Thv émwoiav H elven & ous 0!
Uyous AH Tprycvou ABI) yapaxtypiler 10 tpiyovev éploydviov sic 1o A.
Tpéypoarti, olovdtimote kai &v elven 1O Tpiywvov ABI, émeibfy AH LHI elval’

—
2 AH - HF=0
- =
ke BH-HF:(BA+A4H) ﬁ
> = 3 oy

=BA-HF+AH-HF=BA-H_)|_
gl > > > > - —
B " =BA.(HA4Al)=BA.HA - BA . Al

=22 —  —> e e N S

a) 'Edv A= 90° Téte _Bj& . H": 0 xai ) (1) yivereu :
_ — —_— — —— —_ — —_— — —_
BH - HIM = BA - HA= (BH + HA) - HA= BH . HA + (HA)?
— — — —
*AMG BH L HA, &paBH - HA = 0, émdTe
BH - HI = (HA)2
kol émeidn Ta Eﬁ’-f Ko l—-I—l: elvat oUyypapdikd, Emetal ;

HA:=BH-HT & HA*=- HB.HL.

B) ©Oewpoipev Tpiywvov ABT, els 16 dmoiov elven HA2— BH - HI. ‘H {0
s alTn ioobuvapel Tpos TAY :

—_ — — e — —. — —_— — — =y n i
BH . HI = (HA)?= BH - HA + (HA)?= (BH + HA) - HA — BA - HA @ i
Zuykpivovtes Tds (1) kai (2) éxouev: |

— —
BA-Al'=0=>- AB L AT,

AZKHZIEIZ

17. Els tuxdv olornua &Eévwy elvan :

- = > nr E'
u (4,3) u (=3,5) u (3,7) N& UmedoyioBolv al ouvtetaypivar Tou &9P°
- = - -3

v (1,—4) v (—4,-2) v (=2-7) opatos W = _u>—+~ v,
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18. Eis Tuyov ovoTnua dfovwy Bibovta :
'l'l‘ | —-> - | 2

(5,~2) u (2,6) u (-7,4) ‘ kal ¢nTeiTan vé UmodoyioBolv cl ouvreTayléva.
>

- -> > > >
Y (-1,4) v(l8) | v(54) Tiis SogopIs W = u — v.
19. Els TetpdeSpov ABMA v& dmoBeybj om:

—_— — — — —> —3 —_— —3 —

lov: B - AA-+TA-BA+ AB-TA =0 (bioate AS= Al4 3)

20v: *Edv al dxual BF, AA elvon dpfioydvion kad FTA dpboydvics mpes THv BA, Téme kal §
A8 8 elvan dpfioydvios Tpes ThH A,
20, Tpiywvov elvar dpboycviov, Srav, kal udvov étav, kix Siduesds Tou elvan 15 Aoy Tis
“ligToiyou TAeupds.

21. *E&v AH elven 10 Oyos Tprycovou ABT, al OYETEIS

BF.BH=BA®* # TB.TH=TA

KpakTnpilowv T Tpiywvoy dpboycoviov els 1O A.

22, Elc mav dpboydoviov Tpiycvov ABP (BvBa AH Oyos) v &moBerydi &mi:

HB AB: o) 1 1
lov: AB . Al = Bl AH, 20v:—I;T|:=——Ar;. 3°""7\'§=“+W = AW

(el &ro-

55iEElS V& yivouy BiavuopaTIkds).
23, *Eav AM elvar Bipeoos ToU Tprycvou ABT, ToTE
Br:
lov : AB? + Al = 2AM® + oy (BrawvuopaTikGs).
200 AB2— Al'z = 2BF - MH  (AH Oyos).
24. Els wav Tpiywvov ABT va &mrobeyfij BrovuopaTikds 6Tt :
o) ot = Pt y?— 2ByowA, p') P*=7y*+ o —2yaowB xal
Y)y'=a'+4pt— 20Bowvl.
25, "Eqv H elvan 1o dpBdrevTpov vds Tprycvou ABT xal AA', BB, I'T" T& Uyn cirod :
— > s P =k i 2 A0
lov) Tola # T T BH-A; 20v) N& 8aydi 6T1: A'A-A'H = —A'B.AT,
Jov) AH.AB = AB-AT = AH-AR" xal AB'-AT = AB.AT', dov) N& Bax8] om:
h.Fs — HA.AA’ — AB.H3' xci AA.HA' = HB.HB' = HF.HI".
26. *Errl s edeias BiGovTan T& onueia A,B,T ked M &Aho Tuxdv onusiov, Tou dmolou EoTew
i i TpoPoAf) Eml Ty ebbeiav AB. N& &moderx8i) 611:
MA: . BF 4 MB?. TA + M. A+ BT FA.-AB =0 (Stewart).
- —> = =2 = 2 A - — .
27. *Eqv |u| = u, |[v| =V xal (u, v) =6, v& Gmrohoyiadi o ywépevey u - v el TG &
‘mt":'aous TEPITTLOE
s u="5 ue=12 u=15 u= |17
- 4ov: u=T|2
0° 8:=1350

o = 20v: v=18 3ov :

v
0 = 30° 8 = 60° =1

28 = S ; A T e R
- Bs kawovixav ovotnua (O, 1 j) v& karraoKevacBolv T& Blavuopara u = 14 j kalv =1—j.
A , N i =F
& *OhoUBos var eUpedii TO YIVOHEVOV U
Y vraita

TJ‘ Tolav 1818t Ta TéY Bixotépwy ywvias tmainded-
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30*. EEQTEPIKON TINOMENON AYO AIANYIMATQN.— Kalobpev &
— —

Eatepkdv yvopevey §bo Sravvopatev u kol v (tposavatoropivov) to SploydwIoY
— - —
Stavuopo w mpdg Tag Sievdiveeig @V Sobiviawv, towolitov dote 1 tpicdpos (u, v, W)
—_ = 7
v Exq tov BeTicdv mpocavatoriopoy, @’ Goov (u, v) = Betikd), OV dpvyTIKdY 8,
- =3 — — — . -
v (1, v) = dpvntieh kai pétpov |w| = |u| |v| nud (1), Evla B 1 yovie tGv U, Y

koi 0 <0< m.

J
bl "E&v 6=0# 6=, TéTe nud= 0 Kked & TUos (1)
- =
5ider w =0.
—_ — - 7
a) SUpgowva pE Tov Spiopdy evea : w-v=—0o- ¥

Anhabh eis TO EwTepikdy ywdpevov SUo BravuopdTe!
bev tayber 6 vépos Tiis dvTipeTabéoews.

P) Ew 6 =0 f) 6 =, To1e Nub =0 xai &p¢

- = ” L oy - =E
™ w=0 kai dvTioTpdews."Avu # 0, v # 0 kai w=0
= wéTe MO=0 kol &pa 6=0 1 6= "QoTe:
Zy. 23

“Iva 800 pi pndevika Sraviopate slvar coyypept
k@, mpéner wal aprel 10 EmTepikdy Ywvopevov adtdv va eivar T pf pndevikd?
Suavoopa.

Tr 1 \ IJ 7 __) T

Y)’E&UGJT' TéT1e Nud = 1 xal Gpa |w|=|u| |v].

Anhodn: “H ahyePpusi npd 100 EEwtepukod yivopévov 860 kobirwv Sravt”
opérov icobtor npds o yivopevoy tdv dlyefpicdy tipdv 1@v dobéviav Sravt
opatov.

- = = = e T —

&) Edvu =0 fju =07 nué =0, 1éte w = 0 xad &pa |w|=0.

*Apa: To EEtepkdy nvopevov d0o Sravvopdarov elvar pndév dtov, kel pévoy
rav, Ev TodhaLoTOV TOV StavuspaTeY elvar to pndevikov duavospa i dtav 1d 500
Sraviopata eival cuyypoppLKd.

g) Els 16 #coTepikdv yivdpevov SloavuopdTwy ioyUel & ETIPEPITTIKOS vo
ds Tpds THY Tpoobeov SiavuopdTwv. ATobekviouey TéV vépov TouTov OF

—_—— —
tpla TURVTa BrovbopaTa Vy, Vy, Vs ;
Xoopis v& keTaoTpagh) 1 yevikdTns, Suvdpeda va Urodéocopey &1 T S

10s

T ¥, 3 2 3 Voo . ' = = v 51
oparta Vi, V,, Vj Exouv kownv apxnv 0, kai 811 16 Bidvuopa V) elval TO povd

aiov. O N
Ottopev S =V, + Vykad W = V- (Vy, +Vy), (ox. 24).

S

—_—

Oecopolpey TO Emrimedov (P) k&fetov &l 16V, s 16 O ke EoTwaoaw vy V¥
- —_— — —>
s ai épfal TpoPolal ¢l To (P) TV V, Vj, S dvTioToiyws.
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— — — "
lov : Kataokeudbopey 10 Sidvuopa W, = V- V,. TolTo #xe, ds yvwoTdv,

Bt s T e —
EUBuvaiy kédetov Tpos T& V; kad V. "Apa 10 W, 84 elvan kdBetov mpos T& 'V,
-
Kal v, Kor® drohoubiay : _4
V.

— i e 2 —_— —
(Wa|=|Vy|[Ve| nu (Vy, Va)

: —_ —_
AN | V,| = 1 kod v, €lvan 1y dpbo-

- §

Yoviog wpoPoid) ToU V, Emi 1o (P).

z s — 3 ]
Werrgdys 1 | W, |=|u,| kal 16 W,

-~ o kY ~
TPok(TrTeL #k TOU U, Bl OTpoRfis

Voo N ‘ m
TEpl 16 O kaTd ywviaw -

2
20v : Korrd Tdv aliTOV TPATIOV KATA-
Tkeud 3 WV N Iy, 24
uéloyey 1o Sidwuoua Wy= V-V,

= TG \ i y \ < A . T
Kl 1g W, pokUTrTEl £k TOU Uy 818 0Tpogfis mepl To O kai kaT& ywviay -

2"v
T e . \
3ov : Koraokeudlopey To Sidwuopa W=V, - § kord Tdv Trporyoupives
k —

—_
TeBévTa Tpémov. To W TpoxkUTTEL K TOU 8 Bix oTpogfis mepl TO O kot

Yoo i
oV —,
2

- — = — = = — — ki
AME 10 8 = Wo+ Wy Apa W=wo+wy=V, - V,+V, -V,

3 —_ —_ — —> —_— —
! V- (V3 + V) =Vy - Vot Vs -V,
‘H dveoTépoo 1816TNS yevikevetan @ OUTw, O elvon

~

—_— —) — —F —p —F — — —3 — —y ey
Vet V) (Vo AVt Vo) = Vi Vet Vs Vet Vi - Ve Vy - Vork V- Vet V-V,
Xpfiols ToU tEwTepikou ywopévou yivetan s Thy Quoikiy, kol 87 el 16 Ke-
oy « Tepl poTriis BuvGHEWY ». 7
. Inpsiooig: TO E0TepIKOV YIVOUEVOV &Uo SiavuopdTwy elval TporypaTikes
PBucs, "Evéd TO EEwtepikdy elvan Sicvuapa

'

3 e, e Vs y ~ . a
Emeisny (u| |v| nuo elven 10 éuPodov ToU mrapoAAnioypduuov, Smep
EXE i - — A % i “ iy et \ 2
B P TMAeupds u, U Kal TrEpIEXOUEVTY Ywviay 8, EmeTan 611 1O | W | elven T EuPa-
V' Toy TapoAANACY PARHOU TOUTOV.

31. ANAAYTIKH EKOPALIZ TOY EZQTEPIKOY TINOMENOY AYO
AIANYEMATQN.— “Eotew xOy (oy. 25) dpBokavovikov oUoTnua CUVTETAYHé-

¥ e e o . M
:\OU' AnAadh T& povabiaia Biavbouata 1 kal ) TGV &Eovewov Ox kal Oy Exouv

R B i .
QTS pfikos 1 kai elven kédeTa.
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Kord 1& yvwoTd :
- — iy
=1, 1¢=1 xad =11 =0.

"EoTtewoav X, Y kol X, Y; of ouvteTaynévar rpofodal Tév SiovuopdTe!

— sl = o 5 i 3 .
OM = u kai OM; = v ToU ¢mmedou xOy e&is T Becopnbiv cloTnua.

MveopiZopev 611 :

y =5 - - — - =t
u=X14+Yj] kal v=X;1+Y;})
e L e
po:
| =243 — s — =5
5/ s =X LY X e+ YalE
M = 7 g 3
B ! = XX; 124 (XY 4HYX) (1 - )+YYy)
i €¢ ol
o
= i - — (])
o T 3 A u - v=XX, 4 YY,
Ix. 25 AnAadty 1 To footepikov yevope”

vov 800 Sravvapdtwv icottar npos @
i0porspa TdV yvopivov t@V OpOVOPOV cuvisTaypivey mpofoldv adtdv.

Zovéneran : "Ex Tév dvwTépw EmeTan 811

lov:  [UP=XX £YY =X +Y%, & ob: [u|=VEIY ()
- - —_ —>
2ov : ’Eeidi) u-v=|uljv|owbh, Enetn d1:
ouvl = _11 _u' = — 1_+ YYi _______ 6
ujfel  VEEFYE.VXi4w)

32. ZYNOHKH KAGETOTHTOL AYO ATANYEMATQN.—’Edv & 61
voopaTa elvan kébete, Tote u - v =0 xal ) (1) Tfis (§ 31) yiveren :
XX;+ YY, =0
*AvTioTpdqus, Ev XX+ YY; =0, ot & U0k U0
—_— — - 5 =
u-vu=0 f§ wuowd=0 f owd =0, ol: 8 =5
‘Qote : Eig 10 6ploxavovikdv cbotnpe ovvietaypévey, § avaykaie kai ixavfl

- — L
ouvlikn Tva d0o pi) pdevikd Swaviopate u (X,Y) kai v (X,,Y,) eivar xaletd il

var q: XX - VY= ]
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33. ATIOZTAZIZ AYO IHMEIQN.— Eis fva dpBokavovikdv cUaTnia ouv-
Traypéveov xOy (oy. 26) Secopolpey SUo onpeiar A (x5, v;) kod B (%, v,). Al
OWreTerypévon TpoPoAal ToU Slawiapa-

Tog A_[:{ glvan Y I
X=x-x ki ¥Y=¥,—¥; v
Emeibe) 8¢ I

AB AR i

= AR X0 V= G 1) G ) o |

Meten & S M(x,y)
—_ i e - h ) X .
|AB| =V (x, — x)%+ (¥2— V1)? o &
"Edv 1667 IXEEI — AB=d, toTe : Ix. 26

d=Vi(x,—x)* + (y: —y)*
‘H &mdoTaois évos onueiou M (%, y) o Thv dpxnyv O (0, 0) elvan :

OM = Vx*y2
34 HMITONON THE 'ONIAE (pooavatoMouévns) AYO ATANYEZMA-
ON.— “YrrobéTopey 76 olaTtnua Tédv &féveov dplokavovikdy kal Tol Tposava-

== T 5 \ Ak o
Nopoy - (y,j)=+ o v Eotwoav a, B, 6 al dAyePpixal Tipai TGV yowviddy

B Ty kel (5 ), O vl (o 25)
8 =P —a kai Nud = npp ouva — nua ouvP (@5)
AMVG: X =OMowa X;=OM, ow B omote ) (1) yiveron :
Y =0Mnua Y,=OM; nup
XYy~ XY XY, - XY

pa g o AL @
g OM - OM, Yeivw VX vt
EvkdAcos Tdpa drobeikvUeTan OT1 ©
WG4 ouv2 g — ARy ) b :XJY)Z 5 oot (XE s Yz) =
X2+ Y2) (XF 4 YD) (X2+Y2) (X1 + Y1)
kaj il _XYI,—:,xl.Y.
' 298 = T )
“lva B8 Ta SlavUopaTa _u) mi_\; elven TrapdAAnAa, TpEmel kol dpkel TO
W8 vy elven pndév. AnAabdn
XY; = XY =0 <= =

o S e
UTO S creBeiyn kad g v (§ 15).
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A2 K EVE B

29. Els dpfokavovikdy oUoTnux guvteTayptvay xO0y SiSovten T& Slc:uUcruu-rcx: (¢ Y)

=
kal v (X,Y,). N& Urohoy1o8i To owTepiksy Yivdpevov altiv, To guvnuiTovov, 1o fiuiTovo!
kal f} yevia Twv es Tds &xohoUfous TEPITITWOEL :

o) U (=53) kel U (6,10) ) W (24) xal U (<3[Z~12)

B) W02 xal v (-f3D £) w (@B) ¥l T (=g Koo

L e s (—% —'g) r o) U (G4) xal U G13),

30. Els dpBoxavovixdy ovoTnua ouvtetaypbven Siovrar T onueia A(0,-2), B(-2,-1)
F(2,2). Elven dpfoydviov 18 Tplywvov ABT ;

31 To alrd Hi& T& onpeia A(4,0), B(-1,0) I'(0,2).

32. N& dmoBeiy 87 611 T& onpueia A(4,0), B(7,8), I'(0,10) xat A(=3,2) elven xopugal mapal
Hov (ovoTnua Spfokavovikédv). .

33. N& dmoBeiy6i 6T & onusia A(8,0), B(6,5), F'(=3.3) kol A(—1,—3) elven kopugal 67"
Boywviou. TMoia T& pikn Té@v TAeupdy alrol ; (oVoTnua SpBokavovikéy).

34. Na &moberdij 611 & onpsia A(10,8), B(=3,9), I'(—4,—4). xal A(9,~5) elvar kopug®
TeTpayvoy. N& Umodoyiofoly Té wijkn Tév TAEUP&V Tou, Té&y Braywvicov Tou, of ouvretayit”
vat Tijs Toufis Tév Siarywviev Tou kal v Beiydij 611 ol Biaydovior Siyetopoly Tds yaviag 10
(oUoTnpa dpbokavovikéy).

35. N& dmobex®ij 671 té& anusiac A(—3,~7), B(0,—2), I'(6,8) xeivran én’ ebBefas (ouoTnH®
bplokavovikév).

36. N& &moBeydij 611 T onpela A(-1,-3), B(8,3), F'(3.4), A(0,2) elvan Kopugal lgooke
Aols Tpameliov (oUornua SpBokavovikdy).

37. N& ép1obij 6 x, doTe T& onueia A(x,—3), B(1,1), F(—4,3) v& xelvran énr” eddelas (09"
oTnuce opbokavovikdy).

38. Eis dpSokavovikdy oloTnua guwvTeTaypévev xOy §iSovrar Td anueia A(3,8) kal 5(2._-3).

- i — e
‘lvee onpeiov M keitan &l ToU xUxAou SiapéTpou AB, Tpémen kel dpkei: MA . MB — 0.
39. Els éploxavovikév oUoTnue ouvTetaypévay BiSorrar i onueia A(0,3), B(5,2) kel
(=3,7). “lva onpeiov M keiton ¢l Tod Oyous AH,, mpémer kal Spkei m v _Eﬁ: =0,
40. AfSovran & onpeiar A(=2,-2), B(2,1), ['(0,2). N& &mobey8ij 61 1O Tplywvov VY
dploydviov, vi UmoAoy1o8ij & pfkos Tiis UToTevovons, Kabeos kad 16 ouvnuitovoy s SEEl
ywvias adTou.

AANANATH AZONQN

35. IIAPAAAHAQL METATOIIIZIE TQY ZYITHMATO: TQN AZ0
NON.— Occopoiiper &vo OUOTHHATA TrapeA iAoy &Eovawv xOy kal x, 0y K
UmmoBétopey ém1 & povabioia SiavbopaTa TV &Eévev Ox mi‘lel elvay fgobV”
vaue, kabos kol T 16V &€dvev Oy kai Oyy;-

‘Yobétopey émions yvwoTds Tas OUVTETaY Hvas (X, y,) Tou O,.

O Exoopev TS :

00, =x51 + v,
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. Eortwoav (x, y) ai ouvteTayptvar Evds onueiou M ToU émméBou dog Tpos
Koves Ox, Oy kai (X, Y) ai cuvretaryptvanr Tou M cg Tpos &ovas Ox, kai Oy,.

Q& sivan :
b — — 4 — —
[t ¥vi(2), OM=X1+Y]j (3).
‘AM& OM — 00, + O,M &)
H (4), péoer Tév (1), (2) xai (3), yiveTan:
£ty ) = Xu—"”:’ .‘.'0}"3‘ XTW' YT -
i = (X4 X) V(Yo
E s wx kol g= TR
€ o TEALW : e

lié
& 5 fouf 00
¥ =¥ ¥ =Yoo 1T X
: 36. YTPO®H TOY OPOOKANONIKOY EYETHMATOE IEPI THN
PXHN 0. "Eore xOy dploxavovikdy oloTnpa ouvTeTaypévoy (ox. 28) Kai
(x, v) TUxOV onueiov Tou EmiTédou.
/ To ovornua xOy oTpégetan mept 16 O M‘x,g
T ycoviav § kai AapPéver Ty Béow x,0y,. E | 504
ncf""f-ocrcm (X, Y) ai ouvTeTaypévan ol M g Y s
p°$y‘f€> oUoTnua x,0y,. | 5
5 .Ayouev Thy BA ké&Betov mpds Thv Ox [Fhsnsd
J\TT}U Bl k&Betov wpos Ty MA. O& elvan ‘
FMB =0 kai L2 b

X=O0A-=0B-AA=0A-TB = Sy. 28
“O0Bouw o —BMnue=Xowb—Ynué
K ity W SNk e eue i !
M y= AM= AT+ M= AB FMM=0B - nué4BMow8=Xnné-+Youwd

Apy : Xx=Xoow0—-Ymnuo @
y=Xnpo4 Youv0
Abovtes T oUoTnpe ToUTo g Tpds X Kad Y eUplokopey :
X=xouv0+ynuo 5
Y=—xnp0-+youo &
Napaderypa : Aia 6 - % , of TUor (1) 8iSouv
X = VZQ (X—=Y) kai v- —]/22— (X+Y)
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kai of (2) 8iouv: X = —‘gz (x+7v) kai Y= _VTQ_ (—x+y).

37. XPHEIMOTHE THEZ AAAATHEI TQN AEONQN.— Mvwpifopey 67
els &v oUoTnpa ouvteTaypéveoy xOy, 6 yewpeTpikds TéTos TEV onpelcov M (x, ¥
TolouTwv @ate f(x,y) =0 elval, yevikdds, pio kapmiin (M), kohoupévn YP‘S"
onpa Tiis Siowoews f (x, y) = 0. ‘H éfiowois alrn dvopdletan tEiconamg T
kapnoing ().

Ak Tfis dMAaryfis Tév &Eovev f Efiowois alTn petaoynpaTileran elg pioY
&Anv f; (X, Y) = 0. 'Eav 7 {flowois abtn elven amiovotépa Tfis mpdTs,
koTaokeun kai f) omoudn auTfis Ts kapmUAns (M) 0& elven sdkoAwTépa.

Hepaderype.—"Eotw x2 + 2xy + y* + V2 (x—y)=0 f ¢tElowos u!ﬁf
kapmUAns () els 16 dplokavovikdy oUoTna guvTeTaypévwy. N& crxnua-noﬂﬂ
f) &lowors Tfis () els 10 ovotnua x,0y,, duoAdyou Tol TrpdyTou, Sik oTpodil

' ' v ‘ s
TEPL TO O, KaTQ ywviav T

‘H Bofieioa E§iowois ypdoeTon : (x+ y)2 4 V2 (x — y)=0.

- =
AUTn, Pdoer Tév X = _2£ (x+y) kol Y = 71/2-2— (—x + y), veTaoynH

TigeTau els T éfiowoiv Y = X* s 10 vEov oloTnpe, kai TAPIoTE, &S yuwo‘fé"'
TapaPoinyv.
AZKHZEIZ
= o e
41. Afgeton Toootnua (O, 1, j ) xed 16 (w, 1, j ), ToU dmolou of cuvreraysé?™

100 @ elven (X,¥o)- N& UmrodoyioBolv ol auvtetaypéven (x,y) tvds onpelou M, Tpds T &
Xixév oloTnpe, ouvapThoe TGOV véwy ouvtetaypbvey (X,Y), es Tog &xohouBous .n.Epl.n,.rngEIg:

L Xo= Yo = 2. X=Y,=0 3. X, =2, yn=0
S L T B e B

4 Xo=Yo=10 5 X, =0, Yo=3 6 X=1 y,==2
T=1+7 T=7 Tei-2]
Tai-g =237 ¥

42. *Opfokavovikoy oUaTNRa SUVTETAY PEvay X0y oTpépetan Ko THY Spbiy popdV @
katé ywviav 6 mepl 16 O. N& Umoroyio8olv af ouvteraypivar (x,y) évos onusiou els 1o moadd®
ovoTnua cuvapTioel TEV véwv (X,Y), es Tég &xoholfous TEPITTEaE ©

e LT 3w
s g ==
e 2T
1 = 2 6= = 3 37_231
m
g SRR S5t
A fa= =0
6 6 6
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43. Mio kapmiAn f(x,y) = 0 8ideton els To cUoTpa xOy. N& oxnuamiofi 4 éicwas Tis
kapmrgAng TadTns es TO véov oUoTnua x,0y,, €5 Té5 droloUBous mepimTTdoEs |

l. 2x43y-6=0, gz B g, p
¥ 3 0 3 n 6= i

7. Ty Gxv - = M _m ™
x*—y?—6xv+4y+ 5=0, i S e--E, 7 e_um_ﬁ.
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KE®AAAION IV
H EYOEIA EIX TO EMINEAON

EZIZQZIZ EYOEIAS

38. Eis 10 kepdhatov TolTo O dvalnThowusy Ty dvaykaioy kol inVﬁf
ocuvlnkny, THY omoiay TPETEL V& ikavomololy of CUUTETOY péven uz-:'rcz{B?\nTOu
onueiov ToU EmimiSou ¥Ow, tva T ZUvohov TéHY onueicov ToUTwy elvon elfed

‘H owbnkn abrn dvopdderan liswag tiig s00eiag sig 1o Kapreaiavov rolt?
éningdov.

Mia ebfeiar elvon dopropdvn 81° vds Tésw onuelwv s kol fvds BioviopaTd
rapaiifihov mwpods THY edfeiav (Sreudivov duavuope) 1) kad 51 oo Bluxsxplllé'
vev anuelwy s,

39. ATANYEMATIKH EZIZQXIZ EYOEIAZX. — Aofévros otadepot O
peiov, O, ToU XWpou, TO &Troiov KahelTal apyi, els &Y onueiov M ToU xchOU
Suvdpeba v& QvTioTOKITMpEY :

- >
lov: To &Aelbepov Sidvuopa u, ToU &mroiov €l dvmimpdowTes elvan T EpaP

— —
/ HooTov Biéwvuopa OM (OM = u) (ox. 29).
—
M 20v: To Sidwuopax OM mrpds Tov dautéy TOU-

- .
0 ‘AvTioTpdpws : Eis mav EelBepov Sidvuopa U, 1
gls &V onpeiov M, dvTioToixel & &papuooTdy E1GW
—
0, opc, OM, kai &v pdvov. Olrods, Spilopey :
) 29

lov: Miav dupiuovooripavtor &mekéviow TO,U
Zuvdov TGV onueicov ToU xwpou ¢m ToU Suvdhou T&V Eheubépcov Browuah
Twy Tou. ’

20v: Miaw &mekéviow dugipovoshucvtoy Tob Zuvdhou TV onueicov o
X®pou Eml Tou Zuvdhou TéEW EPOPUOOTERY BlawuoudTay, dpxiis O.

—
To épapuooTov Sidvuoua OM kodeiton Swavvopatiky dxtig ToU onpeiov M
"Abhayi) tiig apyfic: “Eortw O, uia véx &pyn (ox. 29), opigopévn,
S L
mpds 16 O, o TS BravuouaTikfs Tns dxTivos 00;. ‘H véx SiavuopoTixh ST

S : e = = v 516
O;M 7ol onpeiov M ouvdéeton peTa TAs maAouds SiavuopaTikiis dxtivos OM o

Tfig OXETEWS :

e —y

— — —
O,M=0,0+0 <> | 0,M=0M-00,
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Awvvopankn Esicnotg ebbeiog (8).—MaploTduey Si1a ToU O ThHY &pxnNV TGV
a‘Gl\r'ucL.lci:"row kol Siokpivopev uo TEPITITCITELS :

Mpiy nepintoog : “H edbela (8) elvar Gpiopévn &1’ Evos anpeiou A Kol
o0 S1eubUvovTos BlawliouaTos T

‘H evBeice (8) elven TO Tuvohov TévV onueicov M, ToloUTwy GoTe T Blawu-

— —

Tt AM kod 1 v glvan oUyypoRHIKG. An-
Ay rorabTe GOTE ©

— —
AM=%u (AeR)

4 OA4+AM=—OA-+Au A v
(AeR)

— — —
OM=0A+32u (1)

‘H EEiomots (1) koeiter SLaVUOPATIKT x. 30
Mpapetpie) EEicwotg Tiig eb0eiag (8).

*Eqv 1& onueiov A oupmimTy w10 O, fi (1) yiveTan :

— -
oM=2ru (17

Agvtépa nepintocic.— Ed0cia oploptvny Omo S0 onpeiov: ‘H elea (B)

e Gpiopéun ik Buo onpeiwy, A kad B (oy. 30).
—— —_—

To Bidvuopa ;?é: OB — OA elven 16 Bieublvov Bidvuoux Tfis (8). "Apa
X8l SiovuopaTikny éiowav :
- —_— = — — —
OM—OA 4+ 2 (OB—OA) # OM=(-»)OA+20B () (A€R)

‘H (2) &uvarton v& ypogf] Uro GULHETPIKWTEPQY HOPPTV

— — —
2" OM=a OA } pOB, pue ot pf=1

*Ex Tou Seutépou pElous Tiis (2), dreidh elval YPAHHIKT ouvdpTnols ToU A
Tpokdmrrer dubocs 6T TO ZUvolov TEY onuelwy M Tol TunpaTos AB dvTioTol-
X8 eg Tipas ToU A, TolalTas ¢oTte: 0KAS 1. ToUTo tkppdlouey kai cos EEfs :

MeAB <= 2€[0, +1].

40. TIAPAMETPIKAI EEIZQIEIT EYOEIAL. — A" ‘H edbeia (8) optleTon

&
LU onueiov My (%, Yo) kai ToU SieublvovTos Slavbopates u (o, B).

*Ev onueiov M (x,y) ToU émimédou B kei-
T &) s (8), §Tav, kol pdvov STaw, Exwuey

— o
MM=2A1u, Bnhadn:

B8 e (550 =2 (a+BI )
éE oy :

X=X, +ah
(1) { 0 (AeR)
y=Yo+ B2 y’ Zy. 31

25 385
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Al éiocdoers (1) xaolvTen rapopstpikal tiohons tijg evleiag (9).
Mepikal nepuntdosig : *Edw a=0, To1e x=x,,

Kkai ) edBela (8) elven O
PE&AATAOS TTpds TOV Efova Oy (ox. 32q).
Edv B=0, 7e Y= ¥ kad 1) elBeicr () elven TapdAAnAos Tpds Tov GEOVO
Ox (oy. 32).

Ol &piBuol o kai B kado
elval 10 B\elBepov Bidwuoua

—
pifouv ThHv Sietbuvary TS e0felag kad 1o u (o, )

Y

Zx. 32p

‘H edbela (8) 7 Biepyopévn B ToU onueloy M; € ~4, -1}
kel Opigopévn Umd ToT BieuBlvovTo
éGlomosels :

Mapaderypa :

T '
s Slavioparos u (—2, 3) Exel TapapeTpIkd

T=—d—2h ., kol F=17 13,
B") "H etBeict (8) &piletan &md Suo onuela A (x,, y,) kai B &1 ¥
Toé onusiov M (x, y), (ox. 32B) 0 keitan i Tiis elfeias (8) Tév A, B STV
kol pévov Staw :

— —
MA +AMB=0,

— — —3 —
7 OA—OM+7\(OB—OM)=O,
&€ ol : — —
=%  OA-LA0B
g T
‘H oxéors abrn ioobuvapel pé 1o Stvodoy TGV 8Uo tEiomascy
x— Yo +3x,
T 1q
(11) * ARl
Yo
L5 142

Mapadevypo : ‘H edbeia

(8) A Biepyouévn Si& Tév onueleov A (=25) ol
B(3,-10) #er mopaperpixds Eiocdoeis

e T T
XMHTT— Kal =—

I 42
Mopatipnoc : Auvducba v fewpriowopey 811 T S1dvuoua :
- —
u=AB(x; — x,, Y1— ¥o)

elven 16 S1evdiivoy Sidvuoua s (8) kal v& xpnowomomocpey THY TapapeTP!”
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Ky TapaoTactv Ths evfeias (8), Siepyoutvns Bik ToU A(x,,y,) Kol SieuBivosws
i

L Acyupdvopev TéTE :

(1) u=xo+u(x,—xo) = Yo + (1 —Fo)

Wa peTaPAnTh  TopdpeTpos. Els Thv mepimTwow talTtny &iv 8& Eyxoopev
WA o
MB AB ;
*Edw els Tous TUmous (111} 6 1 ueTaPdAAeTon &md —co s - oo, TO onjuEiov
M(X,_v) Sioypdger GASKANpov Thv ebleiav AB.
AN éTav TO B petaPdhAetanr &mo 0 Ews 1, ToTe O M ypdoe pévov T
ifiua AB.

==}, &Nk

KAPTEZIANH EZIZQZIZ THZ EYOEIAZ

. 41, @EQPHMA.—Zivohov onpciov arotehel edlelav Grav, kai povov brav,
i Suvtgtaypévor (X, y) t@v onpsiov T1obtov  ikevorowdv iy ificoov:
X+ By +I'=0, év0a oi cuviehcotai A xai B 8&v elvar ovyypéveg pndiv
B, dueEdprnTtor @V x,y).
Mpdyuar, &v petall Tév iiodoeov (1) Tiis (§ 40, A).
X=X, } A &mahelywpey TOV A, eUpiokopev :
Y= Yo + PA ] B(x—x%o) —a(y —¥o) =0 M
Px — oy + ay, — Pxe= 0.
Av Bt 1B : A =P, B =—0q, I =oay,—Pxy AauPévouev:
Ax 4+ By 4T =0. )
"Avtietpopang @ "Ag UoBiowpey 811 A 7 0, 1O dmolov elven SuvaTdy, &poU

9 i \ ¢ L\ s ~ PR
tA Kai B 8év SuvavTar v elven ouyypdvews undév. "Eqv Tebfj v = k, TdTe & Tiis

@) AauPévopey X =— BLA—*_—F
"Apa, T anueiov ( - %,k ) dvnikel els TG ZUvolov.
“Eoteo Aoimdv P(Xq,¥,) &v onueiov Tol Suvéhou : *Apa:
{ Axy + By, +T=0. 3)
‘ApcupolivTes kard piAn Tds (2) kod (3), AauPdvope :
A(x —xg) + B(y — yo) =0. C)]

) ‘H (4), ouyrpopévn pt Thv (1), éxepdlel 6T T& onuela M(x,y) kelvtan
' T edBeias, TS Siepyopéung 81 Tou P, kai Tfis omroiag Ev BieuBlvov Sidwuoua

o vy T (B, A).

H &ioworg (2) xedeitan ypoppiki) xoi elvan Tpcdtou Pabuol s pds x

Ko y
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Hopatnpneeig* : "Apol 1) ebfeia (8), &§iocoews Ax + By 4 =0, B&¢

Tol ws SievBUvov Sidvuoua 551, TO Exov ouvTeTarypévas TpoPoids — B (el oV
&€ovos TéV TeTunpévoov) kal A (dmrl ToU &Eovos TV TeTaypéveov), (oy. 33), ETE
y T 611

a') Haca edfcia, 00005
Ax +By+T=0 elvar rapadinro
P (%0, Yo) npdg oV GEova OX drav, xai povo

R ,

e e | 4 o ), o

ﬂ’(_i o dvéryknyv B 20, 8161 T& A,B Gtv 51""
AF vavTan v elval ouyypodvas unGév.

-B y v \(6) (8) Téuver Tov &Eova Oy els 10 o
I;

- 33 peiov E ( 0,— ‘)

E(0,-F)

B
P) Iaoa ebbeie, tEiohocmg Ax + By + I' = 0, elvar mapaiinhog mpos L

iEova Oy Gtav, xai povov tav, (ox. 34), xai  dmoia Tépver Tov &E°
va Ox els 16 onueiov A (—- %, 0).
y') Haoa elbela, tiiohoewg AxX -+ By - T'= 0 Sifpyerar S tiig apxiis 0

v aEovov drav, kol povoev brav, , (ox. 35), 56T oi ouvterayndh®
(0,0) ToU O ixavomololv Thv Ax + By 4+ T'=0, &mep iooBuvaper p¢ [= 0.

Y y :
E(0,~F) (6) ©
i
y g x —___/
(y Tl o 0
Zx. 33« Zx. 34 2y, 35

Eis 10 (ox.33) &xomev v elbeiow (8) &§locboews Ax + By + =0, fo
mola Téuver Tous &fovas els T& onueia A (— %, 0) Kad E(O,— %), & ¢
Tola TpokuTTouY, GTav eis TNy Eflowow Ax 4 By - T=0 6Séocopev y’o’
x= 0 dvrioTolyws kal &6 &pyiis UmoTedij A.B £ 0.

‘H TeTunuévn (—- %) ToU A koeiTan tetpnpévey Emi Ty &pyiv Tiis £00elcS
e [ = " . S DI RRR  i7
(8), kai 7| TeTaypévn (—ﬁ ToU E koAeitan tetaypévy &ni iy apynyv TS
Belas (). *ApgdTepan B¢ ouvvretaypévar ini thy dpyiv THs edfelas TaUTns.
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Mapadeiypa lov: ‘H Elowos 2x + 10 = 0 wapioTd edfelaw TapddAniov mpos TdV &fova

Oy p¢ rerpnuévny &l Ty Gpxiv X = — 1—20- = -5,

Iapadaypa 20v: ‘H &lowois 4y — 24 = 0 mapioTd elelav TapéAAnrov mpds Tov &fo-
Y& Ox p¢ TeTaypévny &l Thy dpxiv y = 2:— = 6.

Maphderypa 3ov: ‘H lowors 2x + 3y = 0 wopioTd ebBeiav Siepyopdvny 51 s &px s
0 v&v &Eoveow, kaBboov 2.0 +3.0=0 { 0=0.

Napaderypa dov: ‘H Eiowos 4x + 3y — 12 = 0 mopioTd ebfeiov TapdAAndov mpds 16

-
Sdvuope U (—3,4) kal Eyouoav guvTetaypévas &l Thy &pyiv
I 12 B 12

X=——=——=3 Kal —_—= =4,

Rl A L

*Ex 16w dueoTépe AsyBévteov TpokUTTEl 8Ti: Ald vi kKataokevGoopsy piay
®Wetav (3), iEwowocmg AX -+ By T =0, épkel va elpopey tag cuvietaypévac
tni v apyfyv edtijg Xx=— %—- Kol y =— "g_ kai va yapaEopsv tiv edlsiav,
v Siepyoptvay 816 T@V onuciev TOLTOY.

AZKHZEIZ

44, N& oynuamodi 1) Elowos Ts eVBelas, 1) omola SiEpyeTat &md 16 onpeiov M kal Tapai-

Moy Tpds TO Bidvuopa _\? &v:

1) ME22) V@3) 5y M(0-5) V(0.1)
2)  M(23) V©1) 6)  M(=30)  V(©.2)
3 M@0 V20 7 M®@-5) V(L)
4 MO0 V@5) 8) M2 V@-3),

K , ~ »
Al dxohotBuos vix karaokevacfoly al etfelar el ikdoTny TeplTTROW.
45. N& korookevaobolv T& Sieuivovta Siavbopara Tév elfedy :

) x4+2y=1 3) 4x—-3y+8=0 +5) x4+ 10y=10
2) 2x-y=3 4) 2x47y-5=0 6) 2x—8y=0.

46. N& evpefolv al ouvtetaypbvan éml Thy &pyiy Tév elfadv:
; 1) e 3% —dy=12=:0 ‘ 3)  2x—6y=-3
2" Bz—y45=0 4)  4x+46y+3=0.
42, ANHTMENH EZIZQEIE EYOEIAL.— Ocecopoupev Thy evbelav (8), £61-
amcemg Ax 4+ By +T =0, pf mapddAniov mpds TOV &ova Oy(B +# 0).
‘H Sofcioa tElowois ypdeeTon :

&y Ted 7\=—i, B — et aoien y=2x+4P G0)
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‘H &iowois (1) xadeiten avnypévn popoi tiig Etodocmg tiig ebleiae ()
‘H (8) téwver Tov &ovar Oy eis 10 anpeiov A(0,R) kol eivon TrapEAATACS
—
mpds T& Bidwuopa OP(1,A), kaBdoov i (1)

YpapeTal
"M(x,y) b0 W‘:E

'E€ opiouol, & cuvtedeoThs P Koer
Ton teraypévy Emi Ty dpyny kal & ouv
TeAeoTS A €lvon & cuvtzheotig® Sievlbv
ocwg Tiig (8). :

Néa Exgpaocig 100 cuvreheotod Sigvfov-
ots edleiag (8).— "Eotwooav 8Uo onpeia A;(x,,y;) kai Ag(Xy,¥2), M (x5 7 XD
Ths ebleias (8), eEiocdoecds y=Ax 4 B. O elveu :

Zx. 36

Yi= Az 4P

= Yo—Vi=A(x,—x
ygﬁ?\xﬁ—ﬂ} Y1 i —

43. IIPOBAHMA. — Na £6ps0ij 1 ékiocwag tiig ci0siag, 1 onoia Siépysrar nd
0 onpsiov M (x,, ¥,) kai £ cuvtehestily drzvlivosng dobévea apbpov (1 eR)
"Eav M(x,y) elven Tuyov onueiov Tijs EnToupéuns elbelas, TéTe TO Sidwuahd

MM(x — x;, ¥ — ¥,) 0& &n ouvTereoThv BreuBivosas

Y= o
A= x__{I €€ ob: Y=¥=Mx—x) i

‘H &fiowars (1) elven 1) {nTouuvn.

"Edw 16 M, keiten &mi ToU &Eovos Oy, T6te x; =0 kel y, =P, kai 1) )
AapPéver T poperv i y=Ax - B.

MeTaPoAtoutvou Tol A, § (1) opiler Thv oikoyéveray Tév 0By, T Biep”
XOouéveov 81d Tol M (xy, ¥1.), EEarpovpévng tijg £00eiag tijg mapoiiijhov mpog 10V
GEova Oy.

Nopadarypa : ‘H Elowors Tiis edfelas (8) Tiis Biepyopévns Bick Tol onueiou M(3,5) kal &xo¥

oNs ouvTeEAeSTHYV BieuBlvoecos A — ey elvan @

3
y"5=_T(x_3) <= 3x+44y—-29=0.

’l‘ Kolobpsy ovveedeatiy Sievlivoeng ebleiag tov ovvieheotiv Suevbivaewns Swavbopatog (uh unscvtloo)'
ApurANAon mpog v ebbeiay.

Zuvieheatng Sievbivoems i KAlowg Evog uij pndevikod Swavioparo; U (a, B) xadeital 10 nnilxov J-*—' L
brov o F O. s
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44, FEILQEIT EYOEIATZ AIEPXOMENHE ATA AYO THMEIOQN A (x,,¥,)
KA Ay(Xs, ¥,).— Els v (§ 40, B) eUpopev 871 of apapetpikai é§iodaers Tfis ed-
tog ALA,, &v (X, # X,), lven:

X A,

14+ - v x——xlzk(xz—x)} % X%
L YA Y—Vi=AF:-V) Y—Y1 YUY
i T

N omoia, Péoet TéV iBroTATWY TGV dvaoyidiy, ypheeTan :

X=X _ X=X

Y=¥1 Y:—W M
X3 oyis|

Al Yo popehy GpiLovons : Yo vy, A ’ = 0. (¢3)
X, Yz 1]

Mapadeypa: H iiowos Tis evdeias (8), ) dmole BifpyeTan drd T& onueia A, (3, —2) kal
(0, —1) eivan:

X y 1
3 -2 1|=0 = x+4+3y+3=0.
O =1 & 1

45. H EYOEIA OPIZETAI AIIO TA IHMEIA Aj(a, 0), A0, ) TQN
AZONON Ox KAI Oy ANTIZTOIXQE.—"Av s Ty Eicwow (1) s wpon-
Youutyns Toapaypdgou Bicwpey Xy =o, Y1 =0, X,=0, y,= B, Aaupdvousy :

x—a 00—«
e o S X + ay = af. I
e «~ B y=op ¢9)

"EmreiS) elvat Suvardv va Umodiowuey of % 0 (8161 &AAws Té& onuelo ketv-
Tm &l ToU aUTol &Eovos, kai 1) ESicwais TS AA, 8c fito ) x=0 7 y=0),
N (1) ypdoeran :

X \ e "
-G_+T_1 : @)

Mapaderypa: 'H edfeia 7 omola BiepyeTan B T@v onueiwv A,(5,0) kal A,(0,3) &xer &Ei-
u“"Glu &

.’;_4.%-:1 <= 3Xx+5y—-15=0.

46. TYNOHKH ITAPAAAHAIAL AYO EYOEIQN (§,) KAI (3,).

"Egtwoav (8,) kai (B,) &lo elfela, dv ai Kopreqiaval éiowmaers, s 1o
TS guoTnua dEbvwy, svan GUTIoTolXoS |

(1) {A1x+Bly+F1=0 ue 1A1\+IB1\>0}
2) | Ax+By+T; =0 e |Ay| +[By| >0

-
‘H ¢Eiowots (1) TapioTd ebbeicv mapdAAniov mpos TO Bidwuoua u (—By,A))

"
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=

kal fi (2) TapioTd eVfeiav TapdAAnioy mpds 1o Bidvuoua v (—B,, A,). “Iva
- —

af edbeicn (1) kad (2) eivan TapGAAnACL, Trpétrer kad &pkel T u kad U vé elven ypar

uiéds EEnprnuéve. "Apar (§ 15), mpémer wai &pker :

B A—A) (-B) =0 <« [AB,—A,B—0] ()

Qove: “Iva dbo edleim, iErohosmv AX+By+T=0 xoi A,x+B,y-Ty=0
elvar mapadinior (Umd TV eUpeiay onuociav), mpémer kai dpkel vi oyt
ieotng (3).

‘ . S e e )

H (3) ypdgeran kai Gmo Ty popeniv 1 —+ =1, (3
A; B,
Iapatiipnoig : ‘H ouvbikn TapaAAnAias Sto edfeidy, TEY drofwy of Kop-
Teglaval ESiowoEls gl TO aUTd ouoTnua &€bveov elvan ;

Ax+Biy+T, =0, [A] +[By[ >0
ol Ax+Byy+T, =0, [Ag| +|By| > 0,
Slvartal v& ypoef :
(agc: =0, &M« pie ToUA&y1oTOY TEY A LU
A; B, i Ay PO R TR, TR

vé& elvon Bidpopos ToU pnSevds.
Mepucty nepintmeis : *Ew of edfeion () xal (8,) #owv iccoes VTV
oToiyxws :

y=Mx+p ;
y=7\2x+[3: N owdnkn (3) yivetan : AM—2A=0 =

1) ool Exppdder &1 :
“Iva 8bo bbeiar, py rapahinior npis tdv litova Oy, elvar reparinio, tpénst
Kai Gpkel of cuveeheatal SrevBivesmg adtdv va sivar Tool.
Hapabevypa Tov: Al ebfein (5,) Kol (8,), Eiocooeeoy 3x — dy + 1 =0
kai 9x — 12y +-7=0 dvTioTolyws, elvar mapdAAnAol, SiéTi :
AB,—AB, = 3(-12)—(—4). 9 =—36+36=0. Y

Mapaberypa 2ov: Al Eiodosg Yy=3X-3kaly=5x+7 TapicTévouy elfefas Tapdh
AfiAous kel Tpds THY elbeiaw, EGiocoews y = 5%, Siepyoutvny Sidx Tijs &pxiis O(0,0).

47. EYOEIA AIEPXOMENH AIA AOGENTOX THMEIOY M, (X Yo
KAI ITAPAAAHAOZX ITPOX AOOEIZAN EY®EIAN.— *Eorw (8) elBeia, é&‘{
owoews Ax-+By + I =0 xa (8y) elBeia Biepyouévn Bk oG M, (x5 ¥ ¥
mapcAAnAos mpos THy ().

Emeidh ) (8) elvon rapdAndos mpds 5 Sidvuoua u (—=B,AY, v M(xY)
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o
ey Tuyov anusiov Tis (8,), TO Sirdvuoua MyM(x—xy, Y—Y,) 0& elvan mepdd-

£
Amhov mpds TO u. “Apa

X — Xp ¥=¥o
— B A

=0 <= [ AG—x)+BG—y)=0 |

Mapadaypa :  ‘H edeta (8) 1) Biepyopévn Bié tol anpeiou My(3,-2) kad TapdAANACS TTPOS
My elBeiav (5,), Efiowoews 2x — 3y — 4 = 0, éxa Eicwow :

2x-3)+(-3) y+2)=0 == 2x-3y-12=0.

AZKHZEIZ

47, N& poppwtf § tlowars Tis eVbeias, f) dmoia Bitpyeten B1&x 1ol onpelov (3,—4) kal Exer
MWreheothiv BrevBlivoews :

%5) A=4,25
o g1 2
T I e DR 6 A==

48. N& aynuamiodf f Eiowais Tis evfelas, Tiis Siepyouévns Bid Tév anpeicov A, A,, es TS
Sodoyous TEPITTTWOELS

D ALY, AG23), 5)  A(=32) AG2),
2)  A1-2) A=3-6), 6)  A00) A0,
3)  AGO)L  A04), 7y A5, A2,
4y A5 Ay (4.7), 8) A(L2Z) A32).

49, Né evpeboly of #iodors Ty mAsupdv ToU Tprycvoy, TouU dmeiou kopugal elval t&
Muela (—3,2), (3,-2) xai (0.1)- 1

50. ToU mponyoupivoy Tpiycovou v ebpelotv al i§iodaes TV Siauiowy Tou.

51. Na evpedotv al £€10cdaels TGV TAEUp&Y TOU TETPTTAEUpOU, GTTep EXEL KOPUPLS TG aTHela
(10,8), (3,9, (~4,~4), (9,-9). oy

52. Né& &moberydij 6T T& onpeia (=3.—1), (0,—2), (6,8) keivren £n’ ebbeias.

53. N& 5pioij 6 x, els TpoTrOV MOTE T& onueia (x,—3), (1,1) kal (—4,3) v& keivren én’ ev-
BEiu k i

S.

54. N& evpedij # E€iowors Tiis edlelas, Tiis bmolas al ouvtetaypévan éml Thv &pyhv elven :

1) 4 kel 5 3) —5kal =3
2) —6kai8 4) 7 kal — 2.

55. MMoicn al cuvTeTaypéval trl Ty dpxAv ExaoTns TéV eUdaIddv

1) 2x+5y-10=0 | 3) 5x—4y-20=0
2) 3x—4y +24=0 4) x=3y+9=0

48. EYOEIAI TYMIIIIITOYEAL — "Eotwoov o efelan (8,) wai (8,), €i-
“%oecoy &vTioTOIXWS :

Ax+By+T=0 «xai  Ax+By+ fla=10,
b TapdAAnhol Tpos Tov &Eova Oy.
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A 5 : - 5 A \
Oi ouvtedeoTad Sieudivoews aUTédy elven GvTiogTolyws Ay =——B—l Kol

1
As sy Ee g : :
Ap= — B Al 8¢ ouvtetorypévon ¢ Thy dpxfv elven dvtioToiyws:
2

i+ B ‘ =0
Pi=-gr ki pe-t

"ApoU o (8)) ki (5,) cupmiTTow, EmeTan 871

x : e 4 AL A : i b dla)
e T R S |
e e Ao B T )
€6 v AapBdvopey : i "= ‘E (
Hepatiipners : ‘H ouvdirn (1) Stvaren v YPoph Kol s £67s
Sy o8BS S leArae Tk il By, < I
= A F = =0,
A By B z By, Ty

TS dutioTpopov dmodeikvieTon eUKOAwWS. “QoTe :
“Iva 8o c0:Tor ovprintovy, mpénet kai dpkei of opdvupor suveeieotal 10
tEiomoemv altdv vi sivar avaioyor.
Hapéderypa lov: Al edbeicn (5,) xad (8;), tr0coewy dvTigTolyes 3x 4 S5y —12 = 0 el
6x + 10y — 24 == 0 gupmimrow, KkadBboov elvan :
S0 51 e
6 ¥ 10 T =24
Mapéderyna 2ov: N& 6piofolv ol o kal B, e of Eiowoers 2ax - 2y—-5=0 ol
4x—3y + 7p = 0 mapioTdvouy Y abriy edfelav. Tpds todto TRETTEl Kol Gpxed ¢

2 2 -5 2a 2 —2 =5
i i Tl i ol wal e
€€ v TrpokUTrTe: : o= — ) Ked = is—.
3 14

49. EYOEIAI TEMNOMENAL— *Ectewoay of eUBelon (8,) kai (5,), &
odgEwY dvTioTolK s :
Ax+ Biy+Fy =0 1)
Agx + Byy + My = (€))
‘Edv alron 8tv efven mapdAinhor, B Exowv Bixpdpous ouvTeAeoTds BV
BUvoecas. AnAadH :
A A
- rgf # — 'E_:' <> | AB,—AB 0
kad B¢ Tépveovton eis onuelov M(x,y), ToU bmroiou ai OUVTETaYpévan B 1K
votrololy ékdoTny 1@y E6iodoeoy (2,
“Apa TO SiareTarypévor GeUyos (x,y) O elvon 1 kowdy AUois ToU guaTAMS
Tos TGV ESiochoecov TouTwy,
EbxAws &modeivietan kai To avTigTpogov. "Qoe :
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“Iva §00 £08sTar Tépvevta, tpénet kai dpxel of cuvredestal dievbibvoeng adtdy
Vicelyay Sragopor (v& TAnpoUTan f ouvrikn AB, — A,B; # 0).

Mepaderypa: Al eofeion (5,) xad (8,), Eodoewy dvmioTolyws 2x + 4y —26 =0 «xal
- 3y 4 3 = 0, TépvovTan elg TO anueiov M, Tol dmolou al ouvTeTarypévon (x, y) elvon Adaig
00 gquoTTpaTos

4 2x +4y—-26 =0
4x—3y+ 3=0
%l kaBoooy elvon ABy—AB, = 2(-3)—44=—-6-16=~220.

} = x=3 xad y=5

AZKHZIEIZ

56. N& evpefolv ol auvTeTaypévar ToU onuelou Topfis M(x,y) Ekdotns TéV edBadv (8,)
kKl (8), tiodoey &VTIOTOIYWS !
Dx-y=1, x+y=1
2) 6x—2y—-8=0, 3x + y= 14
3) 4x—5y +20=0, 12x—15y + 6=0.
4) 2x 4+ 3y—-6=0, 4x 6y +9=10.
5)2-3x=y, 6x -2y = 4. ] : ' .

57. N& etpeBolv ol ouvTeTarypéval TGV Kopugdv Tprydvou ABT, Tol dmofou of tfiohoes T6V
Theupiy Tou elven s 2x + 3y =0, x+ 3y + 3=0, T+yg+1=0

58. Toi ponyoupévou Tpiydvou v gUpeBoly Ta PKN :rfbv TAeupdv Tou, al Eiodots TGV
Slapéoeey Tou kal al oUVTETaY pévan TOU KEVTPOU Bépous on'rrc.»u. , " '

59, Né& eUpebelv ol iiodoes TV elfaiiv, TGV TapoAAnAwy Tpds Tas TAEUpds ToU Tpiywvoy
ABL, 1o &rolou al Eiodaes Tév TAEUPGY elven 2x+3y =0, x+3y+3=0, x+y+1=0,
T &yoptueoy K TV KopUeEY Tol Tprydvou TeUTou.

Gl\]r.mr:c‘x admodery & 6: cqx)la’.rﬁetm (8,), (82), (Ba), (8y), Ehrocooecov &V'rl'cr'reist 2x—3y+5=0,
bx 4 10y +15=0, 6x—9% —20= 0, 3x -+ 5y—20= 0, oxnpatifouy TapadAnAdypop-
Hov, N ed Ov ol ouvTeTaypéval TGV KOpUGEY TOV.

2‘3 E;fi?:semxﬂﬁ ém ﬁtbﬂsja (8,), Erocoews 3x-+-4y — 2 - o, flvcn, TapdAAnios 'rrpc"y; ™V
ety (8,) tEomoews 9X + 12y +7=0, xal ouptriTTel petd Tiis ebfelas (§;), EGiowoEws
5% 4 20y — 10 = 0.

50. 'YNOHKH INA TPEIEX EYOEIAI EXOYN KOINON EHMEION.—
“Eoteooav of evfeian (8,), (8y), (8s), Efiocdoewy dvtioToiyews:
Ax 4+ By+Ty=0 (1), Ax+Byy+ Mp=0 (2) xal Ax+Byy+Ty=0 (3).

‘v adiTen EyouUv KOWOV aTueiov M, (Xo, Vo), TPETEL G CUVTETCrYHEVQL

T s L e e A k
. nw=ap—As ‘¢ N"Ag-Ap *®
i roufis Tév (1) kel (2) v EmadnBevouy v (3). "Hrot:
Bils—Baly | g, Aela— Al SC
8" AB,—AB @ | AB—AB. " °
i Ay(B My — B.ly) + By(Asl1— ATy) + F3(AB: — AB))=0 (ky)
kad Yo popenv opilovons :
AB T
A=|4A, By, T, |=0. 4
AS B3 rﬂ
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"Eqv kaéoopey X&pwv SuvToping.

By [, | [Fg A Ay B
s Bty 4 <] A
1= g R lroa | & {A;B.,
Ta5 éAdogovas opifovoag Ths A, TéTE ) A Yp&peTan ;
A=A, + B4, + I, 6

kol Srakplvopey TPEIS TEpITTTCTES,

a) Al tpeig Ehaocoveg elvay mndév. ToUro onpaiver 611 ol cuvTtedeoTal Ay, By, T, elvan Gt
Aoyor pds Tous Ay, By, Ty kad of eUfeian (2) kai (3) TautiZovran, Of Ay, By, T, 8ovavran v eV
7 oU dvédoyor m™pos Tols A,, B,, T,. Eig THY TpdTNY Trepirreoy af TpEls eUfeion TaulfovTe!
efs TNy Seutépav, 1 TEWTN Exel Kowdy OTUEIOV PETS TévV SUo TeAeuTaiwv, af dmroim TauTigovTd"

Eis 8Aas tag TEQITTWOEL Eyopey @ A — A, |- B,A, + ra;, =o. !

B) 'Ek tav tpavy aploveidv A, A,, Ay 1 pig, Eoto § Ay # 0. Tére ol (2) kai (3) Eo”
Hiav ko Avaw x,, Yo TETEpaopévnw, thy (k). "Apa B Eycopey T oxéaw (k,).

Y) 'Ex tav tpav opilovodv A,, Ay, Ay al 800, Eotm AL #0, A, £ 0,

Téte A, =0 7 ';:— = g: kal al (2), (3) elvan TapdAAnior,

Els 8w mepimrroocy TaUTNY, Si1ck v Exouv ol Tpels eUBeion Koo onueiov (1o ), B mpéTl
v& elven mapddinior,

. % AF i _AH g Aa
2 B

“Otav dpes ouupaivy TolTo, § A elven TEMY pnSév.
‘H owbixn A = 0 elvau, ETopéveos ; Gvaykaia, iva cig Bhag tag neput@oeg ai elfgiar (5
(82), (8;) Exouvv kowvov onpeiov.
'AToBeikvieTan eUkAws &11 elven Kal ETapks.
Mapaderypa : Al et9ia (L), (8.), (5, EE10maEwy dvioTofyeos :
3x -5y —10 = 0, %k Y- l=0, 2lx — 11y — 31 = 0,
EXOUV Kooy anpeiov, BidTi 1) opifouoa :

IR A s 10|
| T s
S e g S B _311+(10) AR et

51. AEEMH EYOEIQN._— Oecopolpey o ebeias (8,) kai (8,) tEiowr
OEWV &v*no-roixcos ?
AX+By+I =0 (1) xal Ax+By+ [e=0 @
Tepvopdvas el T1 onpeioy M(x,,y,). Taoa edbeia (83) Siepyopéun Si Tiis Toufls
T8 (1) xad (2) 8 Eyn ooy +

(8) : A+ By + T, + k(A;x + By 4 ) =0, e
61011, dpoi T M(xp,y,) elven Toun Tav (1) xai (2), Emeren &1
4 Aix; + By, + M =0 xad Asxy + By, + Iy= ®)
"Edw k #0, 161e k(A,x,+ By, + )= 0 (6
OTéTE Bid mpoohicecas Ty (4) ked (6), AapPavopey
A, + By, + I+ k(Ayx; + Byy, + Ty=0 Q)
‘H (7) txopéler &7 1o onueiov M(x,,y,) xeiten &mi Ths e0feles
AX + By + T+ k(Ax+ By £ Ty = 0 ®
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Mapatipnois : "Eav ai (8,) kol (8,) elvan mapdhinhol, TéTe 7 (8) mapt-
T oUoTnua TopahAiAwy eUBady Tpds Tas (8;) kol (8,). AdTi TéTE O elva :
AjepByes { Pyl (BB ekl A+kA, B+ sz,

Pt By kA, kB, A, B,
I Smroia oytos ikppdler 6Tt o (8,) kol (By) elvan mapdAindor.

Mapaderypa lov: Né& etpedi 1) tEiowos Tiis ebbelas, fimis SigpyeTan &mwd 16 gnueiov M, (2, 1)
@l g Touiis Tév eveddv (8,), (8,), E§lowoEwy &vmioToiyws: 3x — 5y — 10=0«xal x+y-+1=0.
Aborg: “H Inroupévn tEiowais Bé elvan Tiis uopeTs
3x—5y~10—:—k(x+y+l)=0 (9
"Emraidny 76 M, (2, 1) keitan tw’ ocdrrifs, Emevan : 5
39051104 k@-L1 £ 1)=0 = k= A &te 7y (9) yiveran :
2lx—1ly-31=0.
Mapaderypa 2o0v: N& ebped 1) Elowors Tiis elbeias, This Siepyopévns S1d& Tiis Topfs TGV
Wargy (8,), (8,), trowoewv:
2x-!—y+l=0mlx—2y+l=0
5ol rapainihou Tpos Ty elleiaw (8,), Efiodoecs 4x — 3y — 7=0.
Aborg : ‘H ZnToupévn 8 Exn Elowow :
x4+ y+1+k(Ex-2y+1)=0

i C+R)x+(1—2k)y+ (L +Kk)=0 10)
*Edw alrrn elven rapdhAnAos mpos T (§,), B Exwopev :
24+k 1—2k
L R e I =2
4 = -3 k
a4 (10) yiveren: 4x-3y +3=0
AZKHZIEIZ

62, N eipsbii § Efowas Tis ebbelas, A dmola Siépyetan Bix Tis Toufis TGV elBadv (5,),
®), iohoswy dvtioTolyws 2x —3y +2=10, 3x—4y—-2= 0 xal ToU onuelov O (0, 0).

63. N& eupefolv al E§i0caets Tav elbeiddy, TGV Biepyopbveov Bi& TV KopupdY ToU Tprydovou
1o oynuamifopévou Irrd TV VBV (B,), (5,), (8,), tEroaoewy dvnioToixws 2x — 3y + 1 = 0,
L—v—0, 3x-+ 4y —2 = 0 kal TapahAniwy TTpos Tas &TévavTi TAEUPES TOV.

64. Na elpe0fi 1) eElowaons Tijs evbelas, # omola SitpyeTat B Tiis Topfis T@V elbaiddv
2"‘i‘ S5y-3=0, 3x — 2y — 1 = 0 «xal Tijs Topfs TéV efady x—y=0, x4 3y—6=0.

EOQAPMOTALI

52. ]?'PAQIKH EMIAYZIZ TOY EYETHMATOEX AYO [MTPQTOBAGMION
ES[ROFEQN ME AYO ATNQETOYE. — Qewopolpey To oUoTnua Tév i06-
Oecoy,

o | =ty O
ax +By=7 @

“Eorwoav (8) kal (8,) al eubeion, tgiocoewy (1) Kol (2), els TuydY oloTnua
SWreterypévav. To onueiov M(x,y), tw Umépyn, kowdy T&V BUo elfadv, Exa
SWreteryptvas, ol moicn elvan Aots ToU oveThpaTos (1). "AvTioTpéguws, Tdoa
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AUois (x,y) Tol ovoTiuaTos (1), 5iSel onueiov, 16 dmoiov elven 1] Topn T&v &
Beiidv (8) kai (5,).

lov: "Eqv B, — P # 0, of edfeica (8) xai (8,) Bev Eyouv THY Ty Sied-
fuvor. B& éxouv &v kowody onueiov, M, xal &v pdvov. To oUoTnua (1) EmbkE
Tt piaw povedikAv Ado, 1 émroia TapéXeTon UTTS T@Y TUTGV Tol Gramer :

2 WPieyP L Sy
: opy — ayf J opy —a,p
vsiiEdy L B ¥ S (8) xad (8,) elven wapddAnior Um0
S Pl

THY oTeviy onuaciov, &nAadn v Exouv kowdy onueiov. To olornpa elvd!
adbvatoy,
P

Sov: *Edy BB Y e (®) xal (8,) oupmimrow. To o
e

oTnux émidéxeTen dmrefpous Adgeis. Elven @épotoy.

Mapéderypa lov: A elfeicn (8) wal (5,) #rodroecoy dvTioTolyes 1 2x — ¥ =5 el
3x + 4y = 24, TéuvovTan elg T onueiov M, Tol émolou of SwvTETOry pévan elven Abeis Tog ouoTi”
uaTos ; {

(84)

2X—-y=35
X4 4y=2¢ => X=4y=3.

Al ouvtetarypivar tmi T dpydv T uiv(®)
elvan % kol —5, s ¢ (8,) elva ol 8 kel 6
s Bekvier o (ox. 37).

(61)

(i)
Zx. 38 ®
Hapaderypa 2ov : Al edeion (8) kal (8,), tErodsoecv 2x + 3y —6 = 0 kad 4x + 6y —24 = 0

elvan apddinion, &iémi 2 = # 36‘-3-, ol 8¢ oyerikal Boeic oGy TopéxovTar Umo 70l

6
dvwTépw (ay. 38).
Té ovonua Aorméy  2X T3y =6 } elvor &btveroy
4x + 6y = 24 '
Mopaderypa 3ov : Al efeian (8,) xad (8,) tEiochoecoy 3x + 4y —24 = 0 xal 6x + 8y = 48
dvrioTolycs, oupTiTrrouy, ds Semvier TO (ox. 38).
“Apx, T&v onpeiov M (x, y) s pds Exer oUVTETOY kévas, ol dtroiocn EmoAnBelouy &upoTép®s
Tés EE1adaeis Toy ouoThpaTos
{ 3x+4y—24 =0 (€))
6x + 8y —48 =0 @)
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AT, Big Tuyoloay Ty Tou y & Tiis (1), Eote y = 0, ebpioxopev x = 8. To Zeuyos
X=8, y=10) tmakndeier xad THv (2). "Hror 6.8 4 8.0—-48=0 | 48-48=10.

‘Opolews, H1a y = 3, f (1) 8iber x = 4. To Lelyos Tolto (x = 4, ¥y = 3) twandelder kad
MY (2), fror: 6.4+ 8.3—48 = 24 4 24— 48 = 0,

AZKHZEIZ
65, N& dmidufolv ypa@ikds T& ouoTnuaTa Tév drodoubwy Efiowoewy
1y 2x -y =—1T 3) { 4x — 10y = — 27 5) { 6x—3y =-—26
{ 3y =1 2x — 14y = - 36 15x + 2y = — 27
3x -2y =11 { 2%+ 3y ==l 2x + 3y =1
3 { 5x-3y=17 » éx—6y =—17 O { 6x —2y = —3L

86. N& 6p1007 6 k, va o edfeicn ol mapioTdpevon U1rd 6w Eiodoecov : 3x — 4y + 15 =0,
X4 2y —1 =0, kx—(2k—1)y + 9% 13 =0 Exouv kowdv onpeiov.
67. N& &mrobeiydi) 671 Sk mécav Tipfv ToU i, ol ebBeict al OpiGduevan Urd Tév drohoufieor
E§l€rdzo‘ecov BitpyovTan Six oradepoli anueioy, Tol dmofov va dopiodoly ol ouvTeTorypévan ©
1) 3x-2y+5+u(x-2y+4=0
2) (u-3)x+ (T-20y+4=0,
3) wx+ Gu—=3)y+9-3u=0,
4 (-Dx+ Ge-2u+Dy—-Sut+4-3=0
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KE®AAAION V

ZMOYAH THX EY®OEIAX EIX TO OPOOKANONIKON
IYITHMA ZYNTETAIMENQN

53. H EYOEIA EIZ OPOOKANONIKOYE AEONAZ.— Eis 16 mpornyet
uevov kepdAaiov EEnTdoouey ThHv edBelav kol Tog B16TnTas AU, Qvopepo”
pévny els TuydvTas &Eovag OUVTETOY Péveay.,

Eis 10 mapdv kepdhaiov B& t€eTdowuEy THY elBeiav el opBokavovikods
Gfovag suvietaypivov. “Amovta T TPONYOUpEVws EkTeBévTa loxUouv kal els
76 oloTnua TobTo. Tépav &8 TouTwv kad Té dxdhouba,

54. OEQPHMA.—Eic éplokavovikdy SOoTNHE cLVTETaYpévey, 1] edlcia (O)

iGwodoeng AX+By+TI'=0 giva kaberog éni 1o Suavuopa (_)T’ (A, B).

y "Anédailic : Eis 16 dpfokavovikoy ol
oTnue &Eévewy xOy (oy. 39) Becopolipey TNV
efelav (8), Eiochoes :

Ax 4+ By+Tl =0 ¢))

"Eotaaaay My (%o, ) 0Tabepoy onpeio?
s (8), kal M(x,y) petoBAntév onueiov
aUTis. O& elve

Axo Els By.o + E.=0 (2)
O‘I T \ ‘Ex 18v (1) kai (2) Emeren
Za A(x= %) + By ~yp)=0.  (3)

., by ] = 3 1\ ) 3 o
Oewpolpey 16 Sidvuopa OP(A,B). ’Emeidn x — x,, xod Y — ¥, elvan ai ouv
—
TeTaykévan TpoPorad To¥ Siawouaos MoM, xai T TpésTov péAos THs (3) elvet
—_— —
N &AyeBpixt) Tiph Tol towTepikoU yivopévou OP. MM, EmeTon &mi:
— o~
OP.-MM = 0.
— —
"Apa TO Sidvuopa MoM kai ) eBeiac (8) elven kéberar TPos TO Sidvuopa OP-
TMapdderypa 1oy : ‘H elfeia (8), Eiowoews 5x4-8y — 10 = 0 elvon kafeTos wpds TO Bk

—
aua OP (5, 8).
Mapdberypa 2ov: *Edw 4 (8) &n tgiowaw y = Ax + B, TéTe:

(®) L OP (a, —1).
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55. @EQPHMA ANTIZTPO®ON.— Ilice £00sia kabstog Eni 1o Savuopa
D
OP (A, B) éyer EEiocwoy tiic popeiis : Ax-By+T'=0.

An6deiErs ¢ “Eotw Mo(Xo,¥e) TUxOv onueiov Tiis ebleias (8). “lvec onpeiov T1

—_ —
M(x,y) ToU Emmédou keltan éml TR (8), Tpémer kod dpkel OP-M,M =0,

fitor A(x—x)+Bly—yo) = 0
A Ax + By — (Ax,+ By,) =0 ¢}

Eqv 10 [ = — (Axo+ By,), i (1) ylveton: Ax+By+T = 0.
*Evtetfev TrpokUTrTEL OTL: TrEoQ gEiowols THs popefis Ax-+By+ k= 0,
s

(keR) elven k&Betos Tpds TO Bidwuoua OP(A,B) «al xat’ dkohoubiay Troapdd-
Mos rpos Th eubeiov (8), Elotoews Ax+ By +I'=0.

Haparipnorg: ‘H mwopdotaols E=Ax 4 By elveu 70 EowTEPIKOV YIVO-

—_— —>
Nevoy v BravuoudTey OP(A,B) kad OM(x,y). *H tiowas Tiis elelos (8) yps-
PeTant
—_— —3
Ax +By=-I <= OP.OM =-T.

*Edw H efvon ) Topd) Tév (8) kal OP, TéTe:

OP.OM— OP.OH =+ [ —— OP.-OH

Tapaderype : N& eupedij 1) &icwats Tijs peookadéTou elBuypdupou TUAHATOS.
Aborg : "Eortwooy A, (X, ¥i)r As (Xa ¥a) ol ouvTeTaypévan TéY &kpwy TOU THAKOTOS

—
A:Az. “H pecokd@etos attou elven kéberos drrl TO Srdwuopa AjA, (X — Xy, Yo — ¥i) kol Siépye-

T Big ToU péoou M, (x‘ ;x“ 1‘7}'3) ToU TufpaTos AyA,.
*Apa 1) Eiowais THs pegokabéTou ToU TRAuaTOs AA, elven :

‘ ] e
(X2 — X)) (x = x—l_%i) + -1 (Y = '&TL) =0,
56. TYNOHKH KAGETOTHTOL AYO EYOEIQN. — lNvepilopev &t
ol eyBeica (5,) wai (By), Efiocdoewv dvmiotofyws A;x+ By + ;=0 xal
—
Agx + Byy + =0, ehva dvTigtoiyws ké&Betol wpods T Srawvvopara OP;(A,,B,)
ked 6;2(/\2,82). e ad (8,) kel (By) elvon kdBetor, mpimel Kkad dpkel T& Bia-

Wopara OP, xad OP, véx elvan ké@eTar. “Apax (§ 32).

OP, . 0Py =0 <> | AA,+BB,=0 )

Mapadeypa @ Al ebbeica (8,) xal (8.), tiodoewy dvTioTofyws 4x + By —7 =0 kal
6x — 3y + 11 = 0 elvon k&Beror, B1071:
AA,+ BB =4.6+4+8(-3)=24-24=0.
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‘H ouvbnkn: AA;+B,B,=0 ypageTan: (——g‘) (— %2-) =—1,&v BB, #0.
1/

2
ETre1dr) &€ ——gl— =}, glvan & ouvTeEAEOTRS Sieubuvoews Tis (8,), wal
1
A = %
—-B~2— = A, elvon & ouvTeheoThs SievBlvaecs TR (8,), EmeTen:
2

A - hg=—1 @

Ex ToUTwv EmeTan OT1:
“Iva 500 eofsiar sivar kabetor, npénet kai dprel (eis &pbokavovikdy cn')c:-mud)
10 yvopevov @Y cuvieheotdv dievbivarmg abtédy va sivar loov mpog —1.
Nopadarype : Al edfeicn (8;) kal (8.), tEiodoecy dvmioToiyws: Yy = Tx -+ 4 Koil

y=-— £ 5 x -+ 15 elvon kd@etor, B1dT ¢

:
A= (- —;) )

57. EEILOYXIE EYOEIAL AIEPXOMENHEI ATA ACOGENTOZL THMEIOY
M, (Xp» ¥o) KAI KAGETOY IIPOZ TO MH MHAENIKON AIANYIMA

u (A, B).— F&v M(x,y) elvar Tuydv onpeiov T Irroupévns elbelas, TOTE !

—

u - MM=0 <= [ Ax—%)+BG—y) =0 m

AdTn gven # EnTouptvn iicwars.

8. FEIZOXIE EYGEIAL AIEPXOMENHI ATA TOY THMEIOY

M, (%, ¥9 KAI KA@ETOY FPOXL THN EYOEIAN () EZILQIEQE
AXx + By T'=0.
*Av M(x,y) even Tuyov onueiov Tiis Inroupévns edBelas (8,), TOTE TO il
-_—
wope MoM(x — Xg, ¥ — ¥o) 8& efven xéBeTov mpos Ty elfeiav (8), f dmola elvat
— —_— —_—

k&eTos Tpds TO Bidvuoua u(A,B). "Apa té& Brawloporra MgM xai 1 8& glvan &
pdMAnAa. Kot drohoufiav :

o e WG a) A=) (”

AUTn elven 1) InToupévn EEicwos.

MNopadevype : ‘H 2Elowors Ts elbelas (8,) THs Siepyopévns Six ToU onpelou M, (3.5) "6‘
kaDéTou Tpds THY ebbeiav (8), thiowoews 4x — 9y + T = 0, elven

x—3 __ym5

< 9x+4y—-47=0,

g T =9
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AZKHZEIZ

68. Na amobeydfj o1 ) elfeia 3x + 4y —2 = 0 elvon kdBeTos Tpos THY eVBeiov
8x—6y+5=0.
69. N& amobaybij 61 af dxdhoubor Efrocoes
x-3y+2=0, 12x+4+4y+31=0, 2x—6y—T7=0, 9x 4 3y—40=0
elvon ol Eiodoets T6v TAeUpdY tvds dploywviou. N& karaoxeuaodii TolTo.

70. Né& etipebdi) #) Egiowos edBeias, 1) dmoia BitpyeTan &md 16 enpeiov :
1) (-1, 2) xad elven k&BeTos mpos THY edfeion 3x — 4y + 1 = 0
2) (=7, 2) ko elvon kdBeTos Trpos THY ebdelav X — 3y + 4 = 0.

71. Tpiywvov ABT Exer kopupds Té& onuela A (=3, 2), B (3, ~2) xal [ (0, —1). N& etipsfoiv

al éiodors Tév bydy alTol kal vi dmoBerydij ST T& Ty TalTa Biépyovrar Bi&k Tol avTol on-
uefou.

72. N& elpedolv o E§1ocboers T@v pecokadétwy T6V TAeupdy Tol Tprydivou Tol Tponyou-
Hévou mpoPArinaTos kol v &mroBeryBi &Ti aliton BikpxovTar Bid ToU cltold onuelou, T Swoiov
dréyen lodkis T Kopupdy TOU Tprycivou,

59. I'QNIA AYO EYOEIQN.— FEis To dpbokavovikdv olvornua dEévav
XOy (ox. 40) BecopoUpev Yo edbeias (5,) kol (8,) EEiodoscov dvrioToiyes :
Ax+By+r=0 (¢))
Ko Ax+Byy+Tp=0 @)
"Av aUTton TéuvevTton, of yevion Y
Tas omolas oyxnuoaTifouv elvan oo
Tpods TS yvias TGV ém’ alTdY Ko-

—_—
Bérwov  Siowuoudtwv N;(A,B,) Kai

Rl
N,(A,,B,) ) TapamAnpouaTiked ToU-
Twy. /
7
0]

"Eotw 9 1) yowvia Tév Siavuopd-
Tww ToUTwY, TolalTn WoTe 0 < 6 < .
Kord v (§ 31) 6& elvan :

oLVl = - -—ﬁl _é2 -t—B—l ;:_B'_a':ﬁ (3) : =X A
Vai 4+ Bl VAl B2
‘Edv ¢ elven ) &eia yovia tév (8;) kal (8,), TOTE 84 =T kol &pa
A%
2
IAli' A; + B, - By |

Val+ B . VAl + B

Ouvg =4 owvd. *Emreidn Umretédn @ < -, Emeton ouve > 0. Kal dpa:

e

™)

Mapatmpioes : A) "Eaw (8,) L (8,), 16T ouvp = 0, kad & Timos (4) 5ider :
ANTRER GBS0
Oxtois etpefeioa kad els THY (§ 56).
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B) MNvwpilopev &T1:

Al o  (AT+BI) (AJ4B3) — (AJA;+ B;By)*
e quq)*!.‘-gq)q)ﬁa\]quﬁ_l (AA, + B,B,)?
i€ ol :
A By — Ay By | Ay
i v ey e W S )

kofboov ep ¢ > 0, 81611 @ << 90° kad Ay, A, ai ouvteheoTad SieuBlvoecs Tév el-
Beiddov (B;) kal (8y).
"Av ol (§,) xad (8,) elvan mapdAinhol, TOTE
p=0 <= A -B,—A, -B=0 (6)
oxtos evpebeioa kad s Thv (§ 46).

M *E&v & tumos (5) épopuooti) els iy TepimTwow Tiis ywvias Tév ed-
Beiidv (Ox), tGiowoews (y = 0), kai Tjs evbeias (8), tiochoecs y=Ax + B, TOTE !
po=|2]

Eqv & > 0, ) &€eia yovia ¢ elvan 1) oxnuamiboutvn Umd Tou Govos Ox el
ToU pépous Tiis (8), ToU Gvebev Tou &Eovos Ox keipévou.

*Edw & < 0, ) 6&ia yoovia ¢ elvan ) oxnuamiZoptvn Utd Tol &€ovos Ox kol
ToU pépous THs elBelas (8), ToU katwbev ToU &Eovos Ox kepévou.

*Eni mhiov A elvan 1) dpamrroptvn Tiis yovias, fimis oxnuatifetan Umd ToU
&Eovos Ox xal ToU pépous Tis evbelas (8), ToU dvwbey Tou &fovos Ox KEIPEVOU.

Ex 16V dQueoTépw EmeTon OT1:

Eig dpBoxavovikdv chotnpa cvvietaypévav & cuvichestiis Sicvbiveeng pag
£b0siag (8), pi) mapediihov npds tov GEova Oy, icobtar npds v Epantoptvny 1iic
yoviag, 1 omoia oynpatiletar Ond tod GEovos OX kai tob pépovg tijg £0eiag (8)
t0b kewpévov gig T Nueninedov y = 0.

Tote & ouvteheoThs SieuBlvoews Ths (8) kodeitanr khiowg aiTiis.

Nepaderypa: ‘H yovia tédv edbadv (5,), (8,), Eiovotwy dvmiotolyws 7x —3y + 6 = 0
kal 2x — 5y —4 = 0, elvan :

iy iBasfeaBill o g oy o T
8 9= T A+BI-B,1_! =1 ke bRl o bl

AZKHZIEIZ

73. N& Umohoyioffj | ywvia (bEix) Tév ebbadv (§,) kal (8;) Eiohoewy dvtioToixws
7x 43y +6=0 xal 2x + 5y —4=10.
74. N& ebpebotv al yevier 1ol TerpamAeipou ABIA, Smrep Exer kopugdss Té& onueia A(10,8),
B(-3,9), I'(—4,—4), A(9,—5) xal T6 eldos ToU TeTpamAeupou ToUTOV.
75. N& eUpeboiv al ywvian Tév elBady, tfiodboewy dvtioTolyws :
1) 2x—5y+1=0 kai x—-2y+4+3=0
2) x+y+1 =0 kal x—y+1 =0
3) 6x—3y+3=0 kal x=6.
76. Na& ebpedij 1) EEicwors Tiis ebbeias (8,), Tiis Biepyopévns Bi1& Tol onpuelou A(3,5) kal oxn-

namiGouons ywviav

1; petd Ths eVbelas (8,), Eodoews x—y + 6 = 0.
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77. To airo &i1a Thy elfeiav THY Biepyoptviy 61 Tou A(1,—3) kai tépvouoav T (&), t6i-
ooews X + 2y + 4 = 0 Umd ywviav 135

78. Na ¢mohoyiofolv ol ywviat ToU Tprywvou ABI, émep Exer Kopupas A(0,0), B(—4,4)
kol F2Y3 -2, 2Y3+ ¥2).

60. AATEBPIKH AIIOLTASIZ TOY EHMEIOY M, (X, y,) AIIO THN
EYOEIAN (5), ESIEQSEQEL : Ax+By+I' =0, dv |A|+ |B|> 0.

"EoTw Si & &Ewov 6 dydpevos ék ToU O xobétws mpos ThHY ebfeiav (8) kal
TPOTEVATOAITHEVOS KAT& THY POPAV ToU Slavocumog_u-)(A,B) kai fotw H(x,,v,)
i wpofohny ToU M, &mi Thv ().

O £ywpey :
= r—— - o T =
u - HM, = u- HM, = VAZ 4 B? - HM,,
SnAadn : :
A(xo— %)+ B(yo—v1)=VA 4 BE'WG
¢€ oU:
_AG = %) + B(Yo— V1)

(6) Mg %o+ QO)

HM(\ o (1)

YAz + B ; A
*Emreidfy 10 H keitan &mi s (8), 6&
glvar Ax, + By, =—T xai ) (1) yiveTon:
HM, = Axg+ Ei":“-;r, (HM, petpeitas émi ol &ovos Gi)
VA2+ B2

*Apa fy dméoTaals ToU M, (xatd TV auTifeTov gopdv) &mwd Thv evfeiav
(8) BibeTon Umd TOU TUTTOU :

By,-+ T’
R e B e &

bt D 3)

TNapadevypa Tov : ‘H &méotacis Tou onuelou M(2,5) &md Thy ebbelav (3), t10doews
3x 4+ 4y — 10 = 0 efvan:
el i Ul § Dl S Lo g
B V3i 4 40 Yo + 16 5

Mapaderypa 2ov: ‘H &méoraos Tis &pyis 0(0,0) Tév &Edvev &md THy ebfeiav (8), -
owoews 6x + 8y —9 = 0 elvar:
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AZKHZIEIZ

79. AiBovran Té onueia A(L,5), B(—3,3) kai [(6,2). N& trrohoyiofoiy t& Uyn Tol Tpryw-
vou ABT.

80. TO airo Bicx 16 Tpiywvov, Swrep Exer kopupds T& onusia 1) A(2,3), B(—4,0), Ir(-1,-4)
kal 2) A(3,5), B(1,-2), I'(6,-5).

81. AiSeran o onueiov A(4,6) kai ol elfeicn (8), ooy :
(u=1) x—(2u-3) y—4p + 1 = 0 «kai {nTeitar va Sp1adij & p, eis TPOTOY QOTE fi ATOoTAOIS
ToU A &mo v (8) va elvan 3.

82. N& elpedi 1) E€icwas Tijs evbelas (8), /) dmoia dméyer lodks TGy ebbadv (8,) kal (8,).
ES1ohoewv AvTioTolyws 3x + 4y —5=0 kal 3x + 4y 4 7= 0.

83. N& Umoroyiofolv al dmootdoes Tiis &pyiis O(0,0) &md Tév eldeidov (6) xal (8,) €61-
ooty dvTioTolxws X 4+ 2y — 1 = 0, ¥3x+ V2y -1 = 0. Iolov oupmrépaopa E§dyeTan bv-
TeUfev ;

——
61. KANONIKH EZIZQXIX EY®EIAL. - "Eortw Ol (owvw, nupw) pova-
Siafov Sidvuopa kdBetov &l Thy elfeiav (8), OZ & &Ewv Tol povaSiciou Tou-

—
; Tou Sravvopatos Ol kai H To onueiov To-
(5

= VE
yt ufjs Tis (8) kai ToU OZ,
Ottopey OH= p. ‘H edfeia (8) elvan
TO ZUvodov Tév onueicov M(x,v), Sid 1A
= oTroia
—_— —
i Ol - HM =0 f (§ 55 mopatnpnois)
auv W
I(r.u.ul ) — — u—g — !
5 T_’] \ O -OM =0l -OH =p 1§
Zy. 42 X GUVO + ¥ po = p L)

‘H (1) elvan 7} kavovikd éGicwois THs (5) kol dpeideton eis Tov Hesse.

Tpopavdss, 7 Beois Tfis elbeias (6) tfaptdTan &k Tiis dmooTdaews OH — I
fBecopoupévns whvToTE BeTIKS, Karl TS Yeovias w, Becopoupévns kai TavTns BTk,
els Tpdmov doTe: 0 < o < 2.

Mapaderypa : 'Edv w = %r_ kai OH= —;, n éfiowos Ths (8) elvan:

™ ™ 5 x V3 5 -
2O S Y e = e e b Y et D e ek KTy b

62. ANAI'QI'H THE Ax + By 4+ I'= 0 EIZ THN KANONIKHN MOP-
®HN AYTHEI.— *Apkei v& dpiowpey THv yowviav w kai 16 p, s Tpdmov doTe ai
e€lowoels ¢

(1) xoww+t+ynuew—p=0 kad Ax4+By4+Il=0 (2)
v& TapioTdvouy THY alThv elBeiay., TTpos ToUTo, Trpémel Kol dpkel

auv w Hw =
-—A—._=.-n7877_:_..rl =p r-_—a--o'uvm:pA‘ n“m:ps, —p:pr
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"Ofev : p2(A24 BY) = owlna+ =1 — p= ———=—uz (3)

kol kot &kohoubiav

(4) ouwo= j—i//: ,:,-l-;z )

"Apa 7y (1) ypageTan :
i o .
= LR ©)

Iypeioog 1 'Edv p > 0, & TS oxtoews —p=pl EmeTon &M of pxai T
B¢ elvon Erepoanpot Cfplel..lOl, kT taw [=0.

‘Fow =0, Tote _ 0 kai xor drohouBiov @ <X m. "Apx npw > 0,
OmoTE EK TTiS OXECEDS r.u w=— pB, fmeTen 9TL ol p kai B eivan dpdonpor dpifuot.

Bk TGV GueTip ETETCL & (PRIGIHOS KOVAV.

KANON : A vi avayayopey thy Ax 4 By + I'= 0 cig v Kav. pepeny :

lov : Elpioxopev tiy Tipiyv : VAZ + B,

20v : Aidopev gig THY TIpNY VAZ L B avrifetov mpoonpov tod T, i av
I'—0, 10 adto npéeypov pé 10 toi B, Koi

3ov : Awarpoipey pgotepa o pekyy Tiic AX T By - I' =0 & tob anotelé-
opotog ToU 20V 8

TpoxumTar olTws fy {nTovuévn Eiowals

Mapédeypa : “Eotw 1) Eiowois 4x — 3y -+ 15 = 0. Elver:

=—YA" + B2=—¥16 + 9=—5, 56Tt Tpémel ol < 0. MiaipolvTes Bk —5, AcuPdvousv
. i 4
™y éElowow @ — 5 X -+ g y—3 =0, fimg elvon 1 INTOUREVT), PE OWV ) == — = new =
= ; kai p=3

Az Ko 2 Eili

84. N& popgwiotv ol tSiswoeag kal va caraokevaofouv ol edfsiar, Bia vés émoiag elvan

1L w =10 p.:ﬁ | T

{5, w= o e
; ; =) -
: e A e T
2 2n
| 6. W = T
s -
3 ey V= 3 i 7 e = T '
g, o= St 6 i

85, N& dwayfolv Ume THY KOVOVIKAY uoppny al éfiowoes ¢
. 3x+ 4y—10=0 35 R e B
2. S5y~ 12y—+39=0 4 Y3 —y=0.
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63. AIIOLTAZIE EHMEIOY M, (X, ¥y AIO EYOEIAL (8) EZIZQ-
IZEQL Xxowo Fynpo—p=0
Eis ThHv mepimTeaiv Taltny (oX. 41) elval 1 = VA2 L B2 = Vouwle + nplew =1
kal & TUTos (2) THs (§ 60) yiveTon :

d =[x, 00v © + yonp @ — | ey
"Eéw 16 M, Exn Thy Béow O (0, 0) Tév &§oveov, ToTe f) (1) yiveTan:
d=|p]|- (2)

64. EEIZOXIE TON AIXOTOMON TON FOQNIQN AYO EYOEIQN.—

"Eotwoav (§,) kal (8,) BUo eU-
Beion E€1ooEY :

Apx+By+ =0 ¢))

kot Ax+Byy+ =0 (2)

O& InThowuey VA kgpdow-

pev 811 TO anpeiov Mg (Xo, Yo)

keiTon émi Ths wds 7y Tis &AAnS

TV BryoTopwy Tis yevias Ay TGV

6
o) gbBadv (8,) xai (8,). "Avaykaic
kol ikavry ouvBrkn evan : ai &ro-
oTéosas ToU My (X, ¥o) QMO TES
(8,) xai (8,) v& elvan focn : AnAa-
Ty 43 &n: MH, = MH,
A (A R+ Byt Tl _ [AsXotBayotTal
Vai+ Bl Vaj+ B}

Kot drohoudiav 1 pla Tév Biryotouwy Exel Efiowo :

A +By+h _ AX+By Tl _,

AL ¥ 3)
Val+Bi Va3 -+ 83
kal A &AAN BiyoTduos B4 Exn Efiocaaty @
AXo Byt | AXt+Bytl o (4)

Vit B | Va3 B}

Enpeiome : Aid v ebpopey Toia bk Tév Eiodhoewy (3) kal (4) TapoTd THY towTepikAY
kai Tola THv tEcTepikny BixoTopov Tis ywvias A, épyaloueba cog EEfis ¢

Ocwpoipey Tas oo Tav (8,) kad (8,) Urrd TAY Kavovikiy popPRY QUTEY :

(8,): xowew, + ynuew, —p, =0 xal (8,): X ouve, + ¥ NHW, — [y = 0.
‘0 Adyos Tév ATooTdoEWY aUT@Y Ao onueiov Ths eulelas :
(8): x owvw, + ynuw, — y + k(xouvew, + y nHw, — pa) =0

elvar — k, (kER).
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TpaypaTt, foTw M (X, v,) Tuxov onueiov Tis (8). O& Excopev :
X, OUV, + Yo e, — Py 4 K (X, 0Uve, 4 ¥ npw, — py) = 0,

Xy CUVEY, + Yo MRO,; —

€ o0 : -k =
X GUV, + ¥ MO, — Py

(5

‘O &piBunTns Tiis (5) elven 1y dmdoTaos Tiis (5,) dmwd 1o M, kal & apovousoThs fi &wé-
aTacs tijs (8,) dwd To M. Kat’ dkohoubiav, —k ei-
val 6 Adyos T@v dmooTdoswy T@V (8,) Kal (8,) &mwo
10 M, Tiis eWBeias (B).

Eav k = 41, ) (8) elven pia fj 1) &N TGv 5i-
¥oTopwv TS ywvias Tév (§,) xal (3,).

‘H yewvia tév (8,) kal (8,), tvtods Ths Omoias eu-
piokeTon 1) &pyh O Tév &Edvav, | f) KaTaKopUPHY TN,
givan ) Eomtepkn yowvia Tdv (8,) kal (5,). Al &GAAm
elvan EEmtepikai TGOV eUfaIdy ToUTWY,

Kat& Tov kavéva Tiis (§ 64) Emeten 6m1 1y (B) Kei- ol T —/' e
Tan els TO towTepikOy T ywvias Tév (5,) kal (8,), (84) ;
&rav k < 0 kai el 1O EwTepikdy, dtav k > 0. /(5) (62)

"Edv 1) dpyn O keiten éml 1Rs (8,) f Tiis (5;), 8a
mpéTn va karraokevaofoly ol elBetan (5,) kal (6,) xal
al ywvian &g Tas dmoias k> 0 dvrigToixoUv al Sixotépot (EowTepikd - iEwTepikd) ) KaTd
T0 oyfipa.

sy 44

AZKHEIZ

86. N& popguwlouv al &flomoers TV BIXOTOHWY TOV ETWTEPIKGY ywuidy ToU Tpiydvou
ABT, ToU omoiou al Efiohoels TéY TAeupddv elvan :
4x—3y—12=0, 5x—12y—4=0, 12x—5y—-13=0

kal v& derxdf 6m diépyovten Bid Tol alToU onueiov.

65. THMEION TOY TPIQNYMOY ax + By + y.— To onusiov Tfis wapo-
otdotws E— ax + Py + y & aptdTon &mo
Tas apifunTikGs TIMAS TGV X kal y, On- y
Aad1) ék Tiis Bégews ToU onpelov M (x, ¥)
ToU KapTegiavou émmedou xOy (oy. 45).

“lva i mapdoTaots E elvan undév, mpé-
el kal &prel TO M (X, y) v kefran gml THS
evbelag (8), eiocdhoecs :

M(x,Y)

(6)

P(%,Y0)

%
ax + Py +y =0. e
“Qote: E=0 <= ME (8). R,
(2)
Eqv M ¢ (8), moapiotdpey Six Tou P e Iy. 45

THY Tounv Tiis (8) pera s ¢k Tou M ma-
poAAfdou My rpos Tov &Eova Oy. TO p Exel ouvtetaypévas, Tpogavess, (X,¥o)-

"Apa: ax + Py, +y =0 (€))
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At TS onpsiov M (x, ¥) 8& Exoovev
—ox +By +y = (@x +By +¥)— (@x +Byo +7) =Py~ P
f E=p(y—yo)=58 FM @

*Ex Ths (2) gaivetan 6T 1) TrapdoTaos E Exel TO onueiov TOU B, £Qv 16 PM >0,
Snhabh ey TO M keiTau els TO AuterrimeSoy (1), kapévou &vebey Tiis (8). ©& Eyn
8¢ onueiov dvTiBeTov Tl B, E&v TO PM < 0, BnAadn 1o M xeiton €ls O fueTriTre-
Sov (2), TO Kelpevov k&reolev This evBelog (8).

"Qate : To tpdvogov oX -+ By + v slvan Petikdv Sud nav onpeiov Tob Evdg
@y fuemnidov @y omlopiverv ono tiig sdfeiog, iEwoheosag oX + By -7 = 0
Kol apvnTikdv S nav onpeiov 1ob @hhov Hueminédov.

A& vé Sioywpicopey & 8lo TauTa ovewra AmerineSe, dvalnTolpey
1o Trpéonpov Tis E, TO &uricToryolv els TH Spyhv 0(0,0) Tév &Eovev, elg
iy mepiTTeoy ke fiv ¥ # 0. Eis ToUTo el-
vea E =7y. "Apx:

To onpeiov tfic E=ax + By + ¥ elvon 1o
10b y &ig 10 fpeninedov, i § ket 1 apyn
0(0,0) TOV GLVIETAYREVOV.

Mapaierype : To Tpidwupoy 2X -+ 3y —6 elvat
&pvrTikdy els TO GUOIKTOV AuenimeSoy, TO mEpIEXOY
Ty &eytw O(0,0), &ls Td dmoiov ywpiteren Umd Tiis
eUbelos (5), tooews 2x 4 3y —6 = 0 (oy. 46) kal
GeTikdy glg 7O &AAo dvoikTov fpemimeSov. Tipds Bid=

kprow TomofeTolpey 10 onpeiov 4 xal TO onpeiov —
ixarépebey Tis evBelos (8) S v& Belwpev 1O O

N ~
2%t :iQ___G_('_O] Txkdv f) TO dpvnTikéy Tpdéonpov ToU TprVUHOoY
Ix. 46 ax -+ By + v.

66. TPA®IKH ENTAYEZIZ THE ANIZQZEQE : ax + By + v > 0.— "Apkel
v gUpoopEy TO Suvohov Tésv onueioov ToU émimedov, 1oy &molew ol OUVTETO-
yutvar x kol y émenebouv TV Quicwov
ax-+pPy+vy >0
Karookeudlopev Thy evbeiov (8), £6iocd-
otws ax+ Py +y=0 kal poabiopifopev
Td onpelov Tis TapaoTaoEws GX -+ By +v
2x+3y-6=>0 el ExooToV TEOV QUOIKTEV fiuemmédeoy, elg

& bmola YwpileTon TO Emimedov xOy Umd

! ‘\\'\\\\\ L Lo s e0Beics (5). KohUmrropey drohouBess B
7 NG 8 TapaAAALY Y POHPEY (ypanpookicopo)
R\ ‘~.\ VX O pépos TOU ¢miméSou, TO Omolov Sv ap-
A\ ; 5 " —~ ;
Sy, 47 \\Y’ poéla gls THv AUoly TOU TTPOPATIHCTOS.

O, Bi1& vé AdPouey T& oTPES ToU
tmmédou (oy. 47), TGV Omolwv ol ouvTeToryuEval ¢mronBetiouy THY Gvicwaty
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2x + 3y — 6 > 0, ypapuookidlopey T GPVNTIKOV Pépos ToU émimédou, 16 dtroiov
mepiExel THY Spyxfiv 0(0,0) 1év ouvTeTaryuéveov.

‘H el (8) mapioTarar 81 totrypévng ypaupfs, 518 v Seifwpev 811 of
OUVTETOY pEVa TGV onueicov aTiis undeviZouv T Tpovupov 2x + 3y — 6, ktds
& efopey mpds Ao Ty 2x + 3y — 6 = 0, émdte 1) (B) O TRETIT) V& ypopT
OUVEXTIS YPCUp.

67. E@BAPMOIAL— Bdoet tév rponyoupéves ekTedévTemy, Buvdpeda v Emi-
AUooopey oUoTnua duiowoewy Tol TpdTou Babuol 7 vd elpwpey T TPOCTIHOV TOU
Ywopévou (miiuors dviodoews) TpwToBeduicwy TPy OVTWY G TTpds X, V.

Hapdderypa lov: Awd moieg TIRGS 1@V X, v cuvainfebovy al dvichosg;
x+y—1<0 (1), x=y+1>0 (D),
y+1>0 @3).

Karaoxeu&Zopev (oy. 48) Tds ebfeias
(8,), (8.), (8,), tEr0coecy :

XxX+y—-1=0 x—-y+1=0,

y+1=0

'Edv ypaupooKki&owpey EkaoTov fpie=
mimebov, els & al ouvTeTaypévan TV on-
neicov Tou Stv EranBeiouy THy dvtioTol-
Xov avioway, KaTaANYywuey els TO oup-
Tépaopa OT1 pdvoy T EowTepikd onpeia
Tol Tprydvou ABI Exouv ouvteTaypévas
Eradnfevoloas ouyypovas kel Tas Tpeis
dvigmoes.

[Mopaderypa 2ov : Na émivd{j 1) avicwows :
(x=y) (x+2y) 2x+y-3)<0, (1)

Kataokeudlopev (ox. 49) Tdg eU-

Beias (5,), (8,), (8,), EEiocboewy G-
orolyws :
X—y=0 x+2y=0,
2x+y-3=0.

Al ebbelen alron ywpifoww 16 émi- (65)
medov Tév &Edveov xOy els Emrrer Emime-
Ba ywpla. Els EaoTtov Tév ywplov
ToUTwY, TO YIWOUEVOV TEV TapaydvTwy
ToU mpcdTov péAous Ths (1) AapPdver
fva Gpiopévov pdanuov. Mpoabiopile-
Hev TO onueiov ToUTo Kal TapaAeimo-
Hev TO yepiov Ekeivo, els TO dmoiov TO
Ywopevov ToUTo yivetan eTikdv. Mapo-
Tnpoupey edkéAws 611 1) dviowors (1)
dAnbever Bi& Tés ouvTeTaypévas TGV
onueiwv TOY Kelpéveov els T Emimeda
Xwpia 1, 3, 5 kal 7, ESaipoupéveoy TGV
onuelwy TdY kepbvewv i TV elBadv
(8,), (8;) kal (5y).
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AZKHZIEIZ
87. N& ylvy ypapikiy émlhuois Tév ouoTnpdTwy :

1 x+y— 3>0 x—y+ 4<0, x—4>0
2) 2x—3y+4 6>0, ix —y — 40, 4x 4+ 3y +12>0
3) 2x— y+ 5<0, 2x+ y+ 7<0, 3 —y>0
4) 5x—2y 4+ 100, Tx-2y+14>0, 2Zxx+y-5<0.
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KE®AAAION VI

MOAIKAI ZYNTETACMENALI

68. [IOAIKAT EYNTETAI'MENAI LHMEIQY EIL TO ENITIEAON.—

Eis v Tapoloaw rapédypagoy 8 Becoprioeopey véav péboSov poobiopiouou
THs Béoews TV onuelcov EmmESou, T Ponbeiq Slo mpaypaTikGy pibuddv. Ne
ToBéTopev Sedoptva TO onueiov O, TO Omrolov
KeAoUpey mohov, kol piav oTafepdy ebfeiov OA,
kodoupévny molkov dgova (oy. 50).

Y1rod T ouvlnkas TaUTas, TUXOV onueiov P
ToU Emimédou elvan dpiouévoy, Gv 5oBfj TO piikos 9 "
OP = p kai ) ywvia AOP = 8. Oi &pibpol p kei 6 o~
KahoUvTon molikai suvtetaypévar Tou onpeiou P. 5
To p xkaAeitcn Sravvopatist] artig kad f yovic § \
KoAeiTal mokuki) yovie. 4

‘H mrohikn yovia 8 elven Ogtikty ) apvnri- R
i}, émos kai s v TprywvopeTpiov. *H Siawu- Sy. 50
ouaid dxtis p elven feTikn, £av TO P kelTen él
Tis TEATs TAeupds TR yovias 6, kai dpunTikd, dTov 1O P keltal &l Tiis Tpo-
ekTdoEws THS TEAIKTS TAEUpds TS ywviag 6.

Oirress, eig 1o (ox. 50) 1y Sravuoparik ditis p o P elvan BeTixn, &véy 1 ToU

P, elvon dpvnTixn.

Inpeioog : Eis m&v onuelov Tou émmédou (Bidpopov Tou O) dvTioToiyel
& dpioptvoy SiarteTory pévov Lelyos (p, 8) Trporypomikédy &pi@uddy, TANPOUVTWY Tas
oxETEIS :

0O<p kal 0<KO6<2m

kad &uTioTpdees @ T1av ToloUToY BiareTarypévov LeUyos siven dutioToryov Evdg
kol pévov onuelou ToU Emimedou, ToU Smolov ai ToAikal guvTeTaypévan elvan
TO 8obiv LeUyos.

Elvar Trpopavis &T1: U0 TUXOVTES TrparyBarTIKoi &piBpoi (p, 8) nposdiopilovv
Ev povov onpeiov, TO GTOIOV KATAOKEUSLETAL KaTa TOV drdoulov kavdva.

KANQN.— Atd va opicopev tijv 0éowv £vog enpsiov, tod dmoiov didovra
al molkai ovvtetaypévar (p, 0) :

lov : Kotaokevalopev v tehkiv nhevpav tiig yovieg 0, g kal gig v
Tpryovopetpiav.

20v : ’Eav 7| Stavvepatiki] dxtig p elvar Bstuci), happavopey int tijg tehikiig
mhevpiic tiic yoviag 0 td tpijpa OP = p. *Edv 8¢ 1) Swevvopaniki dxtic civar ap-
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UK, nposkteivopey THY tehuciiv mhevpav Tig yoviag 0 kai hapfavopev Eni 1fig
rpocktaceng, £k Tob ndlov, tpfipe OP ioov mpdg Ty apBpnukiy tpdy (§ ano-
Avtov) tod p. To onpeiov P B& slven tore 16 {nrovpevov.

Zx. 51

Eis o (oy. 51) Eyouev mpeoBiopioer Ty Bow Tdv onpeicov, Tév dmoiwy

af Trohikad ouvTeTerypévan elvan

™ S5 5 2 ™
(s, T)' (3, T)' (—3, —4—), 6, ™, (7, "“3“) kel (5, _?).
*Ex Tév dvetépw EkTedévToov EmeTon OTL:
Iav onpsiov P dpiler arnepiav Srutetaypévav Cevydv (p,0).
AZKHZEIZ

88. N& épiofoiv T& onueia, Tév dmolwy ol ouvtetaypévan elvan :

™ 2 2m ™ 4r

¢35 65 (25) 63) (+3) o
89. ‘Opolws T& onueia:
(64) (23) Gm 4m 0. 60

90. N& &modeydij 6Tt & onueia (p,9) kol (p,—0) elven ouppeTpiKG s TPOS TOV TOAIKOY

&Eova.
91. N& &moBerydij 871 & onueia (p,8) ked (—p,8) elvan ouppeTpikd o5 Tpds TOV TOAOV.

92. N& &modery8ij 8t1 & onpeia (—p, ™—6) kai (p,8) elvan ouppeTpikd dog Tpds TOV TOAL-
KoV &€ova
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69. METALXHMATIZMOZL TON OP@OTQNIOGN IYNTETAIMENGN
THMEIOY EIZ IOAIKAEL IYNTETATIMENAZL.— "Ectwoav Ox xai Oy of
&Eoves TEV dpfokavovikddy auvTeTorypéveoy, O & mrdhos, ked Ox & mohids &Eov
gvds ouoThuaTos TOAIKEY cuvTeTarypéveov (oy. 52).

"Egtwoay (X, ¥) of opfoydvior ouvtetarypéven kad (p, €) al modwal Tolad-
Tan fuds onpelou P, Alokpivopey 8lo mepraoes, kafdoov elven p > 0 xad p < 0.

lov: *Edv p > 0 (oy. 52—1), é Tou Tprycvou OAP 8& Exwpey

Xx=poovl «kai y=pqpod )]
els olovbrmoTe TeTapTHHOplov Kal v ebptoreTan TO onpelov P.
y Y

0%,

1
Zy. 52

20v: 'Eav p < 0 (oy. 52--2), Gecopolpev 16 ouppetpikdy ompeiov Py Tol P
@ TTpds  TOV TIOAOY 0O, Tou omoiou ai épfioydvior ouvTeToypévan f& elven
(—x,—y) kal ci mohwed (—p, 8). *H Sicwvvoparich éitis ToU Py, (—p) elvon fe-
Tikh, S1om p < 0 E§ Umobéoews. Auvdpedo, ko ouvémeiay, Vi XpnoipoTorfow-

pev 1o tEiodoes (1) Mk 16 Py & Exeopev Aorrév
— X = — p auvl
—y=—pnnd
*Evreifey mpoxUTrTel TO drdAouBov Bewprjec:

l , OmoTe B 16 P 8& elven ¢ X = povvd }

y=pund

70. @EQPHMA : °Eav & noleg cuprinty p& v apyfiv O tév covretaypé-
vov Kei 6 rolkog dEov pé tov Betkov fuatove Ox, 06 Eyopey
x=pouvd | _
y=pnpb } o
Evha (x,y) al opboydrvior ouvretaypéval 100 Tuy6vTog onpsiov P 1ol Eminédov wal
(p,0) oi molukai ouvisTaypéver abtod.
Al Eiocoss (1) pipouy TO dvopa EQLo@etis petacympaticpol tév oploya-
viov covtetaypfvev £ig TolKIS ToiTag.
*Ex tév etiodoev (1) AcuPdvopey elkdhos TEs :

pt=x2+y® kol O=rtofep (—i—), XxX#0
% oy (Im
Vit Ve
Enueinas: ‘Hywvia 8 Umehoyitetan &md Tos o TeAeutatous Timous padi.

kai  ouvl =

nné =
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71.* MIOAIKH EZIZQIIT EYOEIAL.— lov: 'Edv f| elleia (8) #xn tEiowow T
Hopefis AX + By 4 I = 0, T6Te S1&x 1év Témeov (1) adrn petaoynpatifetar e Thv @

p(Aoov0+Bnud) +T' =0 H

20v: 'Ecw ) eUleia (8) Exn Eiowow THs popeis :
X OUve + y Nuw = p,
ToTe alTn ik Té@v (1) yiveron :

powl ouvw + pnud nuw = p, &€ ol: povv@ —w) =p 2)

Mapatmpnoeig : Aix @ = 0° 1 (2) yiveton: povvd = p }
Ak o = 1809 Ay (2) yiveran: povvd =—p
Els &upoTépas Tas meprmrdoes TavTas f ebfela (5) elvon kéeTos dml TdV odikdv &fova Ox.
Ak = 90° f) (2) yiveTon: pmud = p
kal 81 w = 270° / (2) yiveton: pqud = —p }
Els dugoTépas Tas mepimTchoeis TaUTas 1) (8) elvon mwoapdAAnhos mpds Tév mwohikdy &-
Eova Ox.
Maoa ebBela dicpyropntvn S 1o nokov Exer dtiowowv: 0=k
dmou k dpiopévos TpaypaTikos &pi1buds.

72. EPAPMOTIH.— Na bpedi] 1 dnootaoig 1@v onpeiov A(p;, 0,) xai A,(p., 0,).
Aborg : Nvapifopev 611 ) dméoTagis Tév anuelwy A,, A, es KapTeoiavds ouvTeTaypévas
elvan @

A= (X — X))+ (Y2 — 31! (H
= 0 X, = py ouvh
‘AMG = Priit, } Weoim it } smére 4 (1) yhveran:
i, K Geta ol A (1) yiveren

d? = (p, ow8, — p, ouv,)? + (p.nub, — p, N, )?
kol petd Tas KaraAAfhous pders AapPdvopey TOV TUTOY §

@2 = p? + p:—2p,p, ovv (0, —6,) (2)

A&k 0, = B, Exopev ThHv nékraciv tod IMubayopeiov Oswpfiparog.

AZKHZIEIZ

93. Al &xdrouBor Efiobosis va peTaoynuaTiofolv els ToAIKES :

1) x =3y=0 f 4 x*4yl—ax=0 |
2) y+5=0 5) x?*—y*=aqa? &Eoves dphokavovikol
3) x4+ y*=16 6) 2xy=17

94. Al dxdhouor tEiomaers va petaoynuamioouv els Koapreoiavas xal dpoywvious ouvte-
Taypévas Kal kavovikds,

1) p=10 5) plowvi2b = o ) p = a(l—ouvd)

) p = 16 ouvé 6) p = anul 10) p®nu26 = 16

3) pue =4 7 p = aouvlf 11) pt = 16 nu26

4) p = anud 8)  powb = anu@ 12) p = anu3b.
416
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95. N& eUpebolv ol dpboydvion ouvteTaypévar TévV onpeiwy :

(5 %) (-2 ). e

96. N& Umohoyiodij o EuPaBov Tprydvou ABIT ouvapTioer Tév ouvTeTaypivey TGV Ko-
pugév Tou els dpfokavovikols &Eovas, TpdToV el KapTeoiavds ouvTeTaypévas kod Selrepov €l
TOAIKGS.

97. Né& &moberydij 611 T& onpeia (4, 261)' (12*4 VER ;). (]2, —.g—) keivTon &’
e0fefas.
98. N mrohoyiodij To tuPadov Tol Tprydvoy ABI, ToU dmolou xopugad elven Té& onpela:

> o) o(eF) o)

b e 3) o0 5) )

99, N& Umoloyiob 7 &méoTagis TGV onueicov A(S, E;L), 8(8, %)

100. N& &mobery®ij 61t ol Eiohoes TéY BixoTduwy ywvias SUo Tepvopévey ebfiady Umd
THv Kavovikny popehyv elvan :

x(ouve, + owww,) + B(apw,; + npedy) — (py - p) = 0

Kal x(ouved, — oww,) + y(MHw; — npw,) + (p. — 1'1) =0 }

101. Eis dpfokavovikdy oUOTNHG TUVTEVTaY Béveoy fecopolpey T& onueic A(1,6), B(—4,2),
I(3,~1). N& Umohoy1o6i :

1) T pfjkes BI.

2) T& Gyos AH Tol Tpiydvou ABT.

3) Al EEiocooers TGV EowTEPIKEY BIXOTOUWY TOU Tprycvoy ABT.

4) Al Eaiodoes kal T& pAKn T Brapéowv Tou kal TéV EEwTepikddy BrXoTéumy Tou.

5) Al tEigmoes TGV peookabiTwv TEV Theupdy Tou.

6) Al tEiocoets TV eUBaty ol omoicn guvBiouv T& péco TEY TAEUPEV TOU.

FENIKAI AZKHZEIZ TIPOZ EITANAAHYIN.

102. N& ebpeBoiv ol ouvTeTay pévanl Tou onueiou Tijs ebfelas (8) Efiowoews 3x -5y + 6 =0,
16 &mroiov dméyer Toov T@v onpeiwy (3,-4), (2,1).

103. N etpedij 1) Eiowans Tiis ev8eios, f) ol BiepyeTan Bi ToU onpeiov (2,5) kal Torad-
Tng GoTe TO petaly TOY dEGveov Tufiue aUTHs v BiaupeiTan UTd Tou onpeiov ToUTou el Suo foa
uépn. z g

104. N& &mobeiy0ij &7t ol evfeian y = Ax + B, dmou A = B, Bitpyovtan S1& ToU adTol on-
uefou. Toicn af ouvteTaypéven Tol onpeiov ToUTOU ;

105. N& &mobeayfj ém 7 mapdoraots E= ax + Py elval TO ETWTEPIKOY YiIvOUEvOV TGV

" —_— —
Siavuopdreov OB(a,B) xad OM(x,y)-

106. Maoo al evfeion Ax + By ++ =0, 81& 7és dmolas A 4 B + [ = 0, Sigpyovran
81& TolU adTol onpeiov, ToU omoiov InTouvTal al guvTeTaypéval.

107. N& ebpedfj 6 Adyos, els T1dv ometov 1) 0Bl x + 3y — 6 = 0 Srcupel TO TRfUa, TO Exov
ouvTeTarypévas T &kpav (—3,2), (6,1).

108. N& op1odfj & p, oUTeos GoTe 1 ebfeia y = px — 7 v Braapf] 10 Tufjua A(3,2), Ay(1,4)

els Adyov —3-

109. Né& eipefolv al E§iodasis TGV BiyoTouwy @Y ywvidy Tév eblaty 4x—-3y—-1=0
ol 3x — 4y + 2 = 0 kal vé& &modeixdi) &t aden elvan xaBeton.
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110. N etpebfi & yeoow. Témos T onpelwy, oV & Abyos Tév dmooTdoswy &md TS eUbelas,

ooy 1 4x — 3y 4+ 4 = 0 xal 5x + 17y —8 = 0 elvan #15_3_

111, Al TAeupal tvds Tprydvou ABI Exow tE10ChaELS ¢

3x+4y—12=0, 3x—4y =0, 4x+ 3y +24=0.

N& &rrobeiyfi) 6'1'5 1) BixoTdpos Tis A kal ol EEwTepikal BixoTduol TGV ywvidy B,I" Bitpyov-
Tan B1&x ToU ool onpelou, Tol dmofou LnTolvran al ouvTeETaypéval.

112. N& elpeoij 1) tElowas Tiis evbelag (8), ouvTeheoTOU Bieubivoews A = -%, kal Tiis o
mofas ) &mwdoTacis &wd TO onpeiov (2,4) elven 2,

113. N& ebpedolv al yowvia Tol Tprydvoy ABT, Tou &molou ai mheupal Exouv E§iodaeis
3x4+2y—-4=0, x-3y+6= 0, 4x—3y—-10=0, xal v& &moberydij oTi:

e9A + eB + el = epA + £9B + egl, xal A+ B+ = 1800,

114, Alseron rimebov (P), ploa ebbeia (8) &l Tod EmimeéBou kol &v onueiov A EkTés ToU Emi-
mréBou. *Egtw H # wpePorty ToU A Errl Td trmimebov (P) xad K ) TwpoPoin Tob H ¢l Ty (B). N&
&mrobeifnTe &m1 Td K elvar poPodd Tou A kil v (B).

415, ’Emrl ToU tmimébou Tav &févev (Ox,0y) BiSovran & onueia A(-2, 1), B(4,-1),
(7, 2). N& dpiofolv ol ouvteTarypéven Tiis Kopugfis A Tol TapaAAnioyp&upoy ABrA.

116. 'Eml 700 tmméSou Tdv &Ebvwv (0x,0y) Becopolpev THY ebBeiav (8), EErooEws ¢

ax + By + y = 0 xal t& onuelax M, (%5,72): Ma(Xa¥a) WY efpeva bl 1fis (8). "Edw | elvan §

—_— —
Topd Tiis (B) xkal ToU TupaTOS M,M,, v& Sprodij & Adyos IM; : IM,.
117. Afseran Tplycovov ABT kal T& anuelax M, N, P &l tév mhsupdv BT, TA, AB &vniorol-
yws. Aeifore &T1 T& onueix M,N,P 8& kelvren bw’ efelos STov, kal povov drav, Eycopev
W8 W PR _
Mr NA PB-
148. AlSovran T& onusia A(2,1) kol (B(6,4). N& dpiofotv al guvTeTayptvan TEY KopUpdY
A 1ol Tetpaydwou ABIA, 16 dmolov Exet Asupdy THv AB.
119. AlSovran T& onueia A(1,0) xal B(3,6). N& Spiofov ol guvteTaypivan T&Y KOPUPEV

—_— 2
I kal A ToU pdupou ABFA, olrws doTe (AB, Ab) = 5~

i
120. N& Umroroyodij f yevia ('l_l’. V) TéV BIVUOUET®@V
TVE-VH xad VG- VI Y3+ VE).

=3 2 -
121. AfSovren Té Biaviouara -1_:(4?'3—3. 3Y3 + 4), u(4,3) xal {nrolvTa Té&:
— — — = - —>
ow(u, V) wal nu(u, v) kol (u, V).

— —
122. Gewpolpey T& SraviopoaTa : u(=0,5, 6), v(2,5, —1).
N& Umohoyiofij 1) ywvia T@v BlovuopaTwy {_\; +_u: :__J }
123. 'EmiUoaTe ypapikids TS AVITDOELS :
- G- _.
X y—3 A
124, AlSetan ) evfela (B), §i100oEws X oV + YNUW = P-
Aci€are &1 1) &mwdoTags ToU onpelou M,(x,.y,) &md Thv (8) elva
d = x, oww + y, NH® — p-
‘Epopuoyty (8): Tx+y—10=10 kol M,(3,4).

0<
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MAPOPAMATA

ZeMlg 67 1) Goxnots 111 v& ypaefi olrew: Aifortan T& Tprdvupa ((x)=ax®+pPx+y, ¢(x)=
Za'x24-B'x+y’ Bt GUVTEAESTAS TparyHoTIKoUS &piBuols kal pilas mpayuoTikas ki
dvicous. "E&v xq, X3 (x3<xp) o pifon ToU f(x) kal py, pa (p<< p2) af pifan Tou
@(x), v &moberyfi ) looduvanio:

(60| = oGl v xeR) <= (xy=prxe=ps xal o] = |)).

» 68 » 1,xéToolev: » ‘EmMoare Tés ifiodoes.. »  CEmibovtar év R ol £§i-
owoes (1) kol (2);

» 100 » 4 kérwbev v& yivn ) EEfis TpooBikn: Tloiov TO UmdAormov &v a=p;

» 140 » [ » v& yivy 7 EEfs poobnxn: Tloicn ol Aormral pifon abTfis;

» 184 » 14 &vwbev » » »  Elval &ppovikt) TpdoBos TéTE, kai pévov ToTE,

&v oxin: a,=7£0 v v==1,2,... xal 1 dxohoubic...
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